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Preface 


Contact mechanics deals with phenomena of critical importance for countless phys- 
ical, technical, and medical applications. In classical mechanical engineering alone 
the scope of applications is immense, examples of which include ball bearings, gear 
drives, friction clutches, or brakes. The field of contact mechanics was originally 
driven by the desire to understand macroscopic problems such as rail-wheel contact 
or the calculation of stresses in building foundations. In recent decades, however, it 
has conquered qualitatively new areas of application at the forefront of global de- 
velopment trends in technology and society. The fields of micro-technology, where 
boundary properties play a central role, as well as biology and medicine have been 
particularly important additions to the vast spectrum of applications. The force- 
locking of screw connections, the adhesive strength of bonded joints, fretting wear 
of turbine blades, friction damping of aerospace structures, extraction methods of 
broken implants, and certain methods of materials testing shall also be named as 
examples of the extended scope encompassed by contact mechanics. 

This expansion in scope has multiple roots, which are technological, experimen- 
tal, or numerical in nature. This is owed in large part, but not limited to, the rapid 
development of numerical methods for the calculation of contacts. Thanks to the 
development of the Fast Fourier Transform(FFT)-based boundary element method 
in recent years, the field of contact mechanics has arguably taken on a leading role 
in the development of numerical calculation methods. However, this development 
certainly does not render analytical solutions obsolete. Due to the new numerical 
methods, the existing analytical solutions gained remain of immense importance. 
Today they are employed for the testing of numerical methods, to further the gen- 
eral “analytical understanding”, or for empirically capturing numerical results in 
multi-dimensional parameter spaces. The “exact solutions” enjoy particular impor- 
tance for their indisputable reliability and take on a position of great significance in 
contemporary science and technology. 


vi Preface 
The authors have set two goals for this book: 


e The first goal is to provide a “complete” systematic catalog of all “significant” 
axially symmetric contact problems discovered in the last 137 years (since the 
classic work by Hertz 1882). 

e The second goal is to provide not just the solutions of all these contact problems 
but also offer a detailed documentation of the solution process. 


Of course these goals are not easily attained. The meanings of “complete” catalog 
and “significant” solutions are highly debatable already. Luckily the scientific com- 
munity has done a great amount of work in the past 100 years to identify a set of 
characteristic problems of great practical relevance that required repeated research. 
This includes “generic” profile shapes such as the parabolic body, which offers a 
first-order approximation of nearly any curved surface. The general power law pro- 
file has also been considered repeatedly for the past 77 years, as any differentiable 
function can be described by a power series expansion. However, technical profiles 
are not necessarily differentiable shapes. Various applications employ flat cylindri- 
cal punches with a sharp edge or sharp-tipped conical indenters. In turn, absolutely 
sharp edges and tips cannot be realized practically. This leads to a set of profiles 
such as flattened spheres, flattened or rounded cones, and cylinders, etc., which of- 
fer a solid approximation of reality and have been the repeated subject of research 
for at least 77 years (since the work of Schubert 1942). 

The second goal, which is to provide detailed documentation of the solution 
process, might seem overambitious at first glance, especially considering that cer- 
tain historical publications dealing with a single solution of a contact mechanical 
problem amount to small volumes themselves. Jumping forward, this issue can be 
considered resolved in the year 2019. Instead of the original solution, we describe 
the simplest available one at present. For the normal contact problem without ad- 
hesion, the simplest known solution was found by Schubert in 1942, and later by 
Galin (1946) and Sneddon (1965). In this book, this solution will be used in the 
interpretation of the method of dimensionality reduction (Popov and Heß 2013). 
This approach requires zero prerequisite knowledge of contact mechanics and no 
great feats of mathematics except single variable calculus. Complicated contact 
problems such as adhesive contact, tangential contact, or contacts with viscoelastic 
media can be reduced to the normal contact problem. This allows a highly com- 
pact representation, with every step of solution processes being fully retraceable. 
The sole exceptions to this are the axially symmetric problems without a compact 
contact area, which so far lack a simple solution. In this case, we will mostly limit 
ourselves to the formal listing of the solutions. 


Preface vii 


This book also deals with contact mechanics of functionally graded materials, 
which are the subject of current research. Again, complete exact solutions will be 
provided using the method of dimensionality reduction. 


Berlin Valentin L. Popov 
March 2019 Markus Heß 
Emanuel Willert 
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Introduction 


1.1 On the Goal of this Book 


The works of Hertz (1882) and Boussinesq (1885) are generally considered the be- 
ginning of classical contact mechanics. The solutions for the pressure distribution 
under a cylindrical flat punch and a sphere that are featured in those works cer- 
tainly enjoy a high level of prominence. Yet multiple exact solutions exist which 
are of similar technical relevance to the Hertzian contact problems, but only a lim- 
ited number of specialists know about these. Among other reasons, this is due to 
the fact that many individual contact mechanical solutions were published in rele- 
vant journals, however, a generalized representation in any complete monograph is 
lacking. Exceptions to this can be found in the books by Galin (2008) and Gladwell 
(1980), yet even these were written with scientific usage in mind rather than as a 
handbook for technical applications. This book aims to provide a compendium of 
exact solutions for rotationally symmetric contact problems which are suitable for 
practical applications. 

Mathematically the terms “rotationally symmetric” and “contact problem” are 
quite straightforward to define. But what is an “exact solution”? The answer to this 
question is dual-faceted and involves an aspect of modeling; consideration must 
also be given to the final structure of what one accepts as a “solution”. The first 
aspect is unproblematic: any model represents a certain degree of abstraction of 
the world, and makes assumptions and simplifications. Any solution derived from 
this model can, of course, only be as exact as the model itself. For example, all 
solutions in this book operate under the assumption that the resulting deformations 
and gradients of contacting surfaces within the contact area are small. 

The second aspect is tougher to define. A “naive” approach would be that an 
exact solution can be derived and evaluated without the aid of a computer. How- 
ever, even the evaluation of trigonometric functions requires computation devices. 
Does a solution in the form of a numerically evaluated integral or a generalized, 
perhaps hypergeometric function count as “exact”? Or is it a solution in the form 
of a differential or integral equation? In exaggerated terms, assuming the valid- 
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ity of a respective existence and uniqueness theorem, simply stating the complete 
mathematical description of a problem already represents the implicit formulation 
of its solution. Recursive solutions are also exact but not in closed form. Therefore, 
distinguishing between solutions to be included in this compendium and those not 
“exact enough” remains, for better or worse, a question of personal estimation and 
taste. This is one of the reasons why any encyclopedic work cannot ever—even at 
the time of release—make a claim of comprehensiveness. 

The selection of the problems to be included in this book were guided by two 
main premises: the first one being the technical relevance of the particular prob- 
lem, and secondly, their place in the logical structure of this book, which will be 
explained in greater detail in the next section. 


1.2 On Using this Book 


Mechanical contact problems can be cataloged according to very different aspects. 
For instance, the type of the foundational material law (elastic/viscoelastic, homo- 
geneous/inhomogeneous, degree of isotropy, etc.), the geometry of the applied load 
(normal contact, tangential contact, etc.), the contact configuration (complete/in- 
complete, simply connected/ring-shaped, etc.), the friction and adhesion regime 
(frictionless, no-slip, etc.), or the shape of contacting bodies are all possible cate- 
gories for systematization. To implement such a multi-dimensional structure while 
retaining legibility and avoiding excessive repetition is a tough task within the con- 
straints of a book. 

We decided to dedicate the first five chapters to the most commonly used material 
model: the linear-elastic, homogeneous, isotropic half-space. Chapters 7 through 
to 9 are devoted to other material models. Chapter 10 deals with ring-shaped contact 
areas. The chapters are further broken down into sub-chapters and sections, and are 
hierarchically structured according to load geometry, the friction regime, and the 
indenter shape (in that order). While each section aims to be understandable on its 
own for ease of reference, it is usually necessary to pay attention to the introductory 
sentences of e.g. Chap. 4 and Sect. 4.6 prior to Sect. 4.6.5. 

Furthermore, many contact problems are equivalent to each other, even though 
it may not be obvious at first glance. For example, Ciavarella (1998) and Jager 
(1998) proved that the tangential contact problem for an axially symmetric body can 
be reduced under the Hertz—Mindlin assumptions to the respective normal contact 
problem. In order to avoid these duplicate cases cross-references are provided to 
previously documented solutions in the book which can be looked up. Where they 
occur, these references are presented and explained as clearly and unambiguously 
as possible. 
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Normal Contact Without Adhesion 


2.1 Introduction 


We begin our consideration of contact phenomena with the normal contact problem. 
Consider two bodies pressed together by forces perpendicular to their surfaces. 
A prominent example is the wheel of a train on a rail. The two most important 
relationships that the theory of normal contact should deliver are: 


1. The relationship between the normal force and the normal displacement of the 
body, which determines the stiffness of the contact and, therefore, the dynamic 
properties of the entire system. 

2. The stresses occurring in the contact area, which (for example) are required for 
component strength analysis. 


Without physical contact, there are no other contact phenomena, no friction, and 
no wear. Therefore, normal contact can be regarded as a basic prerequisite for all 
other tribological phenomena. The solution to the adhesive contact problem, the 
tangential contact problem, and contact between elastomers can also be reduced to 
the non-adhesive normal contact problem. In this sense, the non-adhesive contact 
problem forms a fundamental basis of contact mechanics. It should be noted that 
even during normal contact, a relative tangential movement between contacting sur- 
faces can occur due to different transverse contraction of contacting bodies. As a 
result, friction forces between the surfaces can play a role, even for normal contact 
problems, and it must be specified how these tangential stresses are to be treated. 
The two most well-known and sudied limiting cases are, firstly, the frictionless nor- 
mal contact problem and, secondly, the contact problem with complete stick. All 
frictionless contact problems will be referred to as “Boussinesq problems” since 
the famous Boussinesq solution for a cylindrical flat punch belongs to this cate- 
gory. The other limiting case of complete stick will be referred to as “Mossakovskii 
problems”. 
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2.2 Boussinesq Problems (Frictionless) 


We consider the frictionless normal contact between two elastic bodies with the 
elasticity moduli Æ; and E>, and Poisson’s ratios vı and v2, as well as shear moduli 
G, and G2. The axisymmetric difference between the profiles will be written as 
Z = f(r), where r is the polar radius in the contact plane. This contact problem is 
equivalent to the contact of a rigid indenter with the profile Z = f(r) and an elastic 
half-space with the effective elasticity modulus E* (Hertz 1882): 


1 l-v 1—12 
E* Ey Ez 


(2.1) 


The positive direction of Z is defined by the outward-surface normal of the elastic 
half-space. The normal component of the displacement of the medium w, under the 
influence of a concentrated normal force F, in the coordinate origin, is given by the 
fundamental solution (Boussinesq 1885): 


w(r) = =, (2.2) 


Applying the superposition principle to an arbitrary pressure distribution 
P(x, y) = —0--(x, y) yields the displacement field: 


1 dx'dy’ 
væ) = ff roy, r= VEEP OE 03) 


The positive direction of the normal force and normal displacement are defined by 
the inward-surface normal of the elastic half-space. If we call the indentation depth 
of the contact d and the contact radius a, the mixed boundary conditions for the 
displacement w and the stresses ø at the half-space surface (i.e., z = 0) are as 
follows: 
wir)=d—f(r), rsa, 
0.:(r)=0, r>a, 
Ozr(r) = 0. (2.4) 


Usually, a is not known a priori, but has to be determined in the solution process. 
The solution of the contact problem is found by determining the pressure distribu- 
tion, which satisfies (2.3) and the boundary conditions (2.4). It should be noted 
that the application of both the superposition principle and the boundary conditions 
in the form (2.4) require linearity of the material behavior as well as the half-space 
approximation to be met; i.e., the surface gradient must be small in the relevant area 
of the given contact problem in the non-deformed and deformed state. If we call 
the gradient 0 then the condition is 0 < 1. The relative error resulting from the 
application of the half-space approximation is of the order of 67. 

For ordinarily connected contacts the non-adhesive normal contact problem was 
solved in its general form by Schubert (1942) (based on the paper by Föppl (1941)), 
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Galin (1946), Shtaerman (1949), and Sneddon (1965). In Sect. 2.3 we will de- 
scribe these solutions using the interpretation given by the method of dimensionality 
reduction (MDR) (Popov and Heß 2013). Naturally, it is fully equivalent to the clas- 
sical solutions. 


2.3 Solution Algorithm Using MDR 


The contact of any given axially symmetric bodies can be solved very easily and 
elegantly with the so-called MDR. The MDR maps three-dimensional contacts to 
contacts with a one-dimensional array of independent springs (Winkler foundation). 
Despite its simplicity, all results are exact for axially symmetrical contacts. The 
MDR allows the study of non-adhesive and adhesive contacts, tangential contacts 
with friction, as well as contacts with viscoelastic media. In this section we will 
describe the application of the MDR for non-adhesive normal contact problems. 
Generalizations for other problems will be presented where appropriate in later 
chapters. Complete derivations can be found in works by Popov and Heß (2013, 
2015), as well as in Chap. 11 in this book (Appendix). 


2.3.1 Preparatory Steps 


Solving the contact problem by way of the MDR requires two preparatory steps. 
1. First, the three-dimensional elastic (or viscoelastic) bodies are replaced by 
a Winkler foundation. This is a linear arrangement of elements with independent 
degrees of freedom, with a sufficiently small distance Ax between the elements. 
In the case of elastic bodies, the foundation consists of linear-elastic springs with 
a normal stiffness (Fig. 2.1): 
Ak, = E* Ax, (2.5) 


whereby E* is given by (2.1). 
2. Next, the three-dimensional profile Z = f(r) (left in Fig. 2.2) is transformed 
to a plane profile g(x) (right in Fig. 2.2) according to: 


g(x) = il f Yas (2.6) 


Fig. 2.1 One-dimensional Ax 
elastic foundation 
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Fig.2.2 Within the MDR the 
three-dimensional profile is 
transformed to a plane profile 


The inverse transform is: 


Ses de (2.7) 


2.3.2 Calculation Procedure of the MDR 


The plane profile g(x) of (2.6) is now pressed into the elastic foundation with the 
normal force Fy (see Fig. 2.3). 

The normal surface displacement at position x within the contact area is equal to 
the difference of the indentation depth d and the profile shape g: 


Wip(x) = d — g(x). (2.8) 


At the boundary of the non-adhesive contact, x = +a, the surface displacement 
must be zero: 
wip(ta)=0 > d=eg(a). (2.9) 


This equation determines the relationship between the indentation depth and the 
contact radius a. Note that this relationship does not depend upon the elastic prop- 
erties of the medium. 
The force of a spring at position x is proportional to the displacement at this 
position: 
A Fw (x) = Ak, wip(x) = E*wip(x)Ax. (2.10) 


Fig. 2.3 MDR substitute 
model for the normal contact 
problem 
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The sum of all spring forces must balance out the external normal force. In the 
limiting case of very small spring spacing, Ax — dx, the sum turns into an integral: 


a 


Fy = E* f woe = = o fu- g(x)]dx. (2.11) 


—a 


Equation (2.11) provides the normal force as a function of the contact radius and, 
under consideration of (2.9), of the indentation depth. Let us now define the linear 
force density q,(x): 


A Fy (x) 


qz(x J= = Bu) = £ d — g(x), Ix] <a 


(2.12) 


0, |x| >a 


As shown in the appendix to this book, the stress distribution of the original three- 
dimensional system can be determined from the one-dimensional linear force den- 
sity via the integral transform: 


q; (x) 


—><— d 2.13 
2 x. (2.13) 


0:2(r) =—p(r) = 


The normal surface displacement w(r) (inside as well as outside the contact area) 
is given by the transform: 


wip(x) 


MOR Grae 


VID) aix (2.14) 


For the sake of completeness, we will provide the inverse transform to (2.13): 


T rpe) 


— ser. (2.15) 


qz(x) = 2 


With the MDR it is also possible to determine the displacements for a prescribed 
stress distribution at the surface of the half-space. First, the displacement of the 
Winkler foundation w;p must be calculated from the stresses according to: 


(x 2 fr rp(r 
wip(x) = E) == a ) zdr. (2.16) 
T= 


Substituting this result into (2.14) allows the calculation of the three-dimensional 
displacements. 

Equations (2.6), (2.9), (2.11), (2.13), and (2.14) completely solve the non- 
adhesive frictionless normal contact problem, so we state them once again in a 
more compact and slightly modified form: 
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Hoel [aes A o 


= m if g continous at x = a, 


Fy = ant — g(x)|dx, 
0 
E*| f gœdx _ d-g@) 
V2 =r Vve- |" 


| ESI 
Tens a wre . : (2.17) 
«| 4 jd- g(x) dx 


o Vr =x? 


forr <a, 


Ozz (r) Ei 


forr >a. 


In the following we will present the relationships between the normal force Fy, 
indentation depth d, and contact radius a, as well as the stresses and displacements 
outside the contact area for various technically relevant profiles f(r). 


2.4 Areas of Application 


The most well-known normal contact problem is likely the Hertzian contact (see 
Sects. 2.5.3 and 2.5.4). While Hertz (1882) examined the contact of two parabolic 
bodies with different radii of curvature around the x-axis and y-axis in his work, 
we will consider the more specific axisymmetric case of the contact of two elastic 
spheres or, equivalently, of a rigid sphere and an elastic half-space. This problem 
occurs ubiquitously in technical applications; for example, in roller bearings, joints, 
or the contact between wheel and rail. Hertz also proposed using this contact for 
measuring material hardness in Hertzian contact, however, the stress maximum lies 
underneath the surface of the half-space. Therefore cones (see Sect. 2.5.2) are more 
suitable for this task. For punching, flat indenters (see Sect. 2.5.1) or even flat rings 
(see Sect. 2.5.7) are very commonly used because of the stress singularity at the 
edge of the contact. 

These three shapes—flat, cone-shaped, and spherical indenters—essentially 
form the three ideal base shapes for most contacts in technical applications. Ad- 
ditionally, it is also of great value to examine the effects of imperfections on these 
base shapes, for example through manufacturing or wear. Such imperfect inden- 
ters may be truncated cones or spheres (see Sects. 2.5.9 and 2.5.10), bodies with 
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rounded tips (see Sects. 2.5.11 to 2.5.13) or rounded edges (see Sect. 2.5.14), as 
well as ellipsoid profiles (see Sect. 2.5.5). 

Furthermore, any infinitely often continuously differentiable profile can be ex- 
panded in a Taylor series. By utilizing a profile defined by a power-law (see 
Sect. 2.5.8), the solution for a more complex profile—assuming it satisfies the 
aforementioned differentiability criterion—can be constructed to arbitrary preci- 
sion with the Taylor series. 

Furthermore, this chapter contains profiles relevant for applications where ad- 
hesive normal contact comes into play. This includes a profile which generates a 
constant pressure distribution (see Sect. 2.5.5), concave bodies (see Sects. 2.5.15 
and 2.5.16), or bodies with a periodic roughness (see Sect. 2.5.17). Since the next 
chapter dealing with adhesive normal contact reveals that the frictionless normal 
contact problem with adhesion can, under certain circumstances, be reduced to 
the non-adhesive one, we will provide the corresponding non-adhesive solutions 
already in this chapter, even though the practical significance of the respective prob- 
lems will only become apparent later. 

The contact problem is fully defined by the profile f(r) and one of the global 
contact quantities Fy, d or a. Generally, we will assume that, of these three, the 
contact radius is given, consequentially yielding the solution as a function of this 
contact radius. Should, instead of the contact radius, the normal force or the inden- 
tation depth be given, the given equations must be substituted as necessary. 


2.5 Explicit Solutions for Axially Symmetric Profiles 


2.5.1 The Cylindrical Flat Punch 


The solution of the normal contact problem for the flat cylindrical punch of radius 
a, which can be described by the profile: 


0, r<a, 


œ, r>a, 


fr) = | (2.18) 


goes back to Boussinesq (1885). The utilized notation is illustrated in Fig. 2.4. The 
original solution by Boussinesq is based on the methods of potential theory. The 
solution using the MDR is significantly simpler. The equivalent flat profile for the 
purposes of the MDR, g(x), is given by: 


g(x) = i el Sa, (2.19) 


co, |x| >a. 


The contact radius corresponds to the radius of the indenter. The only remain- 
ing global contact quantities to be determined are the indentation depth d and the 
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Fig. 2.4 Normal indentation 
by a cylindrical flat punch 


normal force Fy. For the latter we obtain: 
Fy(d) = 2E* da. (2.20) 
Hence, the contact stiffness equals: 
dFy 
kz := —— = 2E*a. 2.21 
z dd a (2.21) 


The stress distribution in the contact area and the displacements of the half-space 
outside the contact are, due to (2.17): 


bie) E*d = 
Ozz; = —— =, Fa, 
nva? — r? 
2d 
w(r;d) = — arcsin (Ż) , r>a. (2.22) 
T r 
The average pressure in the contact is: 
Fy 2E*d 
nee (2.23) 
xa xa 


The stress distribution and displacements within and outside the contact area are 
shown in Figs. 2.5 and 2.6. 

Finally, it should be noted that, although the notation E* is used for the cylin- 
drical indenter, implying a possible elasticity of both contact bodies, the aforemen- 
tioned solution described previously is solely valid for rigid cylindrical indenters. 
While the deformation of the half-space can satisfy the conditions of the half-space 
approximation, this is generally not the case for the cylindrical indenter. The dis- 
crepancies which occur for elastic indenters are discussed in Sect. 2.5.19. 
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Fig. 2.5 Normal pressure 

pP = —0--, normalized to the 
average pressure in the con- 
tact po, for the indentation by 
a flat cylindrical punch 


0 0.2 0.4 0.6 0.8 1 
r/a 


Fig. 2.6 Displacement of 0 
the half-space, normalized 

to the indentation depth d, 

for the indentation by a flat 
cylindrical punch 


w/d 


t/a 


2.5.2 The Cone 
The case of the conical indenter (see Fig. 2.7), 


f(r) =rtané, (2.24) 


with a small inclination angle 0, was first solved by Love (1939). He also made use 
of potential theory and used several tricky series expansions to obtain the solution. 
Again, we describe the easier way of using the MDR. The equivalent profile is given 
by: 


g(x) = |x| tan 0 = 5 |x| tan 0. (2.25) 


|x| 
J dr 
J a) 


For the relationships between contact radius a, indentation depth d, normal force 
Fy, average pressure po, and for the stresses oz; and displacements w, according 
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Fig. 2.7 Normal indentation Fy 
by a conical indenter 


to (2.17) we obtain: 


d(a) = Sa tan 0, 


za? 
Fy (a) = zE" n0 f (a — x) dx = Fe tan 0, 


1 
Po zE tan 0, 


E* tan 0 a 
Oz-(r;a) = — Eo -po arcosh (=) , r<a, 
-r 


w(r;a) = 7 uzon 
Jr? — x2 


Wa Ad 
= atand sin (=) + ne r] , r>a. (2.26) 
r 


Here arcosh(-) denotes the area hyperbolic cosine function, which can also be rep- 
resented explicitly by the natural logarithm: 


(==) 


arcosh (<) = In (2.27) 


The stress distribution, normalized to the average pressure in the contact, is shown 
in Fig. 2.8. One recognizes the logarithmic singularity at the apex of the cone. In 
Fig. 2.9, the displacement of the half-space normalized to the indentation depth d is 
shown. 

Finally, it should be noted—in analogy to the previous section—that although 
the notation E* is used for the conical punch as well (implying that both contact- 
ing bodies are allowed to be elastic), the previously described solution is correct 
without restrictions only for rigid conical indenters. While for the half-space the 
requirements of the half-space approximation can still be fulfilled, for the conical 
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Fig. 2.8 Course of normal 3 
pressure p = —o-,, normal- 
ized to the average pressure, 25} 
for indentation by a cone 
2 ba 
S 1 
5 
D 
14 
0.5 
0 
0 
r/a 
Fig. 2.9 Displacement of 0 


the half-space, normalized to 
the indentation depth d, for 
indentation by a cone 


w/d 


punch this is the case only for small angles 60. The deviations that occur in the case 
of elastic indenters are addressed in Sect. 2.5.19. 


2.5.3 The Paraboloid 


The solution to the problem illustrated in Fig. 2.10 goes back to the classical work 
of Hertz (1882), although he studied the generalized problem of an elliptic contact 
area. Hertz made use of potential theory too. For a small contact radius a compared 
to the radius of the sphere R, the profile shape in the contact is characterized by the 
parabola: 


r2 


fO = a (2.28) 


16 2 Normal Contact Without Adhesion 


Fig. 2.10 Normal indentation 
by a parabolic indenter 


a 
d(a) = —, 
(a= 5 
2E* f 4 E*a? 
F = 2_ x?) dx = : 2.29 
w@) == f @-22) ax = 3 (2.29) 
0 
And by 
2E* x dx 2E* 
Za ey 
Gz (Fd) = R VE TR a r?°, r<a, 
2 f a? — x") dx 
weria) = f aa, 
aR r2 = x2 
0 
2 2 haan 
a m arcsin (=) + e , r>a (2.30) 
wR a? a 
The average pressure in the contact is equal to: 
_ 4E*a 231) 
Po = R` i 


The stress curve normalized to this pressure and the displacement curve normalized 
to the indentation depth d are shown in Figs. 2.11 and 2.12, respectively. In this 
normalized representation, the curves of the contact quantities are independent of 
the curvature radius R. 


Stresses within the Half-Space 
As Huber (1904) demonstrated, the stresses inside the half-space can also be cal- 
culated for this contact problem. After a lengthy calculation, he provided the 
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Fig. 2.11 Normal pressure 1.6 
curve p = —o-,,, normalized 
to the average pressure in the 
contact, for the indentation 
by a paraboloid 


1.4) 
1t} 


r/a 


Fig. 2.12 Displacement 0 
of the half-space, normal- 
ized to the indentation depth 
d, for the indentation by a 
paraboloid 


w/d 


following solution: 


Grigg) 3 |1- 2va? i an a (2 > atu 
Po i: 3 r? Ju Ju) u? +a?z? 


z [d-v)u Ju a 
ae va bese +(1 +») arctan ( -2], 


Gop", 2;4) _ 3 $1 —2va? i z\3 
Po ~ 2 3 r? Ju 


- Ji 
a E + a — (1+ ye arctan (=) : 
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Oz2(7,23a) 5 ( A ) au 


Po 2\ Ju) wu? + az?’ 
21, Z; 3 ? 2 
or-(r,z;a) _ 7 a a va (2.32) 
Po 2u? + a?z? u +a? 
with the Poisson’s ratio v and the expression: 
1 
u(r,z;a) = 5 (°? +z? — a? + f(r? + z2 — a?) + 4a?z?) . (2.33) 


The stresses 0; and oy, vanish due to rotational symmetry. Figure 2.13 displays the 
von-Mises equivalent stress—normalized to the average pressure in the contact— 
resulting from this stress tensor. It is apparent that the equivalent stress reaches 
its greatest value in the middle of contact, yet underneath the half-space surface. 
Therefore, the parabolic indenter is not suitable for measuring hardness as Hertz 
(1882) had originally assumed. Figure 2.14 displays the greatest resulting principle 
stresses in the half-space. 

An alternative, yet naturally fully equivalent formulation of the stresses in the 
half-space given by (2.32), can be referenced within work by Hamilton and Good- 
man (1966). 


The Hertzian Impact Problem 

Hertz (1882) studied the impact problem for this contact also. Consider the 
parabolic indenter of mass m normally impacting the initially non-deformed half- 
space with the initial speed vg. Let the impact be quasi-static, i.e., uy < c, where 
c represents the characteristic propagation speed of elastic waves in the half-space. 
The energy radiation in the form of elastic waves in the half-space can then be 
neglected, as demonstrated by Hunter (1957). In (2.29) the relationship between 


Fig. 2.13 Von-Mises equiva- 
lent stress curve, normalized 
to the average pressure in the 
half-space for the indentation 
by a paraboloid assuming 
v=0.3 
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Fig. 2.14 Greatest principle 
stress curve, normalized to 
the average pressure in the 
half-space for the indentation 
by a paraboloid assuming 
v=0.3 


normal force Fy and indentation depth d is implicitly given: 
4 
Fy(d) = giv Ra’. (2.34) 
Therefore, the potential energy stored in the elastic deformation of the elastic half- 
space, U, is given by: 
d 


A > 8 
U(d) = J F (a) dd = Z E*V Rd". (2.35) 
0 
The indentation depth during the impact is a function of time, d = d(t), and for 


the quasi-static case the energy conservation during impact takes on the following 
simple form: 


2 72 

Up d 8 5r 

2 =m + — E*V Rd}, 2. 
mama + T (2.36) 


This equation yields the maximum indentation depth dmax, the function t = t (d), 
i.e., the inverse of the time dependence of the indentation depth d = d (t), and the 
impact duration fy: 


d =( 15mve y 
16E*/R 


2 dmax 21 avr 
t=l™p(e5,-), f= 
5 vo (: 5 z) 5 (=) 


4 dmax 2 1 dmax 
ts =- B{1;-=, -= | ~ 2.94 f 2.37 
à 5 Vo ( 5 5) vo ( ) 
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Here, B(-; -,-) is the incomplete beta function 


B (z;a,b) := ie =f)" dt. (2.38) 


0 


2.5.4 The Sphere 


The problem of the spherical indenter is very closely related to the problem of the 
parabolic indenter described in the previous section. The profile of a sphere of 


radius R is: 
f(r) =R-VR2-?r?. (2.39) 
For the case of r < R this can be approximated as: 


ge 
fr) FR (2.40) 


which obviously coincides with (2.28) from Sect. 2.5.3. It may now be necessary 
to use the exact spherical shape instead of the parabolic approximation. However, 
the assumption of small deformations that underlies the whole theory used in this 
book requires the validity of the half-space hypothesis, which in our case can be 
written asa < R. If the latter is fulfilled, one can still work with the parabolic 
approximation. Nevertheless, we want to present the solution of the contact problem 
with a spherical indenter, which was first published by Segedin (1957). Applying 
(2.17) to (2.39) yields: 


|x| 
rdr |x| 


g(x)|x| = |x| artanh (=) , 
j : 


VR? — r24 x2 — r2 


d(a)=a artanh (£) P 


Fy (a) = ar" f [a artanh (=) — x artanh (=)| dx 


0 
es a? aj a 
= E*R I li =) artanh (=) ar (2.41) 


Here artanh(-) refers to the area hyperbolic tangent function, which can also be 
represented explicitly by the natural logarithm: 


a 1 R+a 
tanh =-l ; 2.42 
artan (5) z(=) (2.42) 


2.5 Explicit Solutions for Axially Symmetric Profiles 21 


The average pressure in the contact is: 


E* R? a? a a 
R= a 1+ 7 artanh (5) =| (2.43) 


The stresses and displacements were not determined by Segedin (1957), and can 
only be partially expressed by elementary functions. With the help of (2.17) we 
obtain the relationships: 


; _ E* a XR , : 3 is ; 
eatia=—— fle ga tanh (2) | ee Sm 


r 


Tm E 
artanh ( — ) ——— |, 
R? Jx r2 


r 


a _ ja x dx 
a artanh (=) arcsin (<) — J x artanh (=) —— |, 
R F R r2 = x2 


0 


w(r;a) = 


r>.d, 


2 
= | artanh (=) [a arcsin (=) t+wvr2— a] — Rarcsin (=) 
R r r 


a av R? —r? 
+vyR r4 arctan = Vaan (2.44) 


These functions are shown in normalized form in Figs. 2.15 and 2.16 for different 
values of R/a. It can be seen that, even for small values of this ratio such as 1.5 
(which already strongly violates the half-space approximation), the stresses are only 
slightly different and the displacements almost indistinguishable from the parabolic 
approximation in Sect. 2.5.3. 


2.5.5 The Ellipsoid 


The solution for an indenter in the form of an ellipsoid of rotation also originated 
from Segedin (1957). The profile is given by: 


FO)=R (1 i Ie ir?) ’ (2.45) 
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Fig. 2.15 Normal pressure 
pP = —o-;, normalized to 
the average pressure in the 
contact, po, for indentation 
by a sphere for different ra- 
tios R/a. The thin solid line 
indicates the parabolic ap- 
proximation from (2.30) 


Fig. 2.16 Displacement of 
the half-space, normalized to 
the indentation depth d for 
indentation by a sphere for 
different ratios R/a. Since 
the curves are approximately 
on top of each other, the line 
of the parabolic approxima- 
tion, according to (2.30), has 
been omitted 


with the two parameters, 
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0 
soo 
0.2; : a= J 
0.4; 
> : 
SS i 
0.8} J 
—R/a=1.1 
> ‘== R/⁄a=1.5 
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R and k. kR = 1, resulting in the spherical indenter of the 


previous section. In general cases, the equivalent profile is as follows: 


Ix! 
g(x) =|x|R 
| 


kr dr 
V1 — k?r? 4x2 = r? 


= |x|kKR artanh(k|x|) 


1 
E k RZsphere x; R = Ẹ : (2.46) 
Here, Zsphere (x; R) denotes the solution: 
re |x| 
Ssphere(X; R) := |x| artanh T (2.47) 


derived in the previous 
superposition principle, 


section for a sphere with the radius R. Because of the 
all expressions for the stresses and displacements—and, 
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correspondingly of course, also for the macroscopic quantities—are linear in g. 
Therefore, it is clear without calculation that the solution of the contact problem is 
given by: 


1 
d(a) = KRdgphere («: R= =) ; 
1 
Fy (a) = k RFN sphere («: R= z) ; 
1 
Ozz(F; a) = k Rozz sphere Q a; R = =) ; r<a, 


1 
w(r; a) = KRwsphere (r:a: R= =) n r>a. (2.48) 


The index “sphere” denotes the respective solution from Sect. 2.5.4. 


2.5.6 The Profile Which Generates Constant Pressure 


It is possible to design an indenter in such a way that the generated pressure in the 
contact is constant. This contact problem was initially solved by Lamb (1902) in 
the form of hypergeometric functions and by utilizing the potentials of Boussinesq. 
We will present a slightly simplified solution based on elliptical integrals, which 
goes back to Föppl (1941). 

Applying a constant pressure pọ to a circular region with the radius a yields the 
following vertical displacements wıp (x) in a one-dimensional MDR model accord- 
ing to (2.16): 


2 f rp _. Pi ge 
= {| ee p a> — x^. (2.49) 


wıp(x) = 


The displacement in the real three-dimensional space is given by: 


2 wıp(x) F 4po yaaa 
x= x 
T /r2 — x2 mE* /r2 — x2 
0 0 (2.50) 


h r<a. 
mE* 


w(r) 


II 


Here, E (-) denotes the complete elliptical integral of the second kind: 


n/2 


E(k) := J yV 1-— k? sin? ọ dọ. (2.51) 
0 
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The indentation depth d is therefore: 


2 
d = w) = EF, (2.52) 
E* 
and the shape of the profile is given by: 
2 2 
o= d -wo E E e(2)]. (2.53) 
E* T a 


It is apparent that this is not a classical indenter with a constant shape: varying po 
causes the profile to be scaled. In other words, different pairings {a, po} require dif- 
ferent indenter profiles f(r). Concrete applications, usually in biological systems, 
are discovered upon considering the adhesive normal contact. We will examine 
them at a later point. For completeness, we will calculate the displacement outside 
the contact area: 


Ap) f Va*—x?dx 
mE* J r2 — x2 ; 
0 
2 


= le(4)-(1-S)K(Q]. es 


with the complete elliptical integral of the first kind: 


| 
x~ 
V 
= 


w(r;a, po) = 


zx/2 
d 
J V1—k? sin? o 


The displacement w of the half-space is shown in Fig. 2.17. 


Fig. 2.17 Displacements 0 
within and outside the contact 
area, normalized to the inden- 


tation depth, for an indenter 0.2 
generating constant pressure 
0.4; 
B 
`~ 
= 0.6} 
0.8 
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Fig. 2.18 Thin circular ring. 
Visualized derivation of the 
integral (2.58) 


2.5.7 Displacement from Indentation by a Thin Circular Ring 


We now examine the indentation of the elastic half-space by a thin circular ring of 
radius a. Let the ring be sufficiently thin so that the pressure distribution can be 
regarded as a Dirac distribution: 


0::(r;a) = -iiq — a), (2.56) 


where Fy denotes the normal force loading the ring. The resulting displacement of 
the half-space can be determined from the superposition of fundamental solutions 
of elasticity theory. The half-space normal displacement resulting from the point 
force acting on the origin in the z-direction is, according to (2.2), given by: 


o= (2.57) 
WS) = Bes l 
with the distance s to the acting point of the force. 

The displacements (see notations used in the diagram in Fig. 2.18) produced by 
this pressure distribution (2.56) are given by: 


20 
ei is dy 
w(r;a) = 
TERY 2x „Ja? +r? —2ar coso 


Fw a ig (=) (2.58) 


~ IE 72(r +a) r+a 
These displacements are represented in Fig. 2.19. A superposition of the dis- 


placements enables the direct calculation of the displacements from any given axi- 
ally symmetric pressure distribution. 


2.5.8 The Profile in the Form of a Power-Law 


For a general indenter with the profile in the form of a power-law (see Fig. 2.20), 


f(r)=cr", neRt, (2.59) 
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Fig.2.19 Normalized surface 0 
displacement from indenta- 
tion by a thin circular ring 


Fig. 2.20 Normal indenta- 
tion by a mnemonic indenter 


the solution of the contact problem can also be given in explicit form. Here, c is 
a constant and n is a positive real number. For example, form = 1 andn = 2 
arise the already considered cases of a conical or parabolic indenter. The general 
solution was first found by Galin (1946). Shtaerman (1939) gave a solution in 
faculty expressions for even integers n. 

The equivalent plane profile g(x) is, in this case, also a power function with the 
exponent n: 


|x| 
(x) = xme f = (nell (2.60) 
g(x) = |x|ne | ——— = K(a)c |x|", i 
J [x2 — 2 
with the scaling factor 
— T(n/2+ 1) 
k(n) := y n =. 2.61 
Peete) eae 
Here, T (-) denotes the gamma function 
T(z) := f t7! exp(—t) dt. (2.62) 


0 
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Fig. 2.21 Dependence of the 4.5 
stretch factor « in (2.61) on 
the exponent n of the power 4w EREE EEES EEEE E E E E A ETA 
profile 
3.5 
w 
~ 3 
Z 
< 25+ 
2+ 
1.5F 


n 


Table 2.1 Scaling factor x(n) for selected exponents of the shape function 


n 0.5 1 2 3 4 5 6 7 8 9 10 
k(n) | 1.311 | 1.571 2 2.356 2.667 2.945 3.2 3.436 3.657 | 3.866 4.063 


The dependence of the scaling factor on the exponent n is shown in Fig. 2.21 and in 
Table 2.1. For the relationships between the normal force Fy, indentation depth d, 
and contact radius a we get: 


d(a) = k(n)ca", 


Fy (a) = E* T geaca"! (2.63) 
The mean pressure in contact is: 
E* 
paro 7 re(nca™. (2.64) 


For the stress and displacement distributions, the expressions given in (2.17) will 
result in: 


Oz2(T; a) 


a 
E* dx 
n—1 
——NK\n)c x n r<a, 
—nk(n) / at 
P 


E* a-i l-n 1 r? 1—n 1 
——nk(n)cr B{ 1; ——.=])-B{—: ——.=]]. 
27 2 °2 a? 2 °2 


2 
w(r;a) = —K(n)c | a” arcsin ( 
T 


II 


r>a, 


a 
“) f i dx 
— —. © ————— 5 
r J/r2 — x2 


0 
2 zofa l a 1l n+l n+3 a 

= —k(n)ca” arcsin ( ) — oF; | =, i ; . 
x r n+lr 2 2 2 'r? 


(2.65) 
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Here, B(-; -,-) denotes the incomplete beta function 


zt 
B(z;a,b) := —2F, (a,1—b;a+4+ 152) (2.66) 
a 
and 5F; (-,-;-;-) the hypergeometric function 


ow ee @tnre+arc) z” 
Petey) T@rOresn al (2.67) 


However, the evaluation of these functions is somewhat cumbersome, which is 
why we give two recursion formulas with which all stresses and displacements for 
natural values of n can be recursively determined from the known solutions for a 
cylindrical flat punch and a cone: 


a 
x" dx a". a? — r? n yn—2 x" 3dx 


= r » %r<a, 
/x2 — r2 n—1 n—l / x2 — r2 
r r 
1 - 2 
x"dx a"! Jr? — a? yn—1 x"~*dx 
-r r>a. (2.68) 


E E = P n [= 
0 0 


In the case of the cone (n = 1), the normal stress has a logarithmic singularity 
at the apex of the cone. For alln > 1 the pressure distribution is not singular; 
the pressure maximum remains at the center of the contact until n = 2 and then 
begins to shift to the edge of the contact at higher n. In the limiting case n —> oo 
corresponding to a cylindrical flat punch, the pressure distribution is singular at the 
contact edge. 


The Impact Problem for the Indenter with Power-Law Profile 
Since the relationships between normal force, contact radius, and indentation depth 
are known to be power functions, the normal impact problem can also be solved 
easily for this indenter profile. Consider a rotationally symmetric rigid body of 
mass m with the power-law profile just described, which impacts on the elastic 
half-space with the initial velocity vp. The collision should be quasi-static, i.e., this 
impact velocity would be much smaller than the propagation speed of elastic waves. 
The potential energy as a function of the current indentation depth can be derived 
from (2.63) and is given by: 


d 


U(d) = | F(d)dd = 
J 


E* 2n? 2n+1 
[ce(n)]/" Qn+ (n+l 


(2.69) 
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Due to energy conservation, the following expressions for the maximum indentation 
depth dmax, the function t = t (d), and the impact duration ts are valid: 


a [ex(n)]!/" (2n+1)(n+ 1) mv mF 
i 4n? E* ; 
2n+1 
dmax 1 d a 
t= n B (£; n g- (& 
2n+1 v i +l 2 la 
pec 2n dmax p TEE. 1 on 
a ne | Vo "In+1°2 R ; 


which, for n = 2, coincides with the solution of the Hertzian impact problem de- 
scribed in Sect. 2.5.3. 


2.5.9 The Truncated Cone 


For certain technical applications it can be of interest to consider an indenter with 

a flattened tip, perhaps worn down by wear. The solution for the indentation by a 

truncated cone was first published by Ejike (1969). This solution—as well as the 

general solution by Sneddon (1965)—is based on appropriate integral transforms. 

A simple solution in the framework of MDR has been provided in this section. 
The axisymmetric profile (see Fig. 2.22) can be written as: 


0, r <b, 
= = 2.71 
fr) (r—b)tan@, r>b. ( ) 


Here, 0 denotes the slope angle of the cone and b the radius of the blunt end. As 
in previous cases, the problem can be dealt with elementarily by utilizing (2.17), 


Fig.2.22 Normal indentation 
by a truncated cone 
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which provide the solution: 


0, |x| < b, 


b 
|x| tan 0 arccos (=) , |x| >b, 
x 


d(a) = a tan 0 arccos (2) = goa tan 0, 
a 


2 
Fy (a) = E* tan 0a? in (2) + a 1- a 
a a a 


= E* tan Aa? (po + cos go sin go) , (2.72) 


g(x) = 


where we introduced the angle 


Qo := arccos (2) : (2.73) 


The average pressure in the contact is: 


* 


E 
Po = — tan 0 (po + cos Gp sin Go). (2.74) 
x 


Setting b = 0, i.e., pọ = 7/2, yields the solution of the ideal conical indenter from 
Sect. 2.5.2. For the stresses in the contact area we obtain: 


0::(r;a) = 
—— + arccos | — |} ————., r <b, 
E* tan 0 b (4x2 — b2 x Jx2 — r2 


T “ b b dx b 2 
: a Pa =. <r<a. 


The stresses are shown in Fig. 2.23. The singularity at the sharp edge of the blunt 
end, r = b, is clearly visible. For small values of b/a, the curves approach the 
solution for the complete cone, and for b/a — 1 the limiting case of the flat cylin- 
drical punch. Both limiting cases are represented as thin solid lines in Figs. 2.23 
and 2.24. The displacements outside of the contact area are: 


2 tan 6 _ (a b dx 
w(r;a) = poa arcsin (=) — | xarccos{ — | ———— 
x r x yp. x2 
b 


r>a. (2.76) 


(2.75) 
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Fig. 2.23 Stress distribution, 
normalized to the average 
pressure in the contact, for 
the indentation by a truncated 
cone with different values 
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Fig. 2.24 Displacements of 0 


the half-space, normalized 

to the indentation depth, for 
the indentation by a truncated 
cone with different values 
b/a. The thin solid lines 
represent the solutions for the 
complete cone and the flat 
cylindrical punch 
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Theoretically, this integral can be solved analytically using tabulated functions, 
but due to its complexity, a numerical solution seems more feasible. These dis- 


placements are displayed in Fig. 2.24. 


2.5.10 The Truncated Paraboloid 


The indentation problem for a truncated paraboloid (see Fig. 2.25) was also first 
solved by Ejike (1981). The profile is described by: 


0, 
r2 = b2 
2R 


fr) = 


r <b, 


r >b, 


(2.77) 
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Fig.2.25 Normal indentation 
by a truncated paraboloid 


with the radius of the blunt end, b, and the radius of curvature of the paraboloid R. 
The solution within the MDR (see (2.17)) gives: 


0, |x| <b, 
El eR, |x| >b, 
d(a) = APER, 


g(x) = 


Fy (a) = TE oa? +b?) Va? — b2. (2.78) 


For the stresses within the contact area, we obtain: 


f (2x? — b?)dx ay 
, r<b, 
E* JJe Vx? — bx? =r? 


xR a (2x? — b?)dx 
r Vx? by x2 = 7?’ 


These can theoretically be expressed in closed form via elliptic integrals. However, 
the resulting expressions are very extensive and cumbersome to evaluate, which is 
why a numerical evaluation will be preferable. The stresses are shown in Fig. 2.26. 
One recognizes the singularities at the sharp edge of the blunt end at r = b, which are 
increasingly localized for small values of b, and the limiting cases of the paraboloid 
and the cylindrical flat punch (indicated by thin solid lines). The displacements 
outside the contact area are as follows: 


02(r;a) = — (2.79) 


b<r<a. 


a 
w(r;a) = Va? — b? arcsin (=) 


mR Vr? —b 
r>a. (2.80) 


ao je — b?) arcsin c= B =) — vazave] ; 


These are shown in Fig. 2.27. For b = 0 we obtain the Hertzian solutions for the 
parabolic indenter given in Sect. 2.5.3. 
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Fig. 2.26 Stress distribu- 3.5 r i 1 
tion, normalized to the mean —b/a=0.1 i í 
pressure in contact, for in- 3H =- b/a=0.5 i h 
dentation by a flattened ---b/a=0.9 1 i 
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complete paraboloid and the 
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Fig. 2.27 Displacements of 0 
the half-space, normalized 

to the indentation depth, for 
indentation by a flattened 
paraboloid at different values 
b/a. The thin solid lines 0.4; 
indicate the solutions for the 
complete paraboloid and the 
flat punch 
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2.5.11 The Cylindrical Flat Punch with Parabolic Cap 


For mechanical microscopy and other metrological applications, indenters with a 
parabolic cap are important. In the following, we examine such indenters, assum- 
ing that the indentation depth is large enough to ensure that the face comes into 
complete contact (otherwise we would deal with the simple parabolic contact stud- 
ied in Sect. 2.5.3). 

The solution for a flat cylindrical punch (as a base body) stems from Abramian 
et al. (1964). In their solution the authors used series expansions to fulfill the field 
equations. We again show the easier solution within the framework of MDR. The 
indenter has the profile (see Fig. 2.28) 


fE =42R 7 (2.81) 
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Fig. 2.28 Normal indenta- 
tion by a cylindrical punch 
with parabolic cap 


with the radius of curvature of the cap R, and the radius of the base punch a; the 
solution of the contact problem is, according to (2.17), given by: 


er 

—, |x|<a 
g(x) =4R 

œ, |x|>a 


Fy(d) = 2E* (aa — S) ` dR>&@, 


E* a?— 2r? + dR 


e 2 
0:-(r;d) = ZR Ja y r<a, dR >a i 
Aes 2 ro a 2 ae 
w(r;d) = R [Car r?) arcsin (=) tavr2—a | : 
¥>a,dR> a’. (2.82) 


For dR = a? (of course), we obtain the Hertzian solution from Sect. 2.5.3, and 
for R — œ that for the cylindrical flat punch from Sect. 2.5.1. The stresses and 


Fig. 2.29 Stress distribu- 7 
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Fig. 2.30 Displacements 0 
normalized to the indentation 
depth, for indentation by a 
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displacements for various values of dR/a? are shown in Figs. 2.29 and 2.30. One 
recognizes the limiting cases of the paraboloid and the flat punch marked by solid 
lines. The intersection of all normalized pressure curves is at r/a = ./2/3 and 


p/ po = V3/2. 


2.5.12 The Cone with Parabolic Cap 


The solution for a cone with a rounded tip, despite its metrological significance, was 
found first by Ciavarella (1999). However, Maugis and Barquins (1983) already 
knew the relations between the global contact quantities—normal force, contact 
radius, and indentation depth—by solving the respective problem with adhesion. 
Ciavarella’s solution is based on the general solution by Shtaerman (1949). 

The profile (see Fig. 2.31) is described by: 


2 
r^ tan 
— r <b, 


f= % `, (2.83) 
r tan ĝ — zn @, r >b, 


Fig. 2.31 Normal indentation 
by a cone with a rounded tip 
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with the radius b at the base of the parabolic cap and the slope angle @ of the cone. 
Note that the radius of curvature of the cap is given by R := b/ tan 0 to guarantee 
continuous differentiability. For the solution to the contact problem, according to 
(2.17) one obtains: 


x? tan 6 
; <b, 
b |x] < 
g(x) = |x| tan 0 b 
5 Js] = VETTE + b arccos (>) |x| >b, 
x 
b 
d(a) = “tan 6 (« — Va? — b? + b arccos (2) 
a 
lsi 
Somi (5e +00) . 
COS Yo 
E*a? tan 0 b 4 1 b? Va? — b2 
Fy(a) = E [ arccos (2) + : (a — va? — b?) + a ca 
41—si 1 
= E*a* tan0 | po + o + = sin Øo COS Go |, 
3 COS Go 3 
(2.84) 
where we introduced the angle: 

b 

Po := arccos | — ] . (2.85) 
a 


In the limit b — 0 we obtain the expressions for the conical indenter from 
Sect. 2.5.2, because 
. 1 — sin go 
lim ————— = 0. (2.86) 
go>n/2 COS Po 
For b > a, i.e., Y = 0, we obtain solutions of the Hertzian contact problem from 
Sect. 2.5.3. For the stresses in the contact area the following expressions result: 


E* tan 
mb 


07:(r:a) = 


P0 
—2t t d 
warmer | Cammi, <p, 
4 y 1 — k? cos? o 


arcosh(a/r) 
b / 
24a? — r? +b | [arccos ( ) —2,/k? cosh? y — i dg, 
r cosh o 
0 


b<r<a, 


(2.87) 
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Fig. 2.32 Stress distribu- 
tion, normalized to the mean 
pressure in contact, for the 
indentation by a cone with a 
rounded tip at different val- 
ues b/a. The thin solid lines 
indicate the solutions for the 
paraboloid and the cone 


Fig. 2.33 Displacements of 
the half-space, normalized 

to the indentation depth, for 
indentation by a cone with a 
rounded tip at different values 
b/a. The thin solid lines 
indicate the solutions for the 
paraboloid and the cone 
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with the parameter k := r/b. For the displacement outside the contact area we get: 


2d(a . 
w(r;a) = — arcsin 
T 
tan | > . a 
— r arcsin (=) 
mb r 


r>a. 


G) 


po 
N er op a a LA 


cos o 


k? cos? o — 1 
(2.88) 


In Figs. 2.32 and 2.33, the normalized stresses and displacements are shown for 
some values of the ratio b/a. It is easy to see the limiting cases of the conical and 
parabolic indenters marked by the thin lines. The stress distribution is not singular 
in the origin due to the rounded tip; this is in contrast to the indentation by an ideal 


cone. 
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From the equivalent plane profile g(x) in (2.84) it can be seen that this contact 
problem is actually a superposition of three previously solved problems, and the 
solution can therefore be obtained from the sum of the corresponding solutions 
given in this section. It is indeed 


b b 
g(x) = gp | x; R = — | + ggs(x)— gps | x; R = š (2.89) 
tan 0 tan 0 


Here, gp denotes the equivalent profile of a paraboloid of radius R (see Sect. 2.5.3), 
&xs(x) the equivalent profile of a truncated cone with the inclination angle 0 and 
the radius b of the flat “tip” (see Sect. 2.5.8), and gps the equivalent profile of a trun- 
cated paraboloid with the radius R and the radius b of the flat “tip” (see Sect. 2.5.10). 


2.5.13 The Paraboloid with Parabolic Cap 


The contact problem of a paraboloid with parabolic cap indenting an elastic half- 
space was first solved by Maugis and Barquins (1983) for the adhesive contact. 
However, the case without adhesion is of course included in this solution. As will 
be seen, the problem can be considered as a superposition of the indentations by a 
paraboloid (see Sect. 2.5.3) and a truncated paraboloid (see Sect. 2.5.10), where the 
weighting factors depend on the two radii of the cap and the paraboloid R; and R3. 
The profile has the shape (see Fig. 2.34) 


si y (2.90) 
TAi >b. 
2 


The radius of curvature of the cap, Rı, must be greater than that of the base 
paraboloid, R2, to ensure a compact contact area. The continuity of the profile also 
requires 


h? = b? (: = z) : (2.91) 


Fig. 2.34 Normal inden- 
tation by a sphere with 
spherical cap 


2.5 Explicit Solutions for Axially Symmetric Profiles 39 


for the length h. The equivalent profile within the MDR, seen in (2.17), is given by: 


a Ix] < b, 
Rı 

sw], 7 (2.92) 
Z y VB, |x| >, 
Ri R* 

with the effective radius of curvature 
š Rı Rə 
R* := ——— (2.93) 
Ri — Ro 


It is easy to see that (2.92) can be thought of as a sum: 
g(x) = gp(x; R = Ri) + gps(x; R = R*). (2.94) 
Here, gp and gps denote the equivalent profiles of the paraboloid (see (2.29)) and 


the truncated paraboloid (see (2.78)). The solution of the contact problem is, there- 
fore, given by: 


a 
d(a) = — + | Vai, 


R R* 
2E* (2 
Fy (a) = = + ar 2a? +b Va? — b? ae 
3 (Ri 
wer (2x? — b?)dx ci 
, r<b, 
P E TEE Rı b R*Vx?— b?N x? -— r? 
zz » T 2 [q2 — r2 +f (2x? — b*)dx ee 
; rsa, 
Ri r R*Vx?2 — b?/ x? — r? 
w(r;a) = wp(r;a; R = Ri) + wps(r;a; R = R*), r>a. (2.95) 


Here, wp and wps denote the displacements in the indentation by a complete and 
cut-off paraboloid: 


a? r? _ a r2? — a? 
wp (r;a; Ri) = TR 2— z arcsin (=) + r 
1 


2a a 
wps(r;a; R*) = oR Va? — b? arcsin (=) 


— va? — bev r2? — e| (2.96) 
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Fig. 2.35 Stress distribu- 
tion, normalized to the mean 
pressure in contact, for inden- 
tation by a paraboloid with 
round cap for b/a = 0.5 at 
different values R; /R*. The 
thin solid lines indicate the 
solutions for the complete 
paraboloid and the truncated 
paraboloid 


Fig. 2.36 Displacements 

of the half-space, normal- 
ized to the indentation 

depth, for indentation by a 
paraboloid with a round cap 
for b/a = 0.5 at different 
values Rı/R*. The thin solid 
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For R) = Rb», respectively R* — oo, we obtain the Hertzian solution from 


Sect. 2.5.3, and for R; —> oo the solution of the truncated paraboloid from 


Sect. 2.5.10. 


Since the solution is determined by two parameters, b/a and R,/R*, it would 
be very ponderous to try to show all solutions for the stresses and displacements in 
a single diagram. Moreover, the superposition (2.94) already clarifies the structure 
of the solution. Therefore, the dependencies are shown only for b/a = 0.5 in 
Figs. 2.35 and 2.36. One recognizes the limiting cases given by the thin solid lines 
and the stress singularity at the sharp edge at r = b, which is more localized when 
approaching the parabolic solution. 
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2.5.14 The Cylindrical Flat Punch with a Rounded Edge 


A real flat cylindrical punch will never have a perfectly sharp edge but will always 
be rounded. The influence of this curvature on the normal contact problem was 
investigated for both plain and axisymmetric contacts by Schubert (1942) (see also 
later papers by Ciavarella et al. (1998) and Ciavarella (1999), who presented a 
solution to the rotationally symmetric problem based on Shtaerman’s (1949) general 
solution). The indenter has the profile (see Fig. 2.37): 


0, 
=} p 2.97 
f(r) (r by eb (2.97) 
2R 


with the radius of curvature of the rounded corner, R, and the radius of the blunt 
end, b. The contact problem is solved according to (2.17) by the relations: 


0, |x| <b, 
= c b 
ge) Bi | VP =F ~ b arccos (5) , |x| >b, 
R |x| 
a | up BV a tg 
d(a) = R a? — b? — b arccos al ZR (sin Go — Po cos Go) 
E*| y 2 22 2 b 
Fy (a) = aK a? — b?(4a* — b*) — 3ba* arccos | — 
a 
*q3 : 
= 3R [sin Po(4 — cos? po) — 3g cos po] R (2.98) 
with the angle: 
Po := arccos (2) : (2.99) 
a 


For b = 0, the Hertzian solution from Sect. 2.5.3 is recovered, and for R = 0 
and b = a, i.e., go = 0, the solution for the cylindrical flat punch from Sect. 2.5.1. 


Fig. 2.37 Normal indentation 
by a flat cylindrical punch 
with a rounded edge 
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Fig. 2.38 Stress distribu- 3 

tion, normalized to the mean — b/a=0.2 
pressure in contact, for in- Fb EEEE ie rivet b/a = 0.5 
dentation by a flat punch with : ---b/a=0.9 


rounded corners at different 
values b/a. The thin solid 
lines indicate the solutions 
for the paraboloid and the flat 
punch 


It can be seen from the form of the function g(x) that this contact problem ac- 
tually represents a sum of two already solved problems and, therefore, the solution 
can be obtained via an appropriate superposition. It is: 


b 
g(x) = grs(x) — gxs (x tan 0 = z) . (2.100) 


Here gps(x) denotes the equivalent profile of a truncated paraboloid (see (2.78)) 
and ggs that of a truncated cone (see (2.72)) whose conical angle of inclination 0 
is determined by the relationship tan 0 = b/R. For the stresses and displacements 
we get: 


| (P-ta (2) ) -= r <b, 
b x x 


es) 


LL == R a 
4 J (2437 =P - bareeos ( 2) = b<r<a, 
r x x2 — 72 
2d 
w(r;a) = BO) te (=) 
T r 


a = (v7 =F - barccos (2) s , r>a. 
TT R X r2 — x2 

: (2.101) 
These are shown in Figs. 2.38 and 2.39. Due to the rounded edge, the stress at the 
edge of the contact—in contrast to the indentation by a flat cylindrical punch—is 
not singular. 
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Fig. 2.39 Displacements, 0 
normalized to the indentation 
depth, for the indentation by 


a flat punch with rounded 0.27 = ree | 
corners at different values 
b/a. The thin solid lines 0.4; 
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paraboloid and the flat punch ii ed ee E eee 
0.8; 
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2.5.15 The Concave Paraboloid (Complete Contact) 


For concave indenters of certain profile geometries, the contact problem can be 
solved analytically and in closed form using the previously applied methods, as- 
suming the contact area remains compact. Sharp concave corners or edges—such as 
the cases of a cylinder with a central recess or a concave cone—render this impossi- 
ble. For these cases of annular contact areas, there sometimes exist semi-analytical 
solutions in the form of series expansions, which will be detailed in Chap. 10 of this 
book. The interested reader can also refer to the respective publications of Collins 
(1963) and Barber (1976, 1983). Complete contact of the concave paraboloid can 
be ensured if the normal force is large enough. The solution to this problem was 
discovered by Schubert (1942) (see also Barber 1976). The profile can be charac- 
terized by: 


hr? 
f=) a 


oO, r>a. 


(2.102) 


For the notation, see Fig. 2.40. 


Fig. 2.40 Normal indenta- 
tion by a parabolic concave 
indenter 


44 2 Normal Contact Without Adhesion 


Fig. 2.41 Stress distribution, 2.5 f 
normalized to the average —hd M 0.1 
pressure, for the indentation _.-h/d =03 
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The contact problem is solved according to (2.17) by the relationships: 


|x| 
2h|x| rdr 2hx? 
= ==—,-, k|<a, 
g(x) = a? V x2 — r? a 
0 
oo, |x| > a, 


2h 
Fy (do) = 2E*a (a + z) , 


E* [ doa? — 2h(a? — 2r°)] 


0:-(ri do) = — ; <4, 
ma?Va? — r? 
2 f 2hx? dx 
w(r; dọ) = — dv as | 
oe T I( a? ) F=? 
0 
2d a 2h a 
= ° arcsin ( )+ (r? arcsin (=) -avr? =a"), r>a. 
T r wa r 


(2.103) 

Setting h = 0 yields the solution for the flat cylindrical punch. For complete 

contact, condition o,,(r = 0) < 0 must be satisfied, which leads to the condi- 

tions dọ > 2h, or equivalently, Fy > 16E£*ah/3. The normalized stresses and 
displacements are shown in Figs. 2.41 and 2.42. 


2.5.16 The Concave Profile in the Form of a Power-Law (Complete 
Contact) 


We will briefly focus on the indentation through a concave power profile in the form 


of: 
hr” 


== < 
f=] a? SE nent. (2.104) 
OO, r>a 
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Fig. 2.42 Displacements of 0 
the half-space, normalized 

to the indentation depth, for 

the indentation by a concave ae 
paraboloid with different . 
values h/do. The thin solid 
line represents the solution 
for the flat cylindrical punch 
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—h/d)= 0.1 
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The notations can again be taken from Fig. 2.40. If the normal force is large enough 
to ensure complete contact, the solution to the contact problem is, following (2.17), 
given by: 


h|x|" 
—K(n)——., |x| <a, 
go) = 4 a 
oo, x| >a 
K(n)h 
Fiy(da) = 26*a (do + Œ), 
* E n—1 
me _E fe dx dọ + k(n)h . bee 
T q” ~V x2 — 2 Jaz =r? 
, _ 2 f k(n)hx” dx 
w(r; do) = = f (a+ a SS r>a, (2.105) 


with the indentation depth in the middle of the contact, dọ, and the scaling factor 


= Tr(n/2+1) 
k(n) := ER i@ + )/2]" (2.106) 
with the gamma function T (-) 
T(z) := I t7! exp(—t) dt. (2.107) 
0 


For details relating to integrals occurring in the stresses and displacements, see 
Sect. 2.5.8. 
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One can ask how large the indentation depth must be in order to ensure complete 
contact. For n < 2, the minimum of the contact pressure will be in the center of the 
contact (and the center point will be the last one to make contact during indentation). 
In this case the condition of complete contact can be determined easily and without 
evaluating the aforementioned integrals. One obtains that o,-(r = 0) < 0 if 


dy>h 


-a l<n<2. (2.108) 


n 
From this it can be seen that, for a concave cone (and hence n = 1), and in general 
for all concave profiles with n < 1, no complete contact can be realized. This was 
already known to Barber (1976). Therefore, for the relations occurring in (2.105), 
it must ben > 1. For exponents n > 2 the minimum contact pressure in complete 
contact lies away from the contact midpoint. During indentation, first the contact 
annulus propagates inside. After a first critical point, contact is established in the 
contact center and an additional circular contact area grows from the inside. Com- 
plete contact is established if the inner contact circle and the outer contact annulus 
overlap. The determination of the criterion of complete contact for n > 2 is a non- 
trivial task (and usually only possible numerically by finding the minimum of the 
contact pressure and setting the minimal pressure to zero), which was solved by 
Popov et al. (2018). For a simple example which is possible to analyze in closed 
form, we can examine the results for the case n = 4. The pressure distribution for 
complete contact is given by: 


E* I 2h 2 2r? 
p(r) = —-02,(r;d) = l a pi (: + 5 )| . (2.109) 


x 1|3/q2—-r2 9a a? 


Conditions p'(re) = 0, and simultaneously p(r,) = 0, lead to 3d = 7h, i.e., full 
contact is established for: 


4 
dy > zh. (2.110) 


2.5.17 The Paraboloid with Small Periodic Roughness (Complete 
Contact) 


Finally, a simple analytical model of a parabolic indenter with periodic surface 
roughness is presented. The influence of roughness gains great importance in the 
treatment of the adhesive normal contact (see Sect. 3.5.14 in Chap. 3). Nonetheless, 
it can also be of interest for the non-adhesive contact. The contact problem was 
first solved by Guduru (2007). His solution uses a superposition method, which 
amounts to the same algorithm as the MDR, i.e., determining the auxiliary function 
g(x), which basically solves the contact problem. 
Let the examined three-dimensional profile have the shape: 


r? 27 
f(r) = aq th(1-cos (=r), (2.111) 
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with the amplitude h and the wavelength À of the roughness, as well as the usual ra- 
dius of the paraboloid R. Once more we assume a compact contact area. The chapter 


on adhesive normal contact imposes even stricter limitations requiring f’(r) > 0 
(see Sect. 3.5.14). For the equivalent profile we obtain: 


m f/r 2n, . 27 dr 
g(x) = |x| a y fesin (5-1 = 
0 


= E ig aa (2.112) 
= R rT X |Ho FT x : . 


Here, H,,(-) denotes the n-th order Struve function, which can be expanded as a 
power series: 


= iy uN 2k+n+1 
H, (u) = P (2.113) 
coo T (k+ 3) T (k +n +3) (3) 
with the Gamma function T (-): 
T(z) := f t7! exp(—t) dt. (2.114) 


0 


From (2.113) the following differentiation property of the Struve function can be 
proven: 


Tmo] = H, (u) — “Hp (u). (2.115) 
u u 


The relationships between the global contact quantities Fy, d and a using (2.17) 
are given by equations: 


2 2 2 
aa) = + tt ( T ) 


pi J 


4E*a? P 27 27 27 
Fy (a) = 3R + E*zah z 2o 79 — H; 7 : (2.116) 


For the stresses in the contact area we obtain: 


0::(r;a) = 


E* |2Va2—r2 7h f Qn 27 27 dx 
= + Ho —x]| + — xH X ’ 
x 


ry 


(2.117) 
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Fig. 2.43 Pressure distri- 
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Fig. 2.44 Profile 
cross-section of the three- 
dimensional rotationally 
symmetric profile, and the 
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odic roughness 
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and the displacements outside the contact area are given by: 


2d(a) . a 1 2 . (a 3 ; 
= arcsin =l arcsin (=) — a F =a?) 


w(r;a) = 


(2.118) 


The stresses normalized to the average pressure in the contact are displayed in 
Fig. 2.43. The influence of the periodic roughness on the pressure distribution is 
quite apparent. Figure 2.44 shows the three-dimensional profile and also the equiv- 
alent one-dimensional profile. 


2.5 Explicit Solutions for Axially Symmetric Profiles 49 


2.5.18 Displacement in the Center of an Arbitrary Axially 
Symmetric Pressure Distribution 


The displacement w p(x) of the one-dimensional MDR-model is given by (2.16): 


g(x) 2 f rpo 
E* E* ie 


Wip(x) = dr. (2.119) 


Setting x = 0 yields the indentation depth dọ, which in the context of the MDR is 
defined as the vertical displacement of the coordinate origin: 


[oe] 


dy = wip (x = 0) = w(r = 0) = f row. (2.120) 
0 


2.5.19 Contacts with Sharp-Edged Elastic Indenters 


Flat cylindrical indenters, as well as all other indenters which generate singulari- 
ties in the stress distribution (conical indenter and truncated cone, etc.), violate the 
necessary conditions of the half-space approximation at least for one of the contact- 
ing bodies. While the given solutions are accurate for rigid profiles, they must be 
modified for elastic profiles. The relationship of the elastic moduli of the indenter 
and the half-space, as well as the angle at the sharp edge of the indenter, determine 
whether the stress concentration at the sharp edge result in different singularities or 
even no singularity at all. 

This problem was systematically examined by Rao (1971). Rao considered the 
stress and displacement fields in the vicinity of the sharp edge for widely varying 
classes of problems. Here, we will limit our consideration to the frictionless normal 
contact between an axisymmetric elastic indenter and an elastic half-space. The 
used notation is displayed in Fig. 2.45. 

The stress state in the region of the sharp edge is approximately two-dimensional, 
and the normal stress at distance s from the sharp edge is given by: 


i.e, (2.121) 
Fig. 2.45 Edge of an elastic 
indenter (diagram visualizing E 
the notations used) 7 
s E 
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where A indicates the smallest eigenvalue of the respective boundary value problem. 
The eigenvalue equation of the considered problem can be written as: 


tan(z) [A sin(2@) + sin(2Aq@)] 
+ e [1 —cos(2Aw) — 2° (1 — cos(2a))] = 0. (2.122) 


Here, œ is the angle at the sharp edge (measurement taken within the indenting 
body) and e = E/E; is the relationship of the elasticity moduli of the indenter 
(index “2”) and the half-space (index “1”). Interestingly, the respective Poisson’s 
ratios have no effect on this characteristic equation. 

A singularity in the stress distribution occurs at the sharp edge if the smallest 
non-trivial solution (2.122) is smaller than one. The limiting case, A = 1, arises 
precisely when the relationship of the moduli is set to: 


T COS Q 
(2.123) 


ecrit = -s 
sin œ — Cos & 
Greater values of e will result in singularities. However, (2.123) only has a posi- 
tive solution for e if œ < 2/2. Therefore, in principle, greater angles always result 
in singularities, whose concrete shape is determined by the solution of the eigen- 
value equation (2.122). As an example, for the rigid flat cylindrical punch with 
a = x/2 ande — œ, the result is the familiar singularity of the Boussinesq 
solution, A = 1/2. 

How can the stresses be expressed in the entire contact area? For this, Jordan and 
Urban (1999) proposed the following expression for rectangular indenters in a plane 
(which can be directly applied to rotationally symmetric problems with cylindrical 
flat punches): 

0:2(r;a,A) = —Fy - M(A,a)(a? — r?)"!. (2.124) 


The case of the rigid cylindrical punch coincides with the known Boussinesq so- 
lution, and the stresses exhibit the required singularity property (2.121) since for 
S=a-r<Ka: 


a — r? = (a —r)(a +r) = sla +r)  2as. (2.125) 


The function M(A, a) is derived from the normalization: 


a 


Fy = -2r | o..(r)r dr, (2.126) 


and therefore: 


(2.127) 
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2.6 Mossakovskii Problems (No-Slip) 


In the preceding sections, we considered frictionless normal contact problems. As- 
suming different elastic materials, the material points of the contacting surfaces will 
experience differing radial displacements. If we set aside the unrealistic assumption 
of ideally frictionless surfaces (u = 0), this slip will always cause radial tangential 
stresses. Consequently, the frictionless normal contact can only be considered the 
theoretical limiting case. The contact area generally consists of an inner stick zone 
and an outer slip zone. This normal contact problem with friction was examined 
by Spence (1975). It is supremely complicated, and thus only permits numerical 
solutions. Instead, we will just consider the other theoretical limiting case which 
describes complete stick within the contact area (u — oo). Figure 2.46 illustrates 
the indentation of an elastic half-space by a rigid curved indenter with complete 
stick. Also displayed are the displacement paths of individual surface points. Sur- 
face points that contact the indenter during the indentation process stick completely, 
eliminating the possibility of any further radial displacement. This condition is ex- 
pressed through the boundary condition: 


ðu, (r,a) = 


; FSG; (2.128) 
da 


and it is used instead of the boundary condition for the frictionless normal contact 
according to (2.4) which assumes a frictionless contact. Here, it should be noted that 
for the contact of two elastic bodies, the radial displacement from (2.128) simply 
represents the relative radial displacement of the surface points. 

The solution of the normal contact problem with complete stick for arbitrary 
axially symmetric normal contacts goes back to Mossakovskii (1963). In 1954, 
he had already developed the solution for the contact of the flat cylindrical punch. 
Therefore, normal contacts with complete stick are also referred to as Mossakovskii 
problems. Their solutions are significantly more complex than frictionless contacts, 
and the simplest approach to solving them is with the MDR. This requires redefining 
the spring stiffness compared to (2.5) and deriving the equivalent one-dimensional 


Motion path of a 
surface particle 
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Fig. 2.46 Illustrating the boundary condition of full stick for the indentation of an elastic half- 
space by a rigid indenter (modeled after Spence 1968) 
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profile from an equation significantly more complicated than (2.6). The calculation 
of the global relationships between normal force, indentation depth, and contact 
radius follows the exact same template as described in Sect. 2.3.2. To describe the 
normal contact between two completely sticking elastic bodies, the spring stiffness 


is set to: a i 
Ak, = in( = fn ) Ax. (2.129) 
2Bp l= fp 
Here, E* denotes the effective elasticity modulus defined in (2.1): 
Cee ee (2.130) 
E* Ei E, ’ l 
and p Dundur’s second constant: 
1 — 2v,)Gy — (1 — 2v2)G 
An ( vı)G2— ( v2)G1 (2.131) 


“21 = vi)G + 2(1 = v2)G1 ` 
Many contact problems with complete stick featured in the literature make the sim- 
plifying assumption of one body being rigid. In this case, the spring stiffness from 
(2.129) is simplified to: 
2G In(3 — 4 
= 26 EGS) y) Ax. 
1—2v 

The relationship between the three-dimensional profile f(r) and the equivalent one- 
dimensional profile g(x) is given by equation: 


Ak (2.132) 


or =f 5 =f eo cos (0 In (=) Jra 
0 0 


=): 


1 
with © := zr (2.133) 
Dy 


For Bp = 0, it coincides with the inverse transform of the profile for a frictionless 
contact according to (2.7). While explicitly solving for g(x) is possible in princi- 
ple, it leads to either a very unwieldy, extremely complicated calculation which can 
be referenced in Fabrikant’s (1986) work, or a notation using the Mellin inverse 
transform (Spence 1968). We will forgo providing an explicit expression since 
an analytical calculation of the equivalent one-dimensional profile g(x) for a given 
axially symmetric profile f(r) is generally only possible using numerical methods 
anyway. The sole exception seems to be the power-law profile, which we will ex- 
amine in greater detail in Sect. 2.6.2. To calculate the respective one-dimensional 
equivalent profile, the implicit formulation in (2.133) will prove sufficient. 

The elasticity parameter 7 in (2.133) illustrates a major difference to the fric- 
tionless contact: the equivalent one-dimensional profile is no longer exclusively 
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dependent on the geometry of the axially symmetric contact; it is also affected by 
the elastic properties of the contacting bodies. 

As previously mentioned, the calculation of the relationships between inden- 
tation depth, contact radius, and normal force follows the same template as the 
frictionless normal contact. Only the modified spring stiffness from (2.129) and the 
equivalent profile determined by (2.133) must be accounted for. We will summarize 
the essential equations. First, the surface displacement of the Winkler foundation is 
determined to be: 

Wip(x) = d — g(x). (2.134) 


At the edge of all non-adhesive contacts, the displacement must be zero, thus for- 
mulating a condition for calculating the indentation depth: 


wip(ta)=0 = d=eg(a). (2.135) 


Additionally, the sum of all spring forces must balance out the applied normal force. 
Consideration of the modified stiffness in accordance with (2.129) yields: 


jee (37) | np ORE (2.136) 
p 0 


Naturally, the local quantities obey different calculation formulas compared to the 
frictionless contact. Apart from the normal surface displacement and the pressure 
distribution, the tangential stresses within the contact area are also of importance. 
Said quantities can be determined solely from the known normal displacement of 
the Winkler foundation. Here, we will state them for the special case of a rigid 
indenter pressed into an elastic half-space: 


__8G-v)hn3- 4v) f cos [0 In (=)] 
P(r, a) aw (1 = 2v)V3—4v J XW g(x of Vr? — P(x? = 12) dtdx 
_ 8G(—v)InG—4v) f sin [0 In (#4) ] 
Trina) = 12(1 — 2v)/3 — 4v J Wig (x of Vr Px Dae 


zi 
T — v) f oe sjen [21n ( ies 


(2.137) 
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2.6.1 The Cylindrical Flat Punch 


The normal contact of a rigid flat cylindrical punch with an elastic half-space with 
complete stick was initially solved by Mossakovskii (1954). Within the framework 
of the MDR, the equivalent plane profile is derived from the cross-section of the flat 
indenter in the x—z-plane—no change in the geometry is required. The displacement 
of the Winkler foundation is then given by: 


wip (x) = d [H(x + a) — H(x —a)], (2.138) 


where H(-) represents the Heaviside step function. Substituting this into (2.136) 
under consideration of the rigidity of the indenter yields the normal force: 


4G In(3 — 4 
ie) (2.139) 
1—2v 
The contact stiffness then takes on the form: 
dF 4G In(3 — 4 
ge ee (2.140) 


dd 1— 2v 


The validity of this contact stiffness for arbitrary axially symmetric contacts fol- 
lows immediately from Mossakovskii’s (1963) work. Accordingly, the incremental 
difference of two-contact configurations with the contact radii a and a +da is equiv- 
alent to the infinitesimal indentation of an elastic half-space by a cylindrical flat 
punch with radius a. This applies regardless of whether a normal contact with com- 
plete stick or a frictionless contact is being considered. Nevertheless, the works of 
Borodich and Keer (2004) and also Pharr et al. (1992) are still frequently cited, 
which prove the universal validity of the normal contact stiffness using a different, 
more complex approach. For the frictionless normal contact, the contact stiffness 
is given by (2.21). A comparison of the two values of contact stiffness reveals that 
the contact stiffness for complete stick is generally greater than for frictionless con- 
tact. This is a direct result of the suppressed relative displacement of the contacting 
surfaces. The contact stiffness only coincides for incompressible materials since, 
in this case, no tangential forces arise in the contact area due to the radial displace- 
ment of the material being restricted. For the ratio between the contact stiffness for 
complete stick and frictionless contact, it follows that: 


kM _ U—v)InGZ — 4v) 
k, 1—2v 


(2.141) 


For common materials with Poisson’s ratios in the range of 0 < v < 0.5, the con- 
tact stiffness for complete stick is at most 10% greater than for frictionless normal 
contacts. This maximum is reached at v = 0. For synthetic materials characterized 
by negative Poisson’s ratios, the relative discrepancy can reach values of up to 30%, 
which is documented in Fig. 2.47. Viewed over the entire physical domain, the rela- 
tive discrepancy decreases monotonically with a rising Poisson’s ratio. The relative 
discrepancy reaches its maximum for the limiting case v —> —1. It should be noted 
that both values of contact stiffness approach infinity for v —> —1. At this point, the 
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Fig.2.47 Relationship between the normal contact stiffness for complete stick and normal contact 
stiffness for frictionless contacts as a function of the Poisson’s ratio v 


contact compliance IT, which represents the inverse of the stiffness, is zero. Arga- 
tov et al. (2012) examined the impact of negative Poisson’s ratios on on the stress 
distribution, thereby discovering that the location of the greatest shear stress moves 
towards the surface for smaller Poisson’s ratios. This is because of the increasing 
tangential stresses in the contact area for decreasing Poisson’s ratios. Figure 2.48 
puts in contrast the differing contact compliances for Boussinesq and Mossakovskii 


Fig.2.48 Comparison of the normalized normal contact compliances as functions of the Poisson’s 
ratio v for Boussinesq and Mossakovkii problems 
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Fig. 2.49 Pressure distribution for the indentation by a flat cylindrical indenter for different Pois- 
son’s ratios v, normalized to the average pressure p 


problems. It is apparent that the compliance maximum of Mossakovskii problems 
are not located at v = 0 but instead at v ~ 0.11, as stated by Argatov et al. (2012). 

The derivative of the profile (2.138) with respect to the coordinate x is required 
for calculating the local quantities according to (2.137), and is: 


wip (x) = d [8(x + a) — (x — a)], (2.142) 


with the Delta function 6(-). Taking into account its filtering properties, it follows 
from (2.137) that the solutions for the local quantities are: 


8Gad(1—v)In3—4v) f cos[d In ()] 


a—t 


PCa) m2(1 — 2v)/3 — 4v j Vr? — t? (a2? — t?) 


8Gad(1— v)In3—4v)1 f sin [Y In(#)] 1 


a—t 


Tr (r,a) = (1 —2v)/3—4v F J [r2 — (a? — 12) 
r att 
T es eae pole aa) (2.143) 


T mV3—4v J Vr? — 1? 


They correspond exactly to the quantities calculated by Mossakovskii (1963) and 
Spence (1968). Regrettably, the remaining integrals are only solvable using nu- 
merical methods. The pressure distribution normalized to the average pressure p 
within the contact area is visualized for different Poisson’s ratios in Fig. 2.49. For 
incompressible materials, i.e., v = 1/2, the curve exactly matches the one for the 
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Fig. 2.50 Tangential stresses for the indentation by a flat cylindrical indenter for different Pois- 
son’s ratios v, normalized to the average pressure p 


frictionless contact (compare this to Fig. 2.5). For regular positive Poisson’s ratios, 
there is no distinguishable difference between the graphs. Only once the Poisson’s 
ratios drop to negative values the pressure in the center notably increases. There 
is characteristic behavior of the stresses solely at the edge of the contact, which is 
already visible in solution (2.143). Here, stress oscillations occur, even leading to 
tensile stresses. On the one hand, these fluctuations can be viewed as indicators that 
the assumption of complete stick is self-contradictory for normal contact, indicating 
that slip at the contact edge is unavoidable (Zhupanska 2009). On the other hand, 
the oscillations are localized so close to the contact edge that this zone need not be 
ascribed significant importance. ! 

The tangential stresses in Fig. 2.50 are zero at the center of the contact and 
feature a singularity at the edge that is comparable to the one caused by the normal 
stresses. For the incompressible case, no tangential stresses occur in the contact area 
since the material resists radial displacements. Expanding the examination to the 
contact between two elastic materials, the tangential stresses in the contact area are 
zero when Dundur’s second constant, defined in (2.131), vanishes. This condition 
is, indeed, satisfied for the contact between a rigid and an incompressible medium. 

The curve of the normal surface displacement normalized to the respective inden- 
tation depth is shown in Fig. 2.51. The curves for v = 1/2 and v = 0.3 are nearly 
indistinguishable, so that their shape can be approximated by the displacements for 
a frictionless normal contact described by (2.22). A more detailed analysis of the 
displacements can be referenced in the publication of Fabrikant (1986). 


1 In the plane case, the normal stresses initially changes signs at x = 0.9997a. 
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Fig. 2.51 Normal surface displacement of the half-space for indentation by a flat cylindrical in- 
denter for different Poisson’s ratios v, normalized to the indentation depth d 


2.6.2 The Profile in the Form of a Power-Law 


The normal contact of a profile in the shape of a power-law was examined for the 
case of complete stick by both Mossakovskii (1963) and Spence (1968). As shown 
for the frictionless contact, a power-law profile is mapped to a power-law profile: 


f(=ar" > g(x) =Kk(n,v)f(\x|) forn € Rt. (2.144) 


The scaling factor k(n,v) can be determined by simply substituting (2.144) in 
(2.133). A complicated integration is unnecessary; a trivial normalization of the 
integral variables is sufficient. This leads to: 


K(n,v) = Vat (+5) with 
T (4) nI*(n) 


1 
q= 
I* (n) := La cos (vn(-—*)) dt, (2.145) 
0 


with the definition of 3% from (2.133). A comparison of the scaling factors to 
the ones for the frictionless contact is easily performed by setting Bp = 0, i.e., 
by assuming similar elastic materials and yielding % = 0, and consequently, 
nI*(n) = 1. From (2.145), we obtain the scaling factors for the frictionless con- 
tact defined in (2.61). In the following, we will operate under the assumption of 
one rigid body. In this case, the other body must be incompressible to prevent 
tangential stresses from occurring in the contact surface. The limiting curve for 
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Fig. 2.52 Scaling factors « as a function of the exponent n of the power-law profile for different 
Poisson’s ratios v; the area shaded in gray represents common materials (0 < v < 0.5) 


v = 1/2 in Fig. 2.52 must exactly coincide with the curve from Fig. 2.21, which 
displays the scaling factor as a function of the exponents of the profile function for 
the frictionless contact. 

In contrast, complete stick in the normal contact between a rigid power-law in- 
denter and a compressible, elastic half-space results in tangential stresses in the 
contact surface. The full description of such a contact requires greater scaling fac- 
tors, also given in Fig. 2.52. The smaller the Poisson’s ratio, the greater the scaling 
factor. The area shaded in gray represents the range of values of the scaling factors 
for common materials. 

Since the integral Z*(n) in formula (2.145) of the scaling factor is generally 
only solvable numerically, the corresponding value for selected Poisson’s ratios and 
exponents is provided in Table 2.2. These are of particular importance for axially 
symmetric profiles that are either defined by a polynomial or a Taylor expansion. 

The equivalent plane profile was already determined in (2.144). Applying for- 
mulas (2.135) and (2.136) yields the indentation depth and the normal force as a 
function of the contact radius: 


d(a) = k(n, v)cna”, 


4G In(3 —4 
Fy (a) = mt = en, vena (2.146) 


The calculation and graphical representation of surface stresses and displacements 
will be omitted at this point. However, we will analyze the particular cases of the 
conical (n = 1) and parabolic (n = 2) contact. 
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Table 2.2 Stretch factor « as a function of the exponent of the power-law and Poisson’s ratio 


Poisson’s ratio v 


=i —0.5 0 03 0.5 
Exponent n | 0.5 1.429 1.389 1.348 1.322 1311 
of the 1 1.831 1.746 1.651 1.594 1.571 
power-law 9 2.617 2.402 2.177 2.049 2 
profile 3 3.398 3.014 2.638 2.433 2.356 
4 4.189 3.602 3.056 2.771 2.667 
5 5.000 4.175 3.444 3.077 2.945 
6 5.840 4.739 3.811 3.360 3.2 
7 6.714 5.298 4.159 3.623 3.436 
8 7.626 5.855 4.494 3.872 3.657 
9 8.582 6.412 4.816 4.107 3.866 
10 9.588 6.971 5.123 4.332 4.063 


2.6.3 The Cone 


We will now consider the normal contact of a rigid cone and a planar elastic half- 
space under the condition of complete stick. The shape of the profile function is 
given by: 

f(r) =r tané (2.147) 


(see Fig. 2.7). The equivalent plane profile follows as a special case of (2.144), 
where the scaling factor (2.145) must be determined. An analytical expression for 
the integral /*, and consequently the stretch factor (solely in this case), is published 
in literature (see Spence 1968): 


T m l—2v (1 — 2v) 


k(l, v) = = = : (2.148) 
(hn) 2I*(1) 2aðy3=4v mB- 4v) V3- 4v 
The equivalent profile is then: 
1-2 
EE Nie (2.149) 


g@) = In(3 — 4v) V3 — 4v 


Substituting this last result into formulas (2.135) and (2.136), followed by a basic 
calculation, leads to the indentation depth and normal force 


m(1 —2v) 
d(a) = tan 0, 
@) In@—4v)J3—4y = 
2 
F(a) = tan 0. (2.150) 
— 4v 


We omit explicitly providing the stresses and normal surface displacements since, 
once again, the integrals in expression (2.137) can only be solved numerically. 
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Fig. 2.53 Pressure distri- 
bution in the conical contact 
for different Poisson’s ratios 
v, normalized to the average 
pressure p 


The results for the normal and tangential stresses via numerical integration are vi- 
sualized in Figs. 2.53 and 2.54. Note again that the differences in the pressure 
distribution compared to the frictionless contact are minimal. The magnitude of the 
tangential stresses increases towards the center. As expected, they increase with a 
decreasing Poisson’s ratio. 


0.0 0.2 0.4 0.6 0.8 1.0 
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Fig. 2.54 Tangential stresses in the conical contact for different Poisson’s ratios v, normalized to 
the average pressure p 
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2.6.4 The Paraboloid 


Finally, we will cover the important parabolic contact with complete stick, which 
can be considered an approximate solution for various curved surfaces, and was 
solved by Mossakovskii (1963) as well as by Spence (1968). The axially symmetric 


profile is given by: 
2 


£ 
f(r) = aR’ (2.151) 


where R denotes the curvature radius of the paraboloid. The equivalent one- 
dimensional profile follows from (2.144): 


2 
g(x) =KQ, Di (2.152) 


In contrast to the conical contact, the stretch factor can only be calculated numeri- 
cally. Selected values can be found in Table 2.2. Spence (1968) did provide a good 
approximation for the scaling factor: 


2 
2,v) ~ ith 
2.) * TOEIC + 0225400)" ™ 


vv) = A In(3 — 4v). (2.153) 
27 

The indentation depth can be determined from (2.135), from which we can then 
derive the condition of the vanishing displacement of the Winkler foundation at the 
contact edge. Additionally, the normal force can be calculated from the balance 
of forces in the z-direction in accordance with (2.136). The indentation depth and 
normal force then follows as: 


d(a) = K2) 


Fylaj= 4G In(3 — 4v) 


DOT 3 
3R 12; k(2, v)a”. (2.154) 


However, analytical solutions of the surface stresses and normal displacements 
do not appear possible. Although Zhupanska (2009) claimed to have analytically 
calculated these quantities, her formulas contain series and integral expressions. 
Taking into account the surface displacement of the Winkler foundation in for- 
mulas (2.137), a numerical calculation leads to the solutions for the normal and 
tangential stresses shown in Figs. 2.55 and 2.56. From the pressure distribution in 
Fig. 2.55, it is apparent that the pressure maximum in the center of the contact area 
increases with a decreasing Poisson’s ratio. The contact radius decreases simulta- 
neously which, due to the normalization with respect to the contact radius, is not 
represented in the figure. The tangential stresses are zero in the center and at the 
edge. As expected, they increase with a decreasing Poisson’s ratio. The curve for 
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Fig. 2.55 Pressure distribution in the contact with a paraboloid for different Poisson’s ratios v, 
normalized to the average pressure 
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Fig. 2.56 Normalized tangential stresses in the contact with a paraboloid for different Poisson’s 
ratios v 


v = 0.3 coincides exactly with Zhupanska’s (2009), who utilized torus coordinates 
for the solution. 

For the sake of completeness, the normal surface displacement for several Pois- 
son’s ratios is given in a graphical representation in Fig. 2.57. The figure offers a 
clear illustration of the fact that achieving the same contact area requires a greater 
indentation depth than for the frictionless contact. 


64 2 Normal Contact Without Adhesion 


—w(r) 
a’/R 


Fig. 2.57 Normalized normal surface displacement of the half-space for indentation by a 
paraboloid for different Poisson’s ratios v 
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Normal Contact with Adhesion 


3.1 Introduction 


Between any two electrically neutral bodies there exist relatively weak interaction 
forces which rapidly decline with increasing distance between the bodies. These 
forces are known as adhesive forces and, in most cases, cause a mutual attraction. 
Adhesive forces play an essential role in many technical applications. It is the 
adhesive forces that are responsible for the behavior of glue, for instance. Adhesive 
tape, self-adhesive envelopes, etc., are further examples of adhesive forces. They 
are of particular importance for applications where one of the following conditions 
is met: 


e The surfaces of the bodies are very smooth (e.g., the magnetic disc of a hard 
drive). 

e One of the contact partners is made of a soft material (rubber or biological struc- 
tures). 

e We are dealing with a microscopic system, in which adhesive forces generally 
have a larger influence than body forces, because the body and surface forces are 
scaled differently (micro-mechanical devices, atomic force microscope, biologi- 
cal structures, etc.). 


At a microscopic scale, the adhesive forces are determined by the type of the in- 
teraction potential. It is possible to define a characteristic “range” of adhesive 
forces based on the specific type of the potential. However, as Griffith already 
demonstrated in his famous work on the theory of cracks (Griffith 1921), the most 
important parameter is not solely the magnitude of the interactions or their range, 
but instead the product of both; i.e., the work required separation of the surfaces. 
This work per unit surface area is referred to as the work of adhesion or effective 
relative surface energy, Ay, of the contacting bodies. 
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Griffith’s theory is based on the energy balance between the elastic energy re- 
leased due to an advancement of the crack boundary and the required work of 
adhesion. It is assumed that there are no interaction forces beyond the contact area, 
which corresponds to the assumption of a vanishingly low range of the adhesive 
forces. This assumption is valid for real adhesive interactions if the range of the 
adhesive forces is much smaller than any characteristic length of the contact. The 
theory of adhesive contact published in 1971 by Johnson, Kendall, and Roberts is 
valid under the same conditions as Griffith’s theory: for the vanishingly low range 
of the interactions. In this chapter, when we refer to the theory of adhesive contacts 
in the “JKR approximation”, it is understood to mean the vanishingly low range of 
the adhesive forces. In JKR theory, the work of adhesion is also the sole parame- 
ter of the adhesive interaction. Among other results, the adhesive force between a 
sphere of radius R and an elastic half-space is given by the equation: 


3 
F4 = 5 Aya, (3.1) 


In micro-systems, situations can arise where the range of the adhesive forces is of 
the same length as the smallest characteristic length of the contact (usually the in- 
dentation depth), or even greater than the characteristic contact length. The simplest 
of such cases is the contact of hard spheres with weak interaction forces, where the 
elastic deformation is negligible. This case was examined and published by Bradley 
(1932). Bradley calculated the adhesive force between a rigid plane and a rigid 
sphere of radius R. He assumed the existence of van der Waals forces acting between 
the molecules of both bodies, decreasing proportionally to 1/1’ with increasing dis- 
tance between the molecules (which corresponds to the attractive component of the 
Lennard-Jones potential). For the contact of a rigid plane and a rigid sphere, the 
adhesive force equals: 

Fy = 2AyaR. (3.2) 


This equation also only features the separation energy and does not account for 
the coordinate dependency of the interaction. It can be easily shown that the re- 
sult from Bradley’s approximation is invariant with regards to the exact coordinate 
dependency of the interaction potential, as long as the half-space approximation is 
valid. 

The logical extension of Bradley’s model lies in the consideration of the elastic 
deformations caused by long-range adhesive interactions. An approximate solution 
for this problem was only discovered about 40 years after Bradley’s publication by 
Derjaguin, Muller, and Toporov (1975) (DMT theory). While the approximation 
does take into account the adhesive forces, the elastic deformation of the surfaces 
is, nonetheless, calculated with the solution by Hertz (1882) for non-adhesive con- 
tacts. Under these assumptions, Derjaguin, Muller, and Toporov arrived at the same 
equation for the adhesive force as Bradley, stating: 
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The van der Waals’ forces are capable of increasing the area of elastic contact of the ball 
with the plane, yet it has been shown that the force, as required for overcoming the van der 
Waals’ forces and breaking up the contact, does not increase thereby and may be calculated, 
if one considers the point contact of a non-deformed ball with a plane. 


To judge whether the adhesive interactions are short or long-ranged (thus deter- 
mining whether the adhesive contact is of the “JKR type” or “DMT type”), the 
characteristic displacement of the bodies until the separation of the adhesive contact 
(the characteristic value for the height of the adhesive “neck”) (R(Ay)?/(E*)?)!? 
(see (3.45)) should be compared to the characteristic range of the adhesive interac- 
tions, Zo. This leads to the parameter: 


2 
aoe (3.3) 
Ez 
which was initially introduced by Tabor (1977) and is known as the “Tabor param- 
eter”. For neck heights much greater than the range of the interactions (large Tabor 
parameter), the range can be considered vanishingly low. This limiting case leads 
to the JKR theory. The other limiting case is the DMT theory. 

Maugis’s (1992) theory of a contact with Dugdale’s (1960) simple model for the 
interaction potential was of great methodological interest for the theory of adhesive 
contacts. Maugis assumed that the adhesive stress between surfaces remains con- 
stant up to a certain distance h and then drops abruptly. For this case the specific 
work of adhesion equals: 

Ay = ooh. (3.4) 


While the coordinate dependency of the Dugdale potential is not realistic, this bears 
little importance for most adhesive problems since both limiting cases—JKR and 
DMT—are independent of the exact type of the interaction potential. Under these 
conditions, even the simplest model of interaction is valid and informative. The 
great advantage of the Dugdale potential lies in the fact that it allows a mostly ana- 
lytical solution of the problem. Maugis’s theory not only provided a representation 
of the two limiting cases but also an explanation of the transition between the JKR 
and DMT theories. 

Since the exact form of the interaction potentials is insignificant for the adhesion 
(as long as the work of adhesion is defined and remains constant), Greenwood and 
Johnson (1998) developed a theory which represented the stress distribution in the 
adhesive contact as the superposition of two Hertzian stress distributions of differ- 
ent radii. Compared to Maugis’s theory, this represented a vast “trivialization” of 
the involved contact mechanics. It should be noted that the “double Hertz” solu- 
tion corresponds to a rather strange interaction potential. But since the exact form 
of the interaction potential is insignificant, the theory of Greenwood and Johnson 
represents an interesting alternative to Maugis’s theory. It too features the JKR and 
DMT models as its limiting cases. 
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The two most well-known theories of adhesion by JKR and DMT both lead to 
an adhesive force which is independent of the elastic properties of the contacting 
media. To avoid any misunderstanding, it should be expressly noted that this simple 
property only applies to parabolic contacts. In no way can this lack of dependency 
on the elastic moduli be generalized to arbitrary adhesive contacts. 

The consideration of the tangential stresses in the adhesive contact requires an- 
other general remark. Both JKR and DMT theory are based on the Hertzian theory 
of frictionless contact. It is surely a valid and self-consistent model assumption. 
From the physical point of view, on the contrary, this assumption is rather ques- 
tionable. Physically, the JKR limiting case implies an infinitely strong yet infinitely 
short-ranged interaction. This means that the surfaces of the adhesive JKR contact 
are pressed together under infinitely low ranged but infinitely strong stress, which 
undermines the notion of a “frictionless” contact. However, for practical applica- 
tions, the difference between frictional or frictionless adhesive contact is relatively 
limited and can be considered negligible in most cases. 

The following two sections will present two alternative approaches to the solu- 
tion of the adhesive normal contact problem. The first approach is the reduction 
of the adhesive normal contact problem to the non-adhesive one, and the second 
approach is the direct solution utilizing the MDR. 


3.2 Solution of the Adhesive Normal Contact Problem 
by Reducing to the Non-Adhesive Normal Contact Problem 


The basic idea of the theory of adhesive contact by Johnson, Kendall, and Roberts 
(1971) is the same as the one of Griffith’s theory of cracks. In their frequently cited 
paper they write: 


... the approach followed in this analysis, is similar to that used by Griffith in his criterion 
for the propagation of a brittle crack. 


The idea is based on the consideration of energy balance between the elastic energy 
and the surface energy during the propagation of the crack or the boundary of the 
adhesive contact. Since the surface energy of an axisymmetric contact is trivially 
determined from the contact area, the only remaining non-trivial problem lies in 
calculating the elastic energy of the adhesive contact. This can always be done if 
the solution of the respective non-adhesive normal contact problem is known. The 
JKR method to calculate the energy is the second important point of the classic 
paper. It is also ingeniously simple and based on the assertion that the adhesive 
contact can be represented as a superposition of a non-adhesive contact and a rigid 
body translation. Perhaps the easiest way to imagine this is to consider the contact 
between a rigid indenter with the profile Z = f(r) and an elastic half-space. We 
obtain the configuration of the adhesive contact by initially indenting the elastic 
half-space (without regard for adhesion), causing it to form a contact area of radius 
a, and raising the entire contact area after that, without change in contact radius. 
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Furthermore, we will assume the solution of the non-adhesive contact problem, 
particularly the relationships between the indentation depth, the contact radius, and 
the normal force. Any quantity of the triple { Fy, a, d y uniquely defines the others. 
It will prove advantageous to describe the normal force and the indentation depth 
as functions of the contact radius: 


Fy = Fy n.a.(a), d = dna. (a). (3.5) 


The indices “n.a.” indicate that these are the solutions of the non-adhesive con- 
tact problem. These equations also imply that the dependency of the force on the 
indentation depth is known. We obtain the incremental contact stiffness ky, by 
differentiating the force with respect to d and the elastic energy Una. by integrating 
with respect to d. These quantities can also be rewritten as functions of the contact 
radius: 

kna. = kna. (a), Una. = Una. (a). (3.6) 


In the following all functions for (3.5) and (3.6) are considered to be known. 

Let us now indent the profile to a contact radius a. The elastic energy of this state 
is Una. (a), the indentation depth d,,, (a), and the force Fy n.a. (a). In the second step, 
we lift the profile by A/ without changing the contact radius. The stiffness (only 
dependent on the radius) remains constant for this process and equals kn.a. (a). The 
force is then given by: 


Fy (a) = Fy n.a. (a) E kna. (a)Al, (3.7) 


and the potential energy is: 


Al? 
U(a) =Æ Un.a. (a) = Fy na. (a)Al F kna (a)—- (3.8) 
The new indentation depth at the end of the process equals: 
d = daa (a) — Al. (3.9) 


Obtaining A/ from (3.9) and by substituting it into (3.8), we obtain the potential 
energy: 


_ 2 
U(a) = Un.a.(a) E Fyn.a (a)(dn.a. (a) = d) F kna (a) OTD, (3.10) 


The total energy (under consideration of the surface energy) now equals: 


Ula) == Una. (a) — Fyn. (a)(dna. (a) — d) 


(dna. (a) Ei d)? 


; — ma’ Ay. (3.11) 


+ kna (a) 
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The equilibrium value of the contact radius follows from the total energy minimum 
condition (for constant indentation depth d): 


OU (4) ƏUn.a. (a) OF Nina. (a) Od na. (a) 
= — Al — F na. = a 
da da da Nina (a) da 
kn a Al? dn a 
e A eal = ay 
da 2 da 
_ (2V0) Fyne (ye) 
da da 
= (Ate Al — kaa (@Al at 
ða da 
Dkna.(a) Al? 
— —2naA 
da 2 el 
= 0. (3.12) 


The terms in parentheses disappear and the equation takes the form: 


kna(a) Al? 
Mal AT iA (3.13) 
da 2 


It follows that: 


4naAy : . 
Al= || Thay (for the general axially symmetric case). (3.14) 
da 


Substituting this quantity into (3.9) and (3.7) yields an equation for determining the 
relationship between the indentation depth, the contact radius, and the normal force: 


4naA 
d = dna. (a)— “ae (for an arbitrary medium), (3.15) 
a 
4ra^ 
Fy (a) = Fyna (a) — kna. (a) auka (for an arbitrary medium). (3.16) 
a 


It becomes apparent that the three functions which directly (and in its entirety) de- 
termine the solution of the adhesive contact problem are the three dependencies of 
the non-adhesive contact: indentation depth as a function of the contact radius, nor- 
mal force as a function of the contact radius, and therefore the incremental stiffness 
as a function of the contact radius. The latter quantity equals the stiffness for the 
indentation by a circular cylindrical indenter of radius a. It should be noted that 
these are general equations and not subject to the homogeneity of the medium (nei- 
ther in-depth nor in the radial direction). As such, they also apply to layered or 
functionally graded media. The sole condition for the validity of (3.15) and (3.16) 
is the conservation of rotational symmetry during indentation. 
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For a homogeneous medium, the equations can be simplified even further. Here, 
the stiffness is given by ky, = 2E*a, and we obtain: 


2naAy 
E* 


Al(a) = (for a homogeneous medium). (3.17) 


The determining equations (3.15) and (3.16) take on the form: 
2maAy 


E* 
Fy (a) = Fyna(a)— y8mE*A^Aya? (for a homogeneous medium). (3.18) 


d = dya(a)— (for a homogeneous medium), 


Naturally, the pressure distribution in an adhesive contact and the displacement field 
outside the contact area are also composed of the two solutions of the non-adhesive 
contact problem: the solutions for the non-adhesive indentation by dn.a. (a) and the 
subsequent rigid retraction by A/. Let us denote the stress distribution and the dis- 
placement field for the non-adhesive contact problem by o (r; a)na. and W(T; a)na.» 
respectively. With the stress and the displacement field for a rigid translation given 
by (2.22), the stress distribution and the displacement for the adhesive contact prob- 
lem are then represented by the following equations: 


(ra) = olia +, r< 
o(lr;a)=0(r;a)a + — =, r<a, 
mV a2 -— r? 
2Al . a 
w(r;a) = w(r; a)na. — —— arcsin (Žž) , r>a, (3.19) 
T r 
or after inserting (3.17): 
2E*aAy 1 


a(r; a) = o(r; aa FF 


T [m 


r <a (for a homogeneous medium), 


82aA Ka 
wr a) = wlr: a)na —— arcsin a ; 
r > a (for a homogeneous medium). (3.20) 


Equations (3.18) and (3.20) completely solve the adhesive normal contact problem. 
The magnitude of the force of adhesion is of particular interest. We will de- 
fine it as the maximum pull-off force required to separate bodies. In mathematical 
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terms, this means the maximum pull-off force for which there still exists a stable 
equilibrium solution of the normal contact problem. 

Another important quantity to consider is the force in the last possible state of 
stable equilibrium, after which the contact dissolves entirely. This force depends 
on the character of the loading conditions. We commonly distinguish between the 
limiting cases of force-controlled and displacement-controlled trials. The stability 
condition for force-control is given by: 


dFy 
— = 0, (3.21) 
da a=; 
and for displacement-control case by: 
dd 
= = 0. (3.22) 
da dús 


The conditions (3.21) and (3.22) can be consolidated into the condition 


(G23) 


mAy = a force-control, 


1, displacement-control, 


from which we can determine the critical contact radius, where the contact detaches 
(see Sect. 3.3 for a full derivation). The respective critical values of the indentation 
depth and normal force are obtained by substituting this critical radius into (3.18). 


3.3 Direct Solution of the Adhesive Normal Contact Problem 
in the Framework of the MDR 


An alternative to the reduction to the non-adhesive contact problem described in the 
previous section is provided by the MDR (see Popov and Heß 2015, for example), 
which presents an immediate solution to the adhesive normal contact problem. This 
alternative approach can, for example, be of interest for complex dynamic loading 
conditions requiring a numerical implementation. 

The calculation method via the MDR consists of the following steps: 


e Inthe first step the given three-dimensional profile Z = f(r) is transformed to 
an equivalent plane profile g(x) via (2.6): 


|x| 
g(x) = il f UI (3.24) 
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na. 


\ 


Ala) 


Ta a? 


Fig.3.1 Qualitative representation of the indentation and lifting process of a spherical 1D-indenter 
with an elastic foundation, which exactly models the properties of the adhesive contact between a 
rigid spherical indenter and an elastic half-space 


e The profile g(x) is now pushed into the one-dimensional elastic foundation de- 
fined, according to (2.5): 
Ak, = E* Ax, (3.25) 


until a contact radius a is reached. Until this point, the adhesion will not be 
considered. This process is depicted in Fig. 3.1. 

e In the third step, the indenter is lifted up. It is assumed that all springs involved in 
the contact adhere to the indenter—the contact radius thus remains constant. In 
this process, the springs at the edge experience the maximum increase in tension. 
Upon reaching the maximum possible elongation (3.17) of the outer springs 


2naAy 
E* 


Al(a) = (3.26) 


they detach. This criterion (3.17) was discovered by Heß (2010), and is known 
as the rule of Hef. A derivation of this criterion can be found in the appendix 
(see (11.31)). 


The corresponding equilibrium described by the three quantities { Fy, d,a} coin- 
cides exactly with the one of the three-dimensional adhesive contact. 

The only difference to the algorithm for the non-adhesive contact (described in 
Chap. 2) lies in the modification of the indentation depth formula. The displacement 
of the outer springs is no longer zero but instead negative, with the absolute value 
equal to the critical value: wıp (a) = — Al (a). It follows that: 


d = g(a) — Al (a). (3.27) 


The normal force is once again given by the equation: 


a 


Fy =2E* fu — g(x)]dx. (3.28) 
0 


The only difference to the non-adhesive problem lies in the differing contact radius. 
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Equation (3.27) determines the equilibrium configuration. The stability of this 
equilibrium is governed by the sign of the derivative d(A/(a) + d — g(a))/da: 


d 

ag (Al(a) + d — g(a)) > 0, stable equilibrium, 
a 

d 

Ja (Al(a) + d — g(a))< 0, unstable equilibrium, 
a 


= (Al(a) + d —g(a)) = 0, critical state. (3.29) 
a 


In general, the stability depends on the type of boundary condition employed for the 
indenter. The two limiting cases are force-controlled trials (which correspond to an 
infinitely soft test system) and displacement-controlled trials (which correspond to 
a rigid test system). 


Stability Condition for Displacement-Controlled Trials 
In this case, the indentation depth is constant and (3.29) for the critical state is: 


A 
ORY ican! at (3.30) 
aza 2E*ac 


Stability Condition for Force-Controlled Trials 

When the force is kept constant we must consider the varying indentation depth. 
The relationship between the indentation depth and the normal force is given by 
(3.28). Differentiating (3.28) under the condition Fy = const yields: 


dg(a) 
da 


= dAl(a) 
— da 


a=aç 


a 4 a d a 
a fia — g(x)]dx = da - Ja fu — g(x)|dx + dd - ad fu — g(x)]dx 
0 0 0 


= da-|d(a) — g(a)|+dd-a 


= —da- Al(a)+dd-a=0. (3.31) 

It follows that: a i 
oa Aer (3.32) 

da Fy =const a 


The condition for the critical state (3.29) takes on the form of: 


dAl (a) re dd dg(a) _ dAl(a) P Al(a) dg(a) _ 
da da da — da a da 


Al(a) dAl(a) mAy 
= 2 o = : 34 
üs | a 7 da Jana, 2E*a, eon) 


0, (3.33) 


or 
dg (a) 
da 
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The stability conditions can now be combined into a single equation: 


dg(a) 
da 


= a 62 (3.35) 


TAY p force-control, 


1, displacement-control. 


The transformation rules of the MDR for the pressure distribution and the displace- 
ments—see (2.13) and (2.14)—remain valid for the adhesive contact. 


3.4 Areas of Application 


Adhesion can be desirable (such as in bonded connections, in adhesive medical ban- 
dages, as well as in many biological systems) or equally undesirable. The systems 
in the first group, where adhesion is desirable, are often inspired by biological sys- 
tems and especially concern contacts with concave profiles (see Sect. 3.5.6). The 
study of the tiny hairs optimized for their adhesive functions on the limbs of (for 
example) geckos or insects has inspired technical solutions for achieving extreme 
adhesive effects. 

Adhesion is also a major consideration in the design of micro-systems. One 
example is the contact between a measuring tip and the sample surface in atomic 
force microscopy. The indenting measuring tip often has a conical (see Sect. 3.5.2) 
or spherical (see Sects. 3.5.3 and 3.5.4) shape, or imperfect variations of these (see 
Sects. 3.5.5, 3.5.8, 3.5.9, 3.5.11, or 3.5.12). For assembly of nano- or microscopic 
systems the smallest flat indenters are utilized, which we will explore in their perfect 
(see Sect. 3.5.1) or imperfect form (see Sects. 3.5.10 and 3.5.13). 

Any given sufficiently differentiable indenter profile can be represented as a Tay- 
lor series. Thus, we will provide the solution of the contact problem involving the 
power-law profile as a basic building block of the solution for such an arbitrary 
profile (see Sect. 3.5.7). 

In addition, real surfaces are unavoidably rough. In Sect. 3.5.14 we will present a 
simple model of periodic roughness, which quite clearly illustrates the effect rough- 
ness has on the adhesive interaction. 


3.5 Explicit Solutions for Axially Symmetric Profiles in JKR 
Approximation 


3.5.1 The Cylindrical Flat Punch 


The solution for the adhesive normal contact with a cylindrical flat punch was dicov- 
ered by Kendall (1971). In the JKR theory, adhesion is interpreted as an indentation 
by a flat cylindrical punch with a contact radius a, with the superposition of two in- 
denter solutions of identical radius yielding a new indenter solution. Therefore, the 
solutions of the contact problem concerning the flat cylindrical punch are identical 
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with and without adhesion. The results for the normal force Fy, the normal stresses 
Ozz, and the displacements of the half-space surface w, are then given by: 


Fy(d) = 2E*da, 


(;d)=-—4_, rs 

0::(r;d) = —— =, r <a, 

: mV a2 — r? 
2d 

w(r;d) = — arcsin (=) , r>a. (3.36) 
x r 


The only difference compared to the non-adhesive contact is that the adhesive case 
also permits negative indentation depths. The critical radius is predetermined by 
the indenter radius a. The critical indentation depth d, and critical normal force F, 
where stability of the contact is lost, are calculated from (3.18), independently of 
whether a force-controlled or displacement-controlled trial is being considered: 


fo [maay 
E* 


F, = — y 8ra E* Ay. (3.37) 


3.5.2 The Cone 


The solution to the contact problem depicted in Fig. 3.2 was first found by Maugis 
and Barquins (1981). They used the general solution of the non-adhesive problem 
and the concept of energy release rate from linear fracture mechanics. The contact 
problem is completely solved by specifying the indentation depth d, the normal 
force Fy, the stress distribution o-z, and the displacements w; each as functions of 
the contact radius a. With the results from the previous Chapter (Sect. 2.5.2) and 
(3.18) and (3.20) we get: 


2naA 

d(a) = ~atan6 — za A 

2 E* 

2 
Fy (a) = TE tan 0 — y 87ra? E* Ay, 

E* tan 0 a 2E*Ay a 

o- (r;a = -=—= arcosh ( ) » rsa, 

(r;a) 7 APN m Je 


w(r;a) = tan 0 (vr? — a? — r) + (: tan 0 — er arcsin ($) ; 


r>a. (3.38) 


Here, @ denotes the slope angle of the cone. The relationship between contact radius 
and indentation depth in the case without adhesion is given by: 


daa (a) = =a tan 8. (3.39) 
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Fig. 3.2 Adhesive normal F 
contact between a rigid con- 
ical indenter and an elastic 
half-space 


Therefore, for the critical contact radius, (3.23) results in: 


2& Ay 
eee 3.40 
i z E* tan? 6 ( ) 


The critical values for the indentation depth and normal force are then: 


2na-Ay _ G — 2£) Ay 


de = dna (Ac) =~ E* ~ E* tan 
2Ay? (&4 — 4£°) 
ee = 


Here it must be specified whether the experiment is carried out under force- 
controlled or displacement-controlled conditions. For force-controlled experiments 
it is € = 3, and in the case of displacement-control, § = 1. The relationships 
between the global contact quantities can also be formulated in a normalized form. 
For this purpose all quantities are normalized to their critical values: 


G4:=—, d= z eS : (3.42) 


If we choose the critical values under force-controlled conditions, the normalized 
relationships are: 

d(a) = 34—2V4, 

F(a) = 3a —4V@3. (3.43) 
These functions, d = d (a) and F=F (ô), are shown in Fig. 3.3. The resulting, 
implicitly defined, dependency F=F (d ) is given in Fig. 3.4. 


3.5.3 The Paraboloid 


The adhesive contact problem for a parabolic body 7 = r?/(2R) (see Fig. 3.5) was 
solved in the aforementioned classic JKR paper (Johnson et al. 1971). With the 
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Fig. 3.3 The normalized 
normal force and indenta- 
tion depth as functions of the 
normalized contact radius 
for adhesive indentation by a 
cone. All values are normal- 
ized to the critical state in the 
case of force-control 


Fig. 3.4 Relationship be- 
tween the normalized normal 
force and the normalized 
indentation depth for the 
adhesive indentation by a 
cone. All normalizations re- 
fer to the critical state in the 
case of force-control. The 
dashed part describes the 
states that are stable only for 
displacement-control 
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2 2mra^ 
d(a) = cE [AZAA 
R E* 
4 E*a? 
Fy (a) = = — y 8ra? E* Ay, 


2E* -~——~ 2E*A 
oz:(r;a) = a? — r? + 4 Z ’ r<a, 


2 
w(r;a) = — (2- 
T a 
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Fig. 3.5 Adhesive normal 
contact between a parabolic 
indenter and an elastic half- 
space 


The critical contact radius and the corresponding values for the indentation depth 
and the normal force are given by (3.23): 


2R2A 1/3 


8E* 
g a [TEAR i G x i) 

l (E*Y EF 
F; = mEAyR ( — i) F (3.45) 


where € = 3 for force-controlled trials and = 1 for displacement-controlled trials. 
In their explicit forms: 


_ (9nR* Ay We 
te = \ BE i 


1 [3n (Ay R\ 
d, = = (FSS) , under force-control, 
3 
F, = -5 7AYR (3.46) 


and 


2 1/3 
— mwR°Ay l 
8E* 


1/3 
3 (n? (Ay) R\" . 
= —- | —— , under displacement-control. 


e= 4 (E*)2 
5 
Fo= —grAyR. (3.47) 


In this case, the critical force does not depend on E*; i.e., it does not depend on 
the elastic properties of the half-space. In Sect. 3.5.7 it is demonstrated that the 
paraboloid is the only mnemonic indenter for which this is valid. After normalizing 
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Fig. 3.6 The normalized 20 r r 
normal force and indentation —F/F, : á 
depth as functions of the con- ; 
tact radius for the adhesive 
indentation by a paraboloid. 
All values are normalized 

to the critical state under 
force-controlled boundary 
conditions 


Fig. 3.7 Relationship be- 
tween the normalized normal 
force and the normalized 
indentation depth for the 
adhesive indentation by a 
paraboloid. All normaliza- 
tions are done with respect to 
the critical state under force- 
control. The dotted section 
represents the states that are 
only stable for displacement- 
controlled trials 


È 


F/F 


the quantities to the critical values of the force-controlled trial 
A a a d ^ Fy 
â := —, = ——, = =, 
ac |d.| | Fe| 


the relationships (3.44,), and (3.442), can be rewritten in a universal, dimensionless 
form: 


(3.48) 


F=@-2V4€3. (3.49) 


These relationships, d= d(a) and Ê = Ê(â), are illustrated in Fig. 3.6. The 
implicitly defined function F = F (d) is given in Fig. 3.7. 


The Adhesive Impact Problem for the Parabolic Indenter 

The adhesive normal impact of a parabolic body has been heavily investigated due 
to its various technical applications. Thornton and Ning (1998) were able to analyt- 
ically determine the coefficient of restitution for the JKR adhesive normal impact. 
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Let the body have the mass m and the initial velocity vp. For the rebound velocity 
ve and the corresponding coefficient of restitution e, we obtain the expression: 


e:= = yI-B, B<1, (3.50) 
0 


with 


_ 1 [Raan] r 
p:= A = | [1 + 4864]. (3.51) 


For 6 > 1 the coefficient of restitution is zero, i.e., low initial velocities will cause 
the body to stick to the elastic half-space without rebounding. 


3.5.4 The Sphere 


It has already been discussed in Chap. 2 that this contact problem is very similar 
to the one described in the previous section. With the non-adhesive solution (see 
Sect. 2.5.4), and (3.18) and (3.20), we obtain the following solution to the adhesive 
contact problem: 


[27a 
d(a) = aartanh oe x a 
R E* 


Fy (a) = E* R? (1+ a) artanh — A — y 8na? E* Ay, 


E* R a? — r? f x dx 
0::(r;a) = —— | ——— artanh | ——— | + artanh (=) ——— 
T R2? —r2 R2—r2 R x2 — 2 


wa a2 — r2 


84a A 
w(r;a) = Wna. (r;a) — ': — 
TT 


(3.52) 
with the sphere radius R. Here, Wn.a. denotes the displacements without adhesion: 


Wwralta)= 2 fanann (2) [a arcsin (= ) + V7? — a2 |- R arcsin (=) 


2 2 
+ v R? — r? arctan (E) l 
R4 r2 — a? 
(3.53) 
The critical contact radius a,, at which the contact loses its stability and detaches, 
is given by the numerical solution of the transcendental equation 


a 
artanh a + =o = Va = 0, (3.54) 
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Fig. 3.8 Plots of the normalized critical contact radius a./R, the corresponding normalized in- 
dentation depth d./R, and normal force F, / (E* R?) as functions of the normalized surface energy 
B (see (3.55)), according to (3.54) and (3.56); (a) force-control, (b) displacement-control 


with a := a,./R and 

TAY 
P = EV TER 

The last parameter describes a normalized surface energy and depends on the type of 

boundary condition (£ = 3 for force-control, € = 1 for displacement-control). For 

the relationships between the critical indentation depth, the critical contact radius, 

and the critical normal force, one then obtains the equations: 


soal) 


2 
F. (a) = E* R? 4 (1 dup =) = | (3.56) 


These results for the critical values of contact radius, indentation depth, and normal 
force—in normalized form—are shown in Fig. 3.8. The lengths are normalized to 
the sphere radius and the “adhesion force” to E* R?. Since the half-space hypothesis 
is too severely violated for a > 0.3R, it can be seen from the diagram that these 
results are valid only for 6 < 0.35. For example, it means that the effective surface 
energy in the case of force-control must not exceed Ay = 9- 10*J/m? for a sphere 
with R = 10-*m and E* = 10° Pa. That is an extremely great value though. In 
the case of displacement-control, this limit is even greater by a factor of 9. 


(3.55) 


3.5.5 The Ellipsoid 


It has been demonstrated in Chap. 2 (Sect. 2.5.5) that there is only a slight difference 
between the contact problems of an indenting sphere and an ellipsoid of rotation. 
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The solution to the contact problem is, considering (3.18) and (3.20), given by: 


{27a 
d(a) = aartanh (ka) — os A 


R 
Fy (a) = ET [a + k?a?) artanh(ka) — ka] — y 8ma? E* Ay, 


Gach E*kR 1 i kva? -= r? P artanh(k x) d 
Oz:1r;4) = — artan ee "dx 
T 1 — k?r? ~ 1-— k?r2 ) sx? =r? 
2E*Ay a 
t F < a, 
ta Jfq2—p2 
1 /8aA 
w(r;a) = kRWkgna. (ra: R= z) — — arcsin (=) z r>a. 
(3.57) 


Here, k and R denote the geometric parameters of the indenter profile which can be 
written as: 
f(r) =R (1 4) Pa kèr?) . (3.58) 


WKĶK.n.a. (r;a; R) is the displacement without adhesion for a spherical indenter of 
radius R, given in (3.53) of the previous section. The determining equation for 


the critical contact radius is again given by (3.54), wherein a := ka, and B := 
E spate. The expressions (3.56) for the critical values of indentation depth and 


normal force remain the same, except that the factor in front of the parenthesis in the 
normal force must be replaced by E* R/k. It is therefore also possible to directly 
apply the curves in Fig. 3.8 since normalized curves are shown there. 


3.5.6 The Indenter Which Generates a Constant Adhesive Tensile 
Stress 


During their research on biological systems, in which adhesion played a central 
role (e.g., with a focus on geckos and certain insects), Gao and Yao (2004) came 
across the problem of the optimal (from a contact mechanical point of view) profile 
at the hair tips found on, for example, the gecko’s feet, which is responsible for 
the strong adhesive forces in these systems. In this context, optimal means achiev- 
ing the greatest possible pull-off force with the smallest possible contact area. To 
determine this optimal profile shape, Gao and Yao set out with a few preliminary 
considerations. Firstly, the critical state should correspond to a contact of the entire 
available contact domain. Secondly, the stress at the edges of the adhesive contact 
usually appears as a singularity since, at least according to the JKR theory, the ad- 
hesion itself can be interpreted as an indentation by a cylindrical flat punch. And 
since, ultimately, the maximum adhesive tension between two surfaces is solely de- 
termined by the potential of the van der Waals interaction between said surfaces, 
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i.e., their material properties, the authors concluded that the optimal profile is the 
one which generates a constant adhesive tensile stress go in the contact area. The 
theoretical maximum pull-off force for a given contact area is then attributed to the 
profile where this stress 09 corresponds to the maximum adhesive stress oy. 

The problem of the elastic half-space displacement resulting from the constant 
circular pressure or tension distribution of radius a was previously considered in 
Chap. 2 (see Sect. 2.5.6). For a stress distribution 


Oz-(r;a)= 0, <a, (3.59) 


the resulting displacement of the half-space is: 


4 
w(;a m) =- SE(Z), rsa. (3.60) 


This means that the optimal profile takes on the form: 


4 
fia, oo) = n |=2(2) -2| rza. (3.61) 


Here, E(-) denotes the complete elliptical integral of the second kind: 


n/2 
E(k) := J V 1-— k? sin? g dọ. (3.62) 
0 


The pull-off force F, necessary to separate such an indenter profile from complete 
contact is trivially 
F, = mooa’. (3.63) 


The displacements of the half-space beyond the contact area were also previously 
calculated and equal 


w(r:a, po) = toor (1-5) «(2)-2(9)]. r>a, (3.64) 


with the complete elliptical integral of the first kind: 


7/2 


d 
Kk = | L. (3.65) 
a) 
J 1 — k? sinf 


The maximum pull-off force of this profile can be compared to the flat punch of 
identical radius a: 


p Kendall = V8na3E*Ay = V8xa3E* ooh. (3.66) 


max 
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For the optimal profile, the maximum force is: 


F® = goa’. (3.67) 


max 


Analogous to the theory of Maugis described in Sect. 3.8, the surface energy Ay 
is calculated from the adhesive stresses o,, and the maximum range of the van der 
Waals interaction: 

Ay = ooh. (3.68) 


Fenda fg Beh T 
Fe Va oa Be) 


3.5.7 The Profile in the Form of a Power-Law 


The force ratio then equals: 


We now consider a general indenter with the profile: 
f(r)=cr", neR*, (3.70) 


with an arbitrary constant c and a positive real exponent n. In contrast to the results 
for non-adhesive contact detailed in the previous chapter, for the adhesive contact, 
we obtain qualitatively different behavior for n > 0.5 and n < 0.5. We first turn 
our attention to the case of n > 0.5. The contact problem was first investigated by 
Borodich and Galanov (2004), Spolenak et al. (2005), and Yao and Gao (2006). 
The solution of the contact problem shown in Fig. 3.9 is, as before, given by the 
solution of the non-adhesive contact (see Sect. 2.5.8) and (3.18) and (3.20): 


2naA 
d(a) = k(n)ca" — se 
E* 
Fy (a) = ml K(n)ca"*! — /8na3E*Ay, 
ne (n) fe ie a p 
Ozz-(r;a -2 nx n)c » rsa, 
ie =e 


Gan 2 (n) je 8aAy . (£) 
w(r;a 7“ n)c | a” arcsin ( — arcsin (| — } , 
4/r2 — x2 a E* r 


r>a. 
(3.71) 
Similarly to Chap. 2, we introduce the scaling factor: 


T(n/2 +1) 
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Fig. 3.9 Adhesive normal F 
contact between a rigid in- 
denter with a profile in the 
form of a power-law and an 
elastic half-space 


with the gamma function T (-): 


co 


T(z) := J t7! exp(—t) dt. (3.73) 


0 


With regard to the different possibilities of the resolution of the integrals occurring 
in the stresses and displacements see Sect. 2.5.8, which details the consideration of 
power profiles. For the critical contact radius, we obtain this with (3.23): 


g= (a) i (3.74) 


2E*n2c?K2(n) 


The critical indentation depth is: 


_ (Ay m= E 
a= (Fer) aa 


It is positive in the force-controlled case (£ = 3) ifn < 1.5. Under displacement- 
control it is € = 1. The “adhesion force” is given by: 


n+l 3 
n2 (Ay \ 21 E mat N 2E 
F, = (E*)2— — 4j. 7 
a ( 2 ) (sam) Fes | Th) 


It can be seen that the Hertzian contact for n = 2 is the only case in which this force 
does not depend on E*. By introducing the quantities 


a È = J : (3.75) 


n 


a Fe d Asics. Fy 
ac ` ldel’ OEI 


(8.77) 


normalized to the critical values, the relations between the macroscopic quantities 
can be written as: 


A 2 _ 
AR E E 
lE — 2n| lE — 2n| 


A 2n +2 
f= E gm _ 2M +2 JE. (3.78) 
|& — 2n —2| |& — 2n —2| 
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Fig. 3.10 Normalized inden- 20 7 
tation depth as a function of —n=0.6 i 
the normalized contact radius ---n=2 : : A 
for an indenter with a profile 15H. --n=4 : : H 


in the shape of a power- 

law with exponent n. All 
quantities are normalized 
by the critical values in the 
force-controlled experiment. 
Shown are different values 
ofn 


d/d 


Fig. 3.11 Normalized normal 

force as a function of the nor- 

malized contact radius for an 

indenter with a profile in the 

shape of a power-law with 

exponent n. All quantities 

are normalized by the critical 5 
values in the force-controlled 
experiment. Shown are dif- 
ferent values of n 


F/F 


It is interesting to note that the relations (3.78), except for the type of boundary 
condition (force- or displacement-control), only depend on the exponent n. The 
relationships (3.78) are shown for the force-controlled experiment in Figs. 3.10 
and 3.11 for three different values of n. 

All of the aforementioned results also apply to indenters with n < 1/2 (Popov 
2017). What changes is just the interpretation of the corresponding quantities. In 
the case of n > 1/2 the critical quantities separate the state of stable adhesive 
contact with a finite contact radius from the process of unstable shrinkage of the 
contact area and complete detachment. A stable condition exists with larger forces 
and an unstable condition with smaller forces. On the other hand, in the case of 
n < 1/2 the critical quantities separate the stable state from the unstable, unlimited 
propagation of the contact area. The stable state exists for smaller forces and the 
instability occurs when increasing the force (or indentation). A detailed analysis 
was given by Popov (2017). 
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A special case is n = 0.5. We want to discuss this case under the condition of a 
displacement-controlled loading. It is, in this case: 


1 w3/2./2 


= 1/2 i es x 
g(a) =Kk(1/2)ca’~, with «k(1/2)= 4T@/4p zx 1.311, 
aay 2 
Al(a) = ( Z z) a'/?., (3.79) 
E* 
At the moment of the first contact, d = 0, it applies to all a: 
Ay\ 2 
L g(a) > Al(a), ifc > 1.9120 (2) , 
Ay 1/2 
II. g(a) < Al(a), ifc < 1.120 (=) : (3.80) 


In the first case, the radius of the contact will decrease until it disappears. In the 
second case, it will enlarge until complete contact is established. Furthermore, in 
the second case, complete contact is formed immediately, as soon as the indenter 
tip touches the half-space. 


The Adhesive Impact Problem for the Indenter with Power-Law Profile 

The normal adhesive impact problem, as in the case of the parabolic body, can be 
solved in general form. The body has the mass m and the initial velocity vg. For the 
rebound speed ve, and thus the coefficient of restitution e, we obtain: 


me Jie, Bei: (3.81) 


vo 


hie 1 mAy 2n+1 1 2 TE 
E mvg 2 E*n2c2«2(n) 


8n — 4 4 
:—_____ 1) Qn) |. 3.82 
eee do ) On) =] (3.82) 


with 


For 6 > 1 itis e = 0; that is, the body will stick to the elastic half-space and not 
rebound for impact velocities below a critical value. For n = 2, the known solution 
from Sect. 3.5.3 is recovered. 


3.5.8 The Truncated Cone 


The adhesive normal contact problem for a truncated cone (see Fig. 3.12) was first 
solved by Maugis and Barquins (1983). With the help of the solutions from Chap. 2 
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Fig. 3.12 Adhesive normal 
contact between a rigid trun- 
cated cone and an elastic 
half-space 


(see Sect. 2.5.9) and (3.18) and (3.20), the solution of the adhesive normal contact 
problem can be determined without difficulty: 


d(a) = atan @ arccos (2) — 4/ RUAN, 
a E* 


b2 
Fy (a) = E* tan 0a? sin (2) + 2 1- a — V8ra E*Ay, 
a a a 


a) Coe i a P 
Ozz:W;4) = Ozz nal", a » rsa, 
; TA J/a2 — r2 
8aAy . /a 
w(r;a) = Wna (r;a) — —— arcsin (=), r>a. (3.83) 
mE* r 


Here, b denotes the radius at the blunt end and 0 the conical slope angle. The solu- 
tions of the stresses and displacements in the case of non-adhesive contact indicated 
by the index “n.a.” can be looked up in Sect. 2.5.9: 


Ozz nal’; a) = 


s b b dx 
————. +arccos| — |} ———, r<b, 
E* tan | Jo x2? — b? x x2 — 7 
T 2 b b dx 
———. + arccos {| — | ———, ) <r <a, 
r x? — b? x x? — r? 


2 tan 0 . a b dx 
Wna(’}a) = poa arcsin (=) — | xarccos | — | ———~;, 
T r x r 
b 


TE? 
r>a: (3.84) 


The relationship between indentation depth and contact radius in the case without 
adhesion is described by: 
dna. (a) = Goa tan 6, (3.85) 


with: 


Po := arccos (2) : (3.86) 
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Fig. 3.13 Stability bifur- 

cation for the angle gp as a 

function of the normalized 

surface energy f (see (3.88)) 

for the adhesive indenta- 

tion by a truncated cone. 

All points between the two 

curves indicate unstable con- Ss 
figurations 


This results in the critical contact radius as a solution to the transcendental equation: 


foc + COt Po,e — B/COS Go.c = O, (3.87) 
with: 
& /aAy 
z= ; 3.88 
p tan V 2E*b ( ) 


For the critical values of the indentation depth and the normal force, one obtains: 


2 2 
de = ac tan 0 & (1 — =) — a poe : 


4 4 
F, = E* tan ba? & (1 — =) + cot Yo. (si? Poc — E) : (3.89) 


II 


In (3.88) and (3.89), the type of boundary condition must yet be determined. 
Displacement-controlled trials are characterized by £ = 1, and force-controlled 
ones by £ = 3. One can easily convince oneself that for b = 0, and thus gp = 2/2, 
the solutions of the complete cone from Sect. 3.5.2 are recovered. 

However, a closer look at (3.87) reveals a bifurcation of the solution. This is 
shown in Fig. 3.13. The equation only has solutions for f > 2.125. For smaller 
values of p the critical radius a, is given by the radius b and the critical values of 
the indentation depth and normal force correspond to those of the flat punch: 


Fie ae 
E* 


F, = —\/8nb3 E* Ay. (3.90) 
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Fig. 3.14 Solution for the 2F z : ; 3 
normalized critical val- ` : : 
ues for the contact radius 
ac /b, indentation depth (0) Cee eeererrres Se ee ee 
d./(b tan 0), and the normal N 
force F, /(2E*b? tan 0) as a ‘Say : : 
function of 6 for the adhesive 2L: a ae y TE ET y TETEE J 
indentation by a truncated r l À 
“ae > 
cone for the critical angle van 
pı under force-controlled A pst et aa F mg 4 
conditions a,/b OO NS 
~ 
---d_/(btan) : as 
1 : ANG 
fee F /(2E b’tan0) | ~] 
1 : : `~ 
2 4 6 8 10 
B 


For B > 2.125 there are always two roots of the equation and one can show that 
all configurations between these two roots (that is, all values o1 < Yo < Po.c2) 
are unstable. For example, for b = 107? m, 6 = 0.1, E* = 10°Pa, B > 2.125 
means that the effective surface energy must (in the force-controlled case) be Ay > 
3-10*J/m?. This is a very big value. In this case, the two solutions for the angle 
po are shown in Fig. 3.13. Figure 3.14 shows the curves of the contact radius, 
the indentation depth, and the normal force in normalized form for the first critical 
solution under force-control as a function of the normalized surface energy £. 


3.5.9 The Truncated Paraboloid 


With the results of Sect. 2.5.10 and (3.18) and (3.20), we come to the following 
solution first found by Maugis and Barquins (1983) regarding the adhesive normal 
contact problem for the truncated paraboloid (see Fig. 3.15): 


2naA 
d(a) = NFER ae 


2E* 
Fy (a) = sR Ce + b’) Va? — b? — \/8na3 E* Ay, 


(rsa) paja ee < 
Öz (ra) = Ozzna (ria y rea, 
g : a [q2 — r2 
8aAy _ a 
w(r;a) = Wna (r;a) — | —— arcsin (=) c r>a. (3.91) 
a E* r 


Here, b denotes the radius at the flat tip. The base paraboloid has the radius of 
curvature R. The solutions for the stresses and displacements in the non-adhesive 
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Fig. 3.15 Adhesive nor- 
mal contact between a rigid 
truncated paraboloid and an 
elastic half-space 


case, characterized by the index “n.a.”, are: 


[ (2x? — b?)dx i 
, r<b, 
E* |Jb Vx? —b?V x? -r2 


mR a (2x? — b*)dx 
e eg 
2 
Wna. (r;a) = 2% Ja? =b? arcsin (=) 
wR r 


Orr na(r; a) = 


b<r<a, 


= G fae (a = >) — eRe l 


r>a. (3.92) 


Between indentation depth and contact radius in the case of non-adhesive contact, 
the following relationship applies: 


2 


daa (a) = Eva TP = a sin go, (3.93) 

with b 
Po := arccos (2) : (3.94) 

a 


Equation (3.23) then provides the transcendental equation that determines the criti- 
cal contact radius: 
1+ sin? go¢ 


SIN Yp,¢ COS Yo, 


= ER mAy 
p := 7 VE (3.96) 


— PCOS Poc = 0, (3.95) 


with 
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Fig. 3.16 Stability bifur- 
cation for the angle gp as a 
function of the normalized 
surface energy f (see (3.96)) 
for the adhesive indentation 
by a truncated paraboloid. 
All points between the two 
curves indicate unstable con- 
figurations 


For the critical indentation depth and normal force, we obtain: 


Katee, (\-7-- 7) 
c R c E E sin? Po. ; 

paea sin Yo,¢ É a eee (: + z) (3.97) 
‘ 3R C E sin? goc / |’ l 


which can be reduced to the results in Sect. 3.5.3 without great difficulty for b = 0. 
In (3.95) and (3.97) , the type of boundary condition has to be defined (£ = 1 for 
displacement-control, £ = 3 for force-control). 

Examining (3.95), one encounters a similar bifurcation as in the previous sec- 
tion. The equation only has solutions for 8 > 3.095. For smaller values of 6 the 
critical contact radius is given by b and the associated values of indentation depth 
and normal force are the same as those of the flat punch. For a sufficiently large 
surface energy and, correspondingly, 6 > 3.095, there are always two solutions to 
(3.95), and one finds that all states between these two solutions are unstable. These 
solutions as a function of 6 are shown in Fig. 3.16. For b = 107m, R = 107? m, 
E* = 10°Pa, B > 3.095 means (as an example) that the effective surface energy 
in the force-controlled case must be Ay > 7- 10° J/m?. Figure 3.17 shows the 
curves of the contact radius, the indentation depth, and the normal force in nor- 
malized form for the first critical solution under force-control as a function of the 
normalized surface energy £. 


3.5.10 The Cylindrical Flat Punch with Parabolic Cap 


Consider now the adhesive normal contact between an elastic half-space and a flat 
punch with a parabolic cap. The punch has the radius b and the cap has the radius 
of curvature R. 
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Fig. 3.17 Dependencies of QF 
the normalized critical val- 
ues for the contact radius 

ac /b, the indentation depth ot 
d R/ b?, and the normal 


force F, R /(2E*b?) as func- £ a, /b 
tion of 8 for the adhesive 2) Ss 2 
indentation by a truncated 3a `’ oi Sere 
paraboloid at force-control Ssa et == F R/ (2E'b°) 
for the critical angle g; sål ; T à | 
i : ~ 
`, 
m 
~ 
P e 
Say 


There may be two outcomes based on these examples. If the contact radius a is 
smaller than b, the contact assembles simply the one with a parabolic indenter, for 
which the solution can be looked up in Sect. 3.5.3. With a sufficiently large inden- 
tation depth, or normal force, the contact radius is a = b. In this case, however, 
analogous to the problem of the flat punch, there is no difference between the equa- 
tions of the non-adhesive and the adhesive solution. In Chap. 2 (Sect. 2.5.11), this 
distinction was not considered further because it had no appreciable consequences. 
In adhesive contact, however, this results in peculiarities regarding the stability of 
the contact. We therefore once again repeat the two aforementioned solutions. If 
a < b is the solution of the contact problem, according to (3.18) and (3.20), it is as 
follows: 


a? 2naAy 
d(a) = Rr Ee” 
4 E*a3 
Fy (a) = 3 x — y 8ra? E* Ay, 
2E* y> 2E*A 
Oz-(r;a) = — a?— r? + Y g ; r<a, 
wR wa a) 
2 2 Qi Ae 
w(r;a) = = (2- =) arcsin (<) + —— 
8aA 
ea arcsin (=) 3 Sa: (3.98) 
am E* r 
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In contrast, if a = b the solution is described by: 


3R 
E* b?—2r?+dR 
Gultid) = ——_ Rees ’ r <b, 


w(r;d) = -> fear — r°) arcsin (2) + bvr2— mf , r>b. (3.99) 


b? 
Fy(d) = 2E* (a — =z) ‘ 


Depending on the value of the surface energy, different variants of the critical state 
are possible. If we denote the critical contact radius under force-controlled con- 
ditions with a, and those with displacement-control with ac a, these cases can be 
structured as follows: 


© Ay < Ayi: ac =a™ aca =a? 
e Ayı < Ay < Ay: ac = b, aca = al 
© Ay > Ayo: de = ded =b 


Here, the superscripts “JKR” denote the respective results for the parabolic indenter. 
Ay; and Ay, indicate the values of the surface energy at which the critical radii of 
the parabolic solution just coincide with the radius of the punch: 


a. (Ay = Ayı) =b, 
a (Ay = Ay) =b. (3.100) 


From (3.100) one obtains (with (3.45)): 


8E*b? 
Ay: = 9Ay = RI (3.101) 
By introducing the normalized quantities 
^ d x a ^ b ^ Fy 
= [a JKR] a := ZIKR’ b := ZIKR’ = ] FERRY’ (3.102) 
with the known results for the parabolic indenter (see Sect. 3.5.3), 
1/3 1/3 
KR = 9m R? Ay agral 37x? (Ay) R 
" 8 E* mt 4 (E*)’ 
3 
PER = = (3.103) 


the relationships between the global contact quantities can be written as follows: 


(3.104) 
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d/ |d” 


Fig. 3.18 Normalized relationship between normal force and indentation depth for a flat punch 
with parabolic cap at different normalized punch radii. The thin solid line corresponds to the 
parabolic JKR-solution 


Thus the defined relationship F=F (d ) is shown in Fig. 3.18 for three different 
values of ô. Here, b = 1 corresponds to a surface energy of Ay = Ay, and 
b = 0.48 of a surface energy of Ay = Ay». It is easy to see the corresponding 
detachment points from the JKR solution for the paraboloid. 


3.5.11 The Cone with Parabolic Cap 


In Chap. 2 (see Sect. 2.5.12), the solution to the contact problem of a non-adhesive, 
frictionless, normal contact between an elastic half-space and a rigid cone with a 
rounded tip was shown. Thus, the solution of the adhesive, frictionless normal 
contact (see Fig. 3.19) is already known. The solution was first published by Maugis 
and Barquins (1983). With (3.18) and (3.20), one obtains: 


> 


l — si 2raA^ 
aa) = atand (=E s yo) - = 
COS 0 E* 


Fy (a) = E*a* tan ( + 21S ea + 5 sin 00s 6) — y 8ra? E* Ay, 
3 COS GJ 3 
2E*Ay a 
a eae 
Ay 


E* 


0,-(r;a) = Ozz n.a. (f; a) + 


a 
w(r;a) = Wna (r;a) — arcsin (=) , r>a, 


r 
(3.105) 
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Fig. 3.19 Adhesive normal 
contact between a rigid cone 
with parabolic cap and an 
elastic half-space 


with b 
Qo := arccos (2) ; (3.106) 


a 
where b denotes the radius at which the parabolic tip, which is continuously dif- 
ferentiable, passes into the conical body. 0 describes the slope angle of the conical 
body. The stresses and displacements in the non-adhesive case, denoted by the 
index “n.a.”, are given by: 


Ozz na. (r;a) = 
Po —2t t d 
warren C E <5, 
0 y 1 — k? cos? o 
2Va2— r2? 


E* tan 


arcosh( £) b 
zb + of arccos ( ) 
0 r cosh o 
— 24/ k? cosh? g — ilav b<r<a, 


P0 
— aËļȚ r2? — a? + 2b? (pe tng) iene , r>a, 
cos o y k? cos? o — 1 


(3.107) 
with 


P 
daa (a) = a tan 0 (En J w) l (3.108) 
COS Yo 


The relationships (3.105) to (3.108) are all valid only fora > b. Ifa < b, the 
contact resembles the one with a paraboloid, for which results can be looked up in 


100 3 Normal Contact with Adhesion 


Sect. 3.5.3. In the previous chapter, this distinction was ignored because of its trivi- 
ality. For the adhesive contact, however, it does not have quite trivial consequences 
for the stability of the contact. The non-adhesive indentation depth is completely 
described by: 


2 
a’ tan 0 
: a<b, 


ioe as (3.109) 
ano (+), a>b. 
COS Po 


According to (3.23), the contact radius at which the contact loses its stability results 
as a solution of the equation: 


1—sin go, 
i + oe — BYE = 0, (3.110) 
COS Po,c 
with 
§  /wAy 
= ; 3.111 
p tan 0 V 2E*b ( ) 
if that equation has solutions. The corresponding indentation depth is given by: 
l— si é 4 2 
de= an0 | S Po, (1- ) +a (1-2) (3.112) 
COS Yo,c 3 § 
and the corresponding normal force by: 
4 l— si «(4 8 
F, = E*a* tan0 Poc | 1— + et = 
E cosgoc \3 Æ 
l 
+ 3 SIN Yo.¢ COS Poc |. (3.113) 
As expected, the solutions of the cone and the paraboloid from Sects. 3.5.2 and 3.5.3 
are obtained by setting b = 0 or b = a correspondingly (in this case it is 
R := b/tan@). & is a parameter which determines the type of boundary con- 


dition (force or displacement-control; see (3.23)). 

It turns out that, when solving (3.110), there are three different regimes: For 
Ê < 1.795 there is no solution and the critical contact radius is smaller than b. 
This means that the relationships for the critical state match those of the parabolic 
indenter that can be looked up in Sect. 3.5.3. If 1.795 < B < 2, there are two 
solutions for the equation which are both shown in Fig. 3.20 and, correspondingly, 
two critical states. For values 6 > 2 only the larger of the two solutions remains. 
The smaller one becomes negative and thus unphysical. In this case, the curves of 
the normalized critical values of contact radius, indentation depth, and normal force 
in the case of force-control are given in Fig. 3.21. For formatting reasons, a sign 
change was made during the normalization of the “adhesion force” F. 
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Fig. 3.20 Stability bifur- 1.5 
cation of the angle @ as 

a function of the normal- 
ized surface energy B (see 
(3.111)) for the adhesive in- 
dentation by a cone with a 
rounded tip 
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3.5.12 The Paraboloid with Parabolic Cap 


Also, for the paraboloid with a spherical cap whose radius is greater than the radius 
of curvature of the parabolic base body, Chap. 2 presented the complete solution 
of the non-adhesive, frictionless, normal contact problem (see Sect. 2.5.13). Thus, 
from (3.18) and (3.20), the following solution which was first found by Maugis and 
Barquins (1983) results in the adhesive, frictionless, normal contact: 


2 2naA 
d(a) = — + 2ve—p- fee" 
Ri R* E* 


2E* [ 2a? 1 
Fy (a) = a É + = (2a? + b°) Ve — /8na3E* Ay, 
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(r:a) a a < 
Oz27\", 4) = Ozz na. ;4 >, r<a, 
l ra ya?-r? 
8a A 
w(r;a) = matia- y = ” arcsin (=), r>a. (3.114) 
nm E* r 


Here, b denotes the radius at which the cap goes over into the base body; R* is an 
effective radius that can be determined from R; and R, (see Fig. 3.22): 


s. Riko 


= ——. 3.115 
Bak ( ) 


The stresses and displacements indicated by the index “n.a.” correspond to the 
solutions of the non-adhesive problem (see Sect. 2.5.13): 


2Va2 — r2 +f (2x? — b?) dx . Fae 
Hecke _E R; b R*/x2 — b2/ x? — r? 7 
4 wef (2x? — b?) dx ieee 
R; r Rex? — b2/x2 =r? B 


Wna. (r;a) = Wn.a.,P (13 a; R= Rı) F Wna. Ps (r;a; R= R*), r>a, (3.116) 


with the corresponding solutions for the paraboloid and the truncated paraboloid: 


g2 2 ra Pa 
Wna p (ria; Ri): a ae) arcsin (=) + ~——— ; 


2a . a 
Wha. ps(rida; R*) := Va? — b? arcsin ( — 
n.a.,PS xR* 7 


— a! (3.117) 


Fig. 3.22 Adhesive nor- 

mal contact between a rigid 
paraboloid with parabolic cap 
and an elastic half-space 
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All relations in (3.114) to (3.117) are valid only fora > b. If a < b contact is 
made only with a parabolic indenter of radius R,. The indentation depth in the case 
without adhesion is thus completely given by: 


2 2 
=a a <b, = a <b, 
— JR J] Rı 
dna. (a) a az a = a2 R, 
—+—Vq?-—}? — | 1+ —si ; >b, 
R R a , a>b, 7% ( + Fx SiN Go a 
(3.118) 
where we introduced the angle: 
b 
Qo := arccos | —]}. (3.119) 
a 


The critical configuration in which the adhesive normal contact loses its stability 
results from the solution to the transcendental equation: 


COS P0,c R* sin oe 


Z ER, mAy 
b := 5 V E5 (3.121) 


The corresponding values of the indentation depth and the normal force are deter- 
mined by: 


9 

ax 4 Ri 2 2 
de = 2 =o singe | 1- £- —— |, 

Al E R me ( E mateo)! 


4E*a? 6 Ri . 2 
= l—- + JR sin Go,c | 3 — Sin” Po, 


E 
6 1 
= (: or =) (3.122) 


and one easily convinces oneself that the following limiting cases emerge from these 
solutions: 


1 Ri 1 + sin? poc 
(2+ 1 hsm? ) = peor: =O; (3.120) 


with 


a 
| 


e For R; — ov, the truncated paraboloid from Sect. 3.5.9 
e For R* — ov, the paraboloid with curvature radius R; from Sect. 3.5.3 
e For b = 0 the paraboloid with radius of curvature Ro 


In (3.120) and (3.122), £ (i.e., the boundary condition) has to be defined: displace- 
ment-controlled trials corresponds to the value £ = 1, and force-controlled ones to 
E=3. 
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Fig. 3.23 First solution for 
the critical angle @o,., in 1.8! 
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In (3.120), two dimensionless parameters occur; Rı/R* and 6. The equation 
has, with one exception, either no solution or two solutions. These two solutions 
are shown in Figs. 3.23 and 3.24. It can be seen that there are only solutions below 


the line: ğ . 
1 1 
> — | x 2.2 +3.2—. 3.123 
p> bo (Ft) 2.243278 (3.123) 
For smaller values of the surface energy, and thus smaller values of £, the critical 
contact radius is smaller than b and the critical state corresponds to that of the 
complete paraboloid with the radius of curvature R4, for which the results can be 


found in Sect. 3.5.3. From Sect. 3.5.9 it can be deduced that: 


R R 
Bo ($ > o) x31. (3.124) 
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This agrees relatively well with the estimate (3.123). For Ri/R* = 0, the first 
solution o, becomes an unphysical artifact, leaving the one critical state for the 
indentation by a purely parabolic indenter. 


3.5.13 The Cylindrical Flat Punch with a Rounded Edge 


For the flat cylindrical punch with a round edge, the solution of the non-adhesive 
Boussinesq problem was derived in Chap. 2 (Sect. 2.5.14). From (3.18) and (3.20), 
we obtain the following solution for the adhesive problem (see Fig. 3.25): 


d(a) = 2 [ve — b? - barccos (Ż)) — o 
R a E* 
E* 2_ 42 2 b 
Fy(a) = 3R Va? — b? (4a° — b ) — 3ba arccos | — 
a 
— y 8ra? E* Ay, 


Ga Gad 2E*Ay a z 
0271154) = Ozz n.a. r; a » %rsa, 
“ j Ta Jaz —r2 


[8aA 
w(r;a) = Wna (r;a) — — arcsin (=) , r>a. (3.125) 
x r 


Here, b denotes the radius of the flat base of the punch and R the radius of curvature 
of the rounded corners. The stresses and displacements are indicated by the index 


Fig. 3.25 Adhesive normal contact between a rigid cylindrical punch with round corners and an 
elastic half-space 
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“n.a.” for the problem without adhesion are (see Sect. 2.5.14): 


Ozz na. (734) = 
[ 2s =F — barecos (~)) —P r<b 
Et |h a) rea ee 
mR f 2V7- barccos( 2) ) eean b<r<a, 
x 


r — r? 
Wna. (r;a) = 
2dna (a) arcsin (=) — = i = (ve — b? — b arccos C) na 
T r T R xX r2— x2 
b 
r>a, (3.126) 


with the non-adhesive relationship between indentation depth and contact radius 
being: 


2 


dyla = [va — b? — b arccos (2) = = (sin po — Po COS po), (3.127) 


a 
R 
with the angle: 


Qo := arccos (2) : (3.128) 


a 


In contrast to Sects. 3.5.11 and 3.5.12, here a can never be smaller than b. The 
critical contact radius is given as a solution of: 


2 tan o,e — Poe — B./COS Poe = O, (3.129) 


ER [aAy 
p:= SV TBD (3.130) 


The corresponding values of the indentation depth and the normal force are deter- 
mined by: 


uo fiom (i-on) 
c = — | sin Qoc — z | — Po.c COS P0,c =e 
R E E 
4E*a? 1 
F.= 


with: 


1 2 3.131 
= 4 Poe cos on ( — =) : ( . ) 


For b = 0 the solution for the parabolic indenter from Sect. 3.5.3 is reproduced. 
E is a parameter that, depending on the nature of the boundary condition, can take 
the values one (displacement-control) and three (force-control). 


3.5 Explicit Solutions for Axially Symmetric Profiles in JKR Approximation 107 


Fig. 3.26 Normalized criti- 5E 

cal values of the angle go the — Fe 

contact radius, the indenta- alle --%/8 

tion depth, and normal force ———sd Jee d.R/ (40°) : ---7 
as a function of the parameter BH, FR/(MOE D) A 

B (see (3.130)) for adhesive = D : 


indentation by a cylindri- 
cal flat punch with rounded 
corners 


Interestingly, (3.129) has only one solution for each positive £. This and the as- 
sociated normalized values of ac, de, and F, are shown in Fig. 3.26. For 8B — 0 the 
critical values of the indentation depth and the “adhesion force” disappear, whereas 
the critical contact radius does not disappear but strives towards its smallest possi- 
ble value, b. This is due to the fact that the rounded corners, which are continuously 
differentiable (in contrast to the truncated paraboloid), pass into the flat base parallel 
to the half-space. 


3.5.14 The Paraboloid with Small Periodic Roughness (Complete 
Contact) 


It is established that the adhesive properties of a surface are greatly affected by the 
surface roughness. In general, increasing roughness sees a reduction in the effective 
surface energy and, therefore, the adhesive forces. However, there exists much 
proof in existing literature, such as that by Briggs and Briscoe (1977) demonstrating 
that the opposite can also be the case. A theoretical yet experimentally validated 
approach explaining this phenomenon stems from Guduru (2007). With the aid 
of both the classical approach of minimizing the potential energy by Johnson et al. 
(1971) as well as the idea of elastic energy release rates borrowed from linear-elastic 
fracture mechanics, he examined the adhesive normal indentation of a parabolic 
indenter with periodic roughness. It can be represented by the profile: 


2 
f= F +h (1 — cos (=) , (3.132) 


with the amplitude / and wavelength A of the roughness, and the radius R of the 
paraboloid. For his solution, Guduru assumed a simply connected contact area 
requiring a monotonically increasing indenter profile. This poses a limitation for 
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the roughness parameters: 
1 AP in() 
f(r) 20> z = L > 4x? sup |---| x 8.576. (3.133) 
h hR X 


Here, sup [-] denotes the global maximum of a function. However, a sufficiently 
great normal force can overcome this to generate a connected contact area, even 
for profiles that violate this condition. Taking into account the solution of the non- 
adhesive contact problem from Chap. 2 (Sect. 2.5.17) and (3.18) and (3.20), the 
solution for the adhesive problem is then as follows: 


a x’ha 2r 2naAy 
d(a) = H = f 
O=RtG o( j a) a 
a, ne | Zan, (2% y (2% 
ey aad |e amie eae ala OF Plas 
— /8na3E*Ay, 
Gg eal 2E*Ay a " 
Ozz\1, Qa) = Ozz nal’, a a wear rsa, 
8aA 
w(r;a) = Wna (r,a) — a arcsin (=) , r>a. (3.134) 
mE” r 


Here, H,,(-) denotes the n-th order Struve function. For a short explanation of its 
properties, the reader can be referred to the solution of the non-adhesive problem 
detailed in Sect. 2.5.17. The stresses and displacements for the non-adhesive case 
can also be referenced in Sect. 2.5.17 and are repeated below: 


Ozz na. (T; a) = 


a 


E* |2Va2—r2— x?h Qn 27 Qn dx 
= 4 J Bo ( Zx+ Zx (Z 
x 


= R x J A x x Ti 
rs a, 
Wna (r;a) = Phalo) arcsin (<) - L [r arcsin (<) —aĒȚ r? — a] 


ay f H 27 dx 
sa Xo FA ya r>a, 
0 
(3.135) 


a? nha 27 
dna (a) = T + 7 Ho a). (3.136) 


with 
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Fig. 3.27 Relationship be- i a 
tween the normalized normal 0.5} AR/ Mi =0 
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By introducing the dimensionless quantities 
n dR, a a hR A 2Fy —  2nAyR? 
:= —, @:= 7, h:= —, F:=- —, Ay :-= ——., 
À 2? 3aRAy E*3 
(3.137) 


the relationships (3.1341), and (3.134), can be rewritten as: 
d =? + mhâho (274) — y Aya, 


~ 16 4x ha 8 | a3 
Ê = — + ™ pram Ona) =H, (2râ)]- 2,2. 6.138) 
Y 3 \ Ay 


9Ay 3 A 


The implicitly defined relationship F=F (d ) is partially graphically represented 
in Fig. 3.27. 

The wavelength is kept constant for the three depicted cases: the JKR case 
without roughness = 0, one curve with medium roughness, and one with very 
pronounced roughness. We discover that the force oscillates with increasing mag- 
nitude. On the one hand, we see significantly greater extremes for the adhesive 
forces (during force-control) and indentation depth (during displacement-control) 
being achieved than without roughness (lowest point of the curve with h = 0.5 lies 
at Ê = —1.3, roughly 30% lower than the minimum of the JKR curve). On the 
other hand, constantly switching between the stable and unstable regime causes the 
indenter to bounce, which is a process that dissipates energy. 
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3.6 Adhesion According to Bradley 


Let us consider a rigid paraboloid Z = r?/(2R) in contact with a rigid plane. Fur- 
ther, we assume that the adhesive stress only depends on the distance between the 
surface: o = o (s). The separation energy is then: 


CO 


Ay = f owas (3.139) 
0 


For the adhesive force between the spheres we obtain: 


CO CO 2 
i= [orroe = [ore (=) dr. (3.140) 
0 0 


By substituting s = r?/(2R), rar = Rds the equation is transformed into the 


following form: 


Fy = 2a | o(s)ds = 2r RAy. (3.141) 
0 


This result was derived by Bradley (1932), specifically for the van der Waals inter- 
action, while in reality it is independent of the type of interaction potential. 


3.7 Adhesion According to Derjaguin, Muller, and Toporov 


Derjaguin, Muller, and Toporov (1975) examined the adhesive normal contact 
between a paraboloid of radius R and an elastic half-space. They assumed that 
the stresses within the contact area and the deformation outside the contact area 
matched those found in the non-adhesive Hertzian solution. Of course, this implied 
that the body forms an ideal sphere in the last moment of the contact. As a result, 
the pull-off force in this state is identical to the force calculated by Bradley: 


Fy = 2n RA}. (3.142) 


3.8 Adhesion According to Maugis 


As explained in the introduction to this chapter, the adhesive forces between two 
electrically neutral bodies decrease rapidly with increasing distance. Therefore, 
integrating with respect to distance (i.e., the work of adhesion) returns a definite 
value. Adhesive forces that are of much shorter range than any other character- 
istic length of the problem have a negligible impact and are assumed to be zero. 
In this case—corresponding to the JKR approximation—the work of adhesion is 
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the sole determinant of the adhesive behavior. The adhesive forces attain distinct 
significance once the range of the adhesive forces is of the order of the smallest char- 
acteristic length of the contact problem. The adhesive behavior is now determined 
not only by the work of adhesion but also independently by both the intensity and 
range of the adhesive forces. In examining these influences in a qualitative fashion, 
it is sensible to begin with the easiest model of finitely ranged adhesive forces: by 
assuming that the adhesive stresses (adhesive force divided by area) are constant up 
to a certain distance and zero past that point. This approximation was introduced by 
Dugdale (1960) to analyze crack problems and has since seen heavy usage due to 
its simplicity. The theory of adhesion based on the aforementioned adhesive force 
was developed by Maugis (1992). In the following section, the theory of Maugis 
will be derived via the MDR. 


3.8.1 General Solution for the Adhesive Contact of Axisymmetric 
Bodies in Dugdale Approximation 


We will consider the adhesive contact between a rigid rotationally symmetric profile 
with the shape f(r) and an elastic half-space. The solution is found via MDR 
and (except for the interpretation of the MDR model) it is identical to the original 
solution by Maugis. Executing the MDR algorithm, we define an effective profile 
g(x) (see (2.6)): 


|x| 
Lhe 
sosej Fs 


This will play a central role in the following solution steps. This profile is brought 
into contact with a one-dimensional Winkler foundation, defined by (2.5). In con- 
trast to the non-adhesive contact, there now exists effective adhesive forces acting 
between the indenter and the Winkler foundation. 

While pressure is the relevant quantity of load in three-dimensional space, the 
one-dimensional MDR representation only allows the definition of the linear force 
density (distributed load): 


dr. (3.143) 


= = EB wyp (zx). (3.144) 


Between these two quantities, the following transformations are valid: 


2 
jae 


———— dx, 
mJ JSx2—p2 
A 


rp(r) 


(x) =2 | ——— 
4 J Sr? — x? 


dr. (3.145) 
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These are described in detail in Chap. 2 (Sect. 2.3) and in the appendix (Chap. 11). 
The displacements of the surface points in the original three-dimensional problem 
w(r) and in the one-dimensional MDR representation wip (x) are linked via the 
usual MDR transformation: 


W= 2 f wiv) 


—— dx. 3.146 
EJ ga (3.146) 
0 


Following Maugis’s (1992) lead, we will examine the case of a constant adhesive 
stress with finite range, i.e., we assume that the adhesive pressure in the original 
three-dimensional system remains constant and equal to the magnitude of oo up to 
the distance h, and vanishing thereafter: 


pati Ra for f(r) -d + w(r) <A, (3.147) 
0, for f(r) -d + w(r) > h. 


Using the transformations (3.145) we can determine the corresponding “adhesive 
distributed load” in the one-dimensional MDR model: 


b 
roo 
-2 f dr = —20ọv b? — x?, for |x| <b, 
qaanz (X) = x vVr?= x? (3.148) 


0, for |x| >b, 


where b denotes the outer radius of the area upon which the adhesive pressure acts 
(i.e., where the distance between the surfaces does not exceed h). The radius b 
depends on the deformation of the surfaces and is calculated as part of the solution 
of the contact problem. The geometry of the contact and the notation is graphically 
represented in Fig. 3.28. 

Within the contact area, the displacement wp (x) of the 1D model is determined 
by the shape of the indenter and outside the contact area (but still within the adhesive 
zone) by the adhesive forces: 


d — g(x), x <a, 
2 
wip(x) = SP Z 2x ed. (3.149) 
0, x>b. 


The radius of the adhesive zone derives from the condition that the gap 
w(b) — d + f(b) between the indenter and the elastic body must correspond 
to the range h of the adhesive stresses: 


w(b)-—d + f(b) =h. (3.150) 


3.8 Adhesion According to Maugis 113 


Fig. 3.28 Adhesive contact according to the Dugdale-Maugis model: subfigure (a) represents 
the real contact with the three-dimensional half-space, and subfigure (b) the contact with the 
one-dimensional Winkler foundation. In three dimensions the constant attractive stress 09 acts 
wherever the distance between the surfaces is less than h. At greater distances the interactions 
cease. The radius of the adhesive zone exceeds the contact radius a. In the MDR representation 
the “adhesive distributed load” qaan (x) (3.148) takes the place of the adhesive stress 


Accounting for the transformation (3.146) and (2.149), we get the displacement 
w(b) (3.149): 


b 
2 win) j 
eee 
w(b) = = | pa eds 
E fd- g0], _ 40 
fai tt — alba). (3.151) 


a 


Inserting this into (3.150) then yields the equation for the radius b: 


2 feaa [g(x)—d] jy _ 400 =a) =a. (3.152) 


eee - xE* 


The force A Front: (x) pressing the spring at coordinate x onto the effective profile 
g(x) consists of the elastic spring force and the adhesive force: 


A Feont,z (x) = Ax [q:(x) — adh,z (X)] 
= Ax {E* [d — g(x)] — qaanz(x)}- (3.153) 


The contact radius a is obtained from the condition that this contact force disap- 
pears: 


E*[d — g(a)] + 200v b? — a? = 0. (3.154) 
Furthermore, the total normal force is calculated as the integral over all springs: 
b 
Fy = 2E* / wip(x)dx. (3.155) 


0 


114 3 Normal Contact with Adhesion 


Substituting (3.149) gives: 


b a b 
Fy = 26" | wip(sax = 26" | fd - g(x)]dx -40 | VB- ax 
0 a 


0 
a 


= 2E* f [d — g(x)|dx — oo |-2av b2 — a? + 2b’ arccos (5)| . (3.156) 


0 


Equations (3.152), (3.154), and (3.156) completely solve the normal contact prob- 
lem. Here, we will summarize them once more: 


b 
_ 2 f [g@)—4] 400 
A= a a eo 


0 = E*[|d — g(a)| + 200v b? — a?, 
Fy = 2E* | [d — g(x)|dx 
J 


Eon |-2a vb7 =a? + 2b? arccos A l (3.157) 


3.8.2 The JKR Limiting Case for Arbitrary Axisymmetric Indenter 
Shapes 


In this case 09 —> œ and h — 0, where ooh = Ay remains finite. The radii a and 
b are nearly identical: e = b — a «a,b. By writing b = a + e, then substituting 


g(x) ~ g(a) + g'a) (x —-a), (3.158) 


and with subsequent integration and expansion to terms of the order ¢!/? and e, 
(3.157) can be represented in the following way: 


2 Z 4 
hw —[g(a) — dy — - —“e, 
T a TE 


2ooa_ [2e 
dw — ns 
g(a) Ti y z 


Fy © 2E* fu — g(x)]dx. (3.159) 
0 
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From the first two equations, we obtain the indenter shape independent relationship: 


400E 
mE* 


=h. (3.160) 


Substituting (3.160) into (3.159) gives the previously established general equations 
of the JKR approximation for arbitrary rotationally symmetric profiles (compare to 
(3.27) and (3.28)): 


2ra^y 
d x — 
g(a) v 
Fy ~ 2E* fu — g(x)]dx. (3.161) 
0 


3.8.3 The DMT Limiting Case for an Arbitrary Rotationally 
Symmetric Body 


Setting a = 0 in (3.157) yields: 


b 
2 g(x) 400 
h= 4 eee ae, -d — 
mJ s/b x2 x nien 
0 
0 => E*d + 200b, 
Fy = =r b’o0. (3.162) 


Applying the familiar MDR inverse transformation (see (2.7)) 


b 
2 g(x) 
b) = — | ——=d 3.163 
HOU iene om) 
0 
to the first two equations provides the relationship: 
200b 2 
fbt Z (: — =) =h. (3.164) 
E* T 
The classic “DMT limiting case” stands for: 
200b 2 
fb) > 2 (1 = =) (3.165) 
E* T 


It is assumed but not proven that the state a = 0 corresponds to a loss of stability. 
In the following we will provide solutions for specific indenter shapes. 
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3.8.4 The Paraboloid 


In this case, the shape of the indenter is defined by the equation 


2 


r 
IO = zp (3.166) 


with the paraboloid radius R. The MDR transformed profile is: 


2 
g(x) = T (3.167) 


and (3.157) determining the radii a and b, the normal force Fy, and the indentation 
depth d, with range h and magnitude of the adhesive stress oo, take on the following 
form: 
2 
Zh + ENVE- a- o-a), 
2 2R E* 


II 
a 
N 
SS 

| 

a 
Se 

z 

O 

O 

} 

n 

| 
hj ae 


a a 
= * = _ = 2 72 2 L 
Fy =2E (aa =z) o| 2aVb2 — a? + 2b arccos (=) |. (3.168) 


We introduce the following dimensionless variables: 


~ a AI d ~ Fy 


b 
= aR’ = jame] Fy := FIR’ K i= F (3.169) 


IER d DS can be referenced in Sect. 3.5.3: 


where the quantities a; 
aR = 9r R? Ay ve gR = 3m? RAy? me 
8E* _ on 64E*? i 


3 
Hs 57RA. (3.170) 


Equations (3.168) then take on the following form: 
a 
4 1 
P 1—Kk + Vk? — larccos|-—] |, 
K 
d = 30° —4aA Vx? — 1, 


p 1 
Fy =@-@A (e arccos (=) +VK2— i) f (3.171) 
K 


21 2 1 1 1 
L =g 2 arccos { — } — arccos | — | + -v Kk? — 1 
3 2 K K 2 
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1.5 


Fig. 3.29 Normalized nor- 
mal force as a function of the 
normalized contact radius for 
the Maugis-adhesive contact 
of elastic spheres for different 
values of the Tabor parameter 
A. Thin solid lines denote the 
JKR and DMT limits 


with 


3Roy2 \ 
A= (3) l (3.172) 


In Figs. 3.29 and 3.30 the dimensionless normal force as a function of the dimen- 
sionless contact radius or indentation depth (both relations are implicitly defined 
by (3.171)) is shown for different values of the Tabor parameter. It is apparent 
that the curves for small and large values of the Tabor parameter tend to be the 
respective DMT or JKR limit, denoted in the figures by thin solid lines. Inter- 
estingly the convergence towards the JKR limit seems to be more prone in the 
force-indentation depth-diagram, whereas the convergence towards the DMT limit 
appears to be “faster” (i.e., achieved for less extreme values of the Tabor parame- 
ter) in the force-contact radius-diagram. Also note that, whereas in the compressive 
branch of the force-indentation-curve there is no significant difference to the JKR 
limit already for A = 1; the respective tensile branch still exhibits significant de- 
viations from the JKR limit. Hence the adhesion range plays an important role for 
the stability (and, therefore, the hysteresis) of the contact even for large values of 
the Tabor parameter (for which most of the force-indentation-curve is practically 
the same as in the JKR limit), as was pointed out by Wu (2010) and Ciavarella et al. 
(2017). 

For the limiting case of disappearing adhesion, (3.168) resolves to the Hertzian 
solution: 


d= 


a 4 3 
Fy =2E* (aa = =z) = opt, (3.173) 
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Fig. 3.30 Normalized nor- 
mal force as a function of the 
normalized indentation depth 
for the Maugis-adhesive con- 
tact of elastic spheres for OF 
different values of the Tabor 
parameter A. Thin solid lines F 
denote the JKR and DMT N : : -e 


0.5 F 


=2 =] 0 ~ 1 2 3 


The JKR Limiting Case 
With the aforementioned transition for oo — oo and h — 0, where ooh = Ay, 


(3.168) yield: 
he 2 (4-4) o 


m \R a mE* 
2 9 2 
d x a Oga a 
R E* a 
4 2 
Fy © —E*— -4o E. (3.174) 
3 R a 


With (3.160), and taking into account Ay = ooh, we obtain from (3.174) the JKR 
solution previously detailed in Sect. 3.5.3: 


d a? | 2ma^y 
R E* ~ 
3 


4 
Fy a 3S — /8nE*a2Ay. (3.175) 


The DMT Limiting Case 
For the case a = 0, (3.168) yield: 


Q 


2 
W ay i 
2R xE 
i= an 
E* 


Fy = =r b°00. (3.176) 
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The first two equations provide the relationship: 


b? 200b 2 
i= =h 177 
oR EF ( =) 0, ey 


which can be solved for b: 


2R 2 2R av 
faa! (1 = =) + | a (: z 3) + 2Rh. (3.178) 
E* T E* T 


If the condition 


4R?02 2y 
2Rh > —* |1- 4 (3.179) 


is valid then b ~ V2Rh. Substituting into the third of the set of (3.176) then 
delivers the DMT result: 


Fi pmr = —Fy = 2r Rhoo = 27r RAy. (3.180) 


It is easy to see that the condition (3.179) 
2RAy? ay" 
——— {| 1--]} <«l (3.181) 
T 


is identical to Tabor’s criterion (3.3). 


Asymptotic Corrections for the JKR Solution 
We introduce the notation 
&=K-l (3.182) 


and expand (3.171) to powers of €;: 


2 4 4 
3A = gone + qv 2a 6"? E soneg 
z 1 
d = 3a — än v3 (4e? tapa le no J , 
P 23 457 
Fy = @— V28 A (261'” + eae + a oe ) . (3.183) 


Utilizing second-order perturbation theory, solving the first equation for £; yields: 


Des ee. (3.184) 
! 2ãA2 241/244 `U i 
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Substituting into the second and third equations of (3.183) then gives: 
a 1 5 
— 332 _ 4731/241 — [əz _2z-1/2 
d = 34° — 4a + 3 (24 z“ | 


P 1 23 
_ 3 973/2_ tf 2, AP =1/2 
Fy =a 2a Aa ( a“ + Ta ). (3.185) 


Replacing 23 by 24 achieves a precision of approximately 5% for the perturbation 
term, providing the supremely simple approximation: 


z 1 
Fy x (@ — 28°’) (: + z) , ALl (3.186) 


In proximity to the critical radius ad = 1, we can write a = 1 + Aa and expand to 
powers of Aa: 
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> 29 
TEN 


6A2 DA? 
z 11 25 9 119 
Fy x —1— Aã+ |- Aa’. 3.187 
N ae aa F G i sai) “ eee) 


The force reaches a minimum for 


50 
216A? + 119° 


dFy 9 9 39 
d(Aã) 842? 


+ )aa=0 $ a= 


3.188 
2 164° Á ) 


Substituting this result into the second equation in (3.187), and subsequently ex- 
panding to 1/A yields: 


Fy =—Fy ~1 (3.189) 


at aS 
12A2 
or (alternatively) in dimensional variables: 


1/3 


3 
Fy = Rook + 4 


3 11 (305 E** Rh6 \ 3 
“TRAYS — |__| . 
Ay 


11 /3mĉE* Rh’ 
00 


-1 
2 24 ane 


3.8.5 The Profile in the Form of a Power-Law 
For an indenting, rotationally symmetric body with the general profile 


f(r)=cr", neR*, (3.191) 
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and positive numbers n and a constant c, (3.157) take on the form: 
2k(n) saynt! 1 n+1n+3 a? 
h= 1- (F) oF (5, 
° | a(n +1) \b Fi (5 2’ 2's 
2d E 400 
— — arccos ( — ) — 
T b mE* 
0 = E* [d — ck(n)a"] + 200v b? — a?, 
Fy sor faa = “| 
n+1 


— 00 |-2av b2 — a? + 2b? arccos (5) : (3.192) 


b-a), 


Consistent with the notation of this subsection, we denote the radius of the contact 
area by a and the zone radius of the adhesive interaction by b > a, the indentation 
depth by d, the normal force with Fy, the range by h, and the value of the adhesive 
stress by oo. We introduce: 


B T(n/2 +1) 
k(n) := Vaer] (3.193) 


and utilize the hypergeometric function: 


[e.e] 


2Fı (a,b; c; z) := > 


n=0 


Tr(a +n) (b +n) (c) z” 
Tr(a) (bI (c +n) n! 


(3.194) 


Naturally, setting n = 2 returns (3.168) of the preceding section. 

The JKR limiting case of the above (3.192) was already discussed in detail in 
Sect. 3.5.7. As a final note, the adhesive force for this indenter shape in the DMT 
limiting case (h = f(b), a = 0) is given by: 


FPM = ERT, (3.195) 


with an effective surface energy of Ay = ooh. Itis apparent that the parabolic body 
with n = 2 represents the sole case where this force is not explicitly dependent on 
the range of the adhesion. 
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We now consider the adhesive contact between a parabolic indenter Z = r7/(2R) 
and an elastic half-space. The surface displacement must correspond exactly to 
the indenter shape within the contact area, regardless of the type of adhesive inter- 
action. Therefore, it is a quadratic function of radius r. Greenwood and Johnson 
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(1998) rightly noted that this kinematic condition is met when the Hertzian pressure 
distribution is accompanied by an additional stress distribution. This additional dis- 
tribution is, in turn, the difference of two Hertzian stress distributions with two 
varying indentation depths, and thus with the actual contact radius a and another 
arbitrary fictional contact radius c > a, so that: 


Vc? =r? —va?-=r?, r <a, 
Vc2—r?, a<r<c, (3.196) 


0, r>c. 


2E* 


2) = 


A similar stress distribution was used far earlier already in the solution of the non- 
adhesive tangential contact of spheres to generate a constant displacement of a 
spherical domain (there will be more on this in the next chapter). Within the contact 
area, i.e., forr < a, this stress distribution (3.196) causes the constant displacement 


w(r) = Ta — c°). (3.197) 


The additional stress (3.196) and the corresponding displacement (3.197) can be 
modified with an arbitrary factor k for control of the indentation depth without 
changing the shape of the indenter. The entire stress distribution consisting of the 
original Hertzian distribution of radius a and also the distribution (3.196) multiplied 
by the factor k is given by: 


2E* 2E* 
Galt) Uk) Var eh ver, r= a. (3.198) 
x 1 


Hertzian theory provides the distance Aw between the two surfaces within the ring 
a<r<c: 


Aw(r) = (1+ Ta (5 — 2) arccos (<) + Ze] ; 
a<r<c. (3.199) 
The stresses within the ringa <r<c 
oz-(r) = E JaA, a<r<c (3.200) 


then describe the adhesive interactions between the surfaces. Combined with 
(3.199), they define the separation energy 


Ay = Jovan = [notre 


C 


=k(k+ D (e—a) (c + 2a). (3.201) 


Minimizing the total energy provides equilibrium configuration. 
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While the purely contact mechanical aspect of Greenwood’s and Johnson’s the- 
ory is far simpler than that of Maugis’s theory, their model is based on certain 
assumptions with effects that are not immediately obvious. As an example, the im- 
plicitly introduced interaction not only depends on the distance between the surfaces 
but also on the entire configuration of the contact. 
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Tangential Contact 


4.1 Introduction 


In this chapter, we will consider contacts which are loaded both in the normal direc- 
tion z (as previously, z points into the half-space and Z to out of the half-space) and 
in the tangential direction x. Although the load now lacks rotational symmetry due 
to the bias for the x-direction, each of the non-vanishing components of stress ten- 
sor or displacement in the contact plane still have an approximately axisymmetric 
distribution. In this sense, this case can also be considered a rotationally symmetric 
contact problem. 

Initially, we examine the deformation of an elastic half-space under the effect 
of a concentrated force at a point on the surface, which we define as the origin 
(Fig. 4.1). 

Let the force F have a sole component in the x-direction. The components of 
the displacement vector u = (u, v, W){x,y,z} at the surface (z = 0) are given by the 
following (Cerruti 1882; Landau and Lifshitz 1991): 


1 Dux") 1 
Bang Le ae 
1 2v 
0 aa 
ee ee ee (4.1) 
* 4G r2 , f 


where G stands for the shear modulus. For a stress distribution with a sole stress 
component oxz(x, y) acting in the surface, the displacements are determined using 


Fig. 4.1 Single tangential 
force acting on the surface of 
a half-space 
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the principle of superposition: 


2v (x — x’)? 


1 
2d = v) T 2 —Ox2(x', y)dx'dy’, 
r F 


1 
u(x, y) = zl 


v(x, y) = a J + (x — x’) (y = y’) on: (0, ydx'dy’, 


4nG 
1—2v 1 
w(x, y) = o= 2 (x — x’) Oxz (x, y)dx'dy’, 
r= yœ- x+ O- y}. (4.2) 


These equations lay the basis of all analytical and also numerical contact mechan- 
ical solutions and enable certain general deductions. For two contacting bodies 
under tangential load, the normal displacements of their surfaces are only then equal 
and opposite if the coefficients preceding the integral in the third equation of the set 


(4.2) are equal: 
1— 2v; 1 — 2v2 
G G ` 

The vertical displacements of both bodies are, in this case, “congruent”, causing no 
additional interaction in the normal direction. We refer to these cases as decoupled 
normal and tangential contact problems. Bodies that meet condition (4.3) are called 
“elastically similar”. This condition is met in two cases (among many others) of 
practical importance: (a) contact of bodies with the same elastic properties (e.g., 
wheel-rail contact), or (b) contact of a rigid body (G; —> oo) with an incompressible 
one (v2 = 0.5) (e.g., road-tire contact). If (4.3) is not fulfilled, the normal stresses 
then lead to relative tangential displacements of the contact partners and vice-versa. 
The mathematical treatment and the complete analytical solutions of the contact 
problems in particular are rendered far more difficult in this case. However, the 
solution differs only slightly from the case of elastically similar materials in many 
cases. 

If the single stress component o,,(x, y) is solely dependent on the polar radius 
r according to the law 


(4.3) 


oxz(x, y) = t(x, yY) = (1 — r? /aP "2, (4.4) 
substituting into (4.2) with subsequent integration yields the result (Johnson 1985): 


_ a(2-—v) 


4G Toa = const. (4.5) 


The tangential force is calculated to: 


a 


2nrtodr 2 
F, = Pe ee) = 21a To. (4.6) 
J =r?) 
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The physical implementation of the stress distribution (4.4) is more complicated 
than is the case for the analogous normal stress distribution. One might assume 
it could be achieved by tangentially displacing (4.5) a rigid punch of the radius a. 
However, this is only true if the resulting normal displacements also vanish. In the 
case of a rigid indenter, this condition is only fulfilled if the elastic half-space is 
incompressible. A constant displacement of the contact area is also achieved when 
two elastically similar half-spaces, stuck together in a circular area of radius a, are 
displaced relative to one another. The relative displacement of the bodies is then 
given by the superposition of the displacements of the form (4.5) for both bodies: 


2— 2— 
u? —u® = T Toa (o + az) ‘ (4.7) 


From this, accounting (4.6) we obtain the relationship: 
F, = 2G*a(u® —u%), (4.8) 


with 
1 2-v 2- 
= + ; 
G* 4G, 4G2 
The coefficient connecting the force and the relative displacement (4.8) is the tan- 
gential contact stiffness: 


(4.9) 


ky = 2G*a. (4.10) 


Generally, when two bodies with curved surfaces are brought into normal contact 
and subsequently displaced in a tangential direction relative to one another, the 
bodies remain stuck to each other in one part of the contact area while in other 
areas slipping relative to one another. This is already indicated by the fact that 
the normal pressure vanishes at the boundary, while the tangential stress (4.4) at 
the boundary of a no-slip contact is singular. Therefore, the no-slip condition for 
a finite coefficient of friction can generally not be fulfilled in the vicinity of the 
contact boundary. Cattaneo (1938) and Mindlin (1949) independently solved the 
associated contact problem with some simplifying assumptions. These assumptions 
are: 


e The existence of a single tangential stress component o,,(r) in the slip plane, 
which only depends on the polar radius r. 
e A unilateral displacement field with a displacement component only in the x- 
direction. 
e Satisfaction of the following boundary conditions: 
— Equal displacements of both bodies in the stick zone, i.e., under the condition 
that the tangential stress is lower than jz times the normal stress: 


u(r) =uM(r), if |ox2(r)| < wp(r) (stick). (4.11) 
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— Local compliance with Coulomb’s law of friction in the slip zone. 
Ox:(r) = —pp(r) sgn(u; — U2), otherwhise (slip). (4.12) 


Axially symmetric contacts only approximately satisfy these conditions. A stress 
component o,.,(7) depending on r causes displacements in both x-direction and y- 
direction. The displacements and the friction forces are therefore not anti-parallel, 
thus violating the isotropic nature of Coulomb’s law of friction. Johnson (1955) was 
the first to point out this error in the Cattaneo—Mindlin solution. He demonstrated 
that the maximum deviation of the directions of the displacement and friction force 
is on the order of v/(4 — v), and therefore lies between 0.09 for v = 1/3 and 0.14 
for v = 1/2. Based on this finding, Johnson concluded that the Cattaneo—Mindlin 
solution provides a good approximation. Indeed, in macroscopic relationships (e.g., 
dependency of the tangential force on the tangential displacement) it results in an 
error in the order of 1%. However, local deviations (potentially important for wear, 
for example) may be significantly higher. 

In this book we will examine tangential contacts in Cattaneo—Mindlin approxi- 
mation, referring to these as “Cattaneo—Mindlin problems”. 


4.2 Cattaneo-Mindlin Problems 


In the Cattaneo—Mindlin approximation, the tangential contact problem between 
two elastic bodies can be reduced to the contact problem of a rigid punch and an 
elastic half-space. Formulation of the equivalent problem of a rigid indenter and an 
elastic half-space requires using the previously introduced effective moduli E* (see 
(2.1)) and G* (see (4.9)), which we will list once more in this chapter as follows: 


1 l— vi l=- 
= + 
E* 2G, 2G> 
1 2— v 2—= v 


= ; 4.13 
G* 4G, i 4G, om) 


’ 


These effective moduli uniquely define the contact properties of arbitrarily shaped 
bodies. For flat cylindrical punches of radius a, they directly define the normal 
and tangential stiffness of the contact (under the assumption of complete stick), as 
demonstrated in (2.21) and (4.10): 


k, = 2E*a, 
ky = 2G*a. (4.14) 


We will assume that the simplest, local form of Coulomb’s law of friction is valid 
in the contact area, which is given by (4.11) and (4.12). As mentioned in the intro- 
duction, small displacements in the y-direction also exist. These will be neglected 
here; the interested reader can be referred to the works of Vermeulen and Johnson 
(1964). 
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In contrast to the normal contact problem, tangential contacts exhibit hysteresis 
and memory properties. These properties mean that there is no universal relation- 
ship between the tangential force and the tangential displacement. Generally, at 
least part of the contact area in tangentially loaded contacts is a zone of local slip. 
The resulting energy dissipation causes hysteresis loops between the global contact 
quantities: force and displacement. Moreover, the tangentially loaded contact saves 
a part of its loading history in the form of tangential stresses; in this sense the con- 
tact can be said to possess a memory. However, this means that the state expressed 
by the stresses and displacements, depends on the entire previous loading history, at 
least for the tangential stresses and displacements. This dependency distinguishes 
the problems examined in this chapter from the previously discussed purely normal 
contacts, where the entire current contact configuration is defined by the current 
value of a single relevant contact quantity, e.g., the indentation depth. Therefore, 
the consideration of the tangential contact problem theoretically includes not only 
the specification of the indenter geometry and material properties, but also the com- 
plete loading or displacement history. For the sake of brevity in this chapter, we 
will restrict our consideration to the simplest and most technically relevant loading 
history, which consists of a constant normal force Fy and a subsequent application 
of an increasing tangential force F,. For the consideration of more general loading 
histories, the reader can be referred to the pioneering publication by Mindlin and 
Deresiewicz (1953) and to work by Jäger (1993). 

Let us consider the indentation of a rigid profile in an elastic half-space with the 
effective elastic properties given by the effective moduli (4.13). We will use the 
notation Fy for the normal force and F, for the tangential force, a for the contact 
radius, and d and u® for the displacement of the rigid indenter in the normal and 
tangential direction, respectively. As explained earlier in this chapter, the contact 
area is generally composed of an inner stick zone of radius c < a and an outer slip 
zone at the boundary of the contact area. The mixed boundary conditions at the 
surface of the elastic half-space at z = 0 are then as follows: 


w(r)=d-— f(r), ra, 
ulr) =u®, r<c, 
Ox2(T) = HOz-(r), ce<rx<a, 
0:2(r) = 0, r>a, 
0x-(r) = 0, r>a. (4.15) 


Here w and u represent the displacement of the half-space in the z and x-direction. 
The radii of the contact area and stick zone are unknown a priori and must be 
determined as part of the solution process. 
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4.3 Solution of the Tangential Contact Problem by Reducing 
to the Normal Contact Problem 


Using a principle discovered independently by Ciavarella (1998) and Jager (1998), 
the solution for the contact problem described in (4.15) can be determined if the 
solution of the corresponding frictionless normal contact problem is known. There- 
fore, we can make use of the solutions of various Boussinesq problems from the 
first chapters during our consideration of the Cattaneo—Mindlin problem in relation 
to those same profile shapes. 

Let o,,(r;a) be the stress distribution in a normal contact of contact radius d. 
And let w(r; &) be the normal displacement resulting from this stress distribution. 
Ciavarella (1998) and Jager (1998) were able to prove that the distribution of tan- 
gential stresses in the form of 


z(r;a)— 0,-(7;C), SC, 
P Oz-(r;a)— 0z-(r;c), r <c (4.16) 
0::(r;a), c<r<a 


with the radius of the stick zone from the equation 
G* |u| = wE*[d(a) — d(c)] (4.17) 


satisfy the boundary conditions (4.15), and therefore represent the solution of the 
corresponding tangential contact problem. The relationship between the forces and 
the contact radii is obtained from integration of the tangential stresses: 


Fy = p[Fy (a) — Fy (¢)]. (4.18) 


From the superposition of the tangential stresses (4.16), it immediately follows that 
the principle of superposition equally applies to the tangential displacements in the 
direction of the tangential force. The unknown tangential displacements outside the 
stick zone are given by: 


uE* d(a)— f(r)—w(r;c), c<r <a, 


oe G* (w(r;a)— w(r;c), r>a. 


(4.19) 


Equations (4.16), (4.17), (4.18), and (4.19) provide a complete solution of the tan- 
gential contact problem via reduction to the normal contact problem. 


4.4 Solution of the Tangential Contact Problem Using the MDR 
As an alternative to the solution via reduction to the normal contact problem (de- 


tailed earlier in this chapter), the tangential contact problem can be solved “directly” 
(i.e., without knowledge of the solution of the normal contact problem) using the 
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Fig. 4.2 Substitute model of 
the tangential contact 


Na te 
Fire 


MDR (see Popov and Hef 2015). While ultimately the solutions do not differ for 
simple loading histories, this second approach can prove quite valuable for complex 
loading histories or numerical simulations. 

Let us consider the axially symmetric indenter with the profile Z = f(r), which 
is initially pushed into the elastic half-space with the normal force Fy, and sub- 
sequently loaded with a tangential force F\ in x-direction. We will assume that 
the friction in the contact obeys Coulomb’s law of friction in its simplest form, 
described by (4.11) and (4.12). 

The application of a tangential force creates a ring-shaped slip zone, which ex- 
pands inwards for an increasing force until complete slip sets in. We call the inner 
radius of the slip zone (also the radius of the stick zone) c. 

In the MDR, this contact problem is solved as follows in this chapter (we will 
describe only the solution procedure. The complete derivation can be found in 
Chap. 11). 

As in the case of the normal contact problem, we first determine the modified 
profile g(x) using the transformation 


g(x) = |x| je aed (4.20) 


Additionally, we define a Winkler foundation consisting of springs of normal and 
tangential stiffness 
Ak, = E* Ax, 


Ak, = G* Ax, (4.21) 


where Ax is the distance between each spring and £* and G* are defined by (4.13). 
The calculation method involves indenting the Winkler foundation with the profile 
g(x) under the normal force Fy, and subsequently tangentially displacing the pro- 
file by u® (see Fig. 4.2). The relationships between the indentation depth, the 
contact radius, and the normal force from the MDR model correspond exactly to 
the solution of the original problem, as explained in detail in Chap. | (while dis- 
cussing the normal contact problem). 

Each spring sticks to the indenting body and is displaced along with the body 
as long as the tangential force AF, = Ak,u©) of the particular spring is lower 
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than pA F;. Upon reaching the maximum static friction force, the spring begins to 
slip, with the force remaining constant and equal to wAF;. This rule can also be 
expressed in an incremental form for arbitrary loading histories: for small displace- 
ments Aw) of the indenter, the tangential displacements of the springs wp (x) in 
the MDR model are given by: 


Auip(x) = Au, if |Akyuyp(x)| < HAF:, 
HAF, (x) 


uip(x) = £ Ak.” 


in a state of slip. (4.22) 
The sign in the last equation depends on the direction of the tangential spring dis- 
placement, if the spring were sticking. By tracking the incremental difference of 
the indenter position we can uniquely determine the displacements of all springs in 
the contact area, thus yielding the values of all tangential forces: 


AF, = Aktip) = G* Ax -uyp(x), (4.23) 


and the linear force density (distributed load): 


AF, F 
qx(x) = Tee = G*ujp(x). (4.24) 
x 
The distribution of the tangential stress t(r) and the displacements u(r) in the orig- 
inal three-dimensional contact are defined by rules which are completely analogous 
to (2.13) and (2.14) of the normal contact problem: 


=t(r)=— 1 ie qx (x)dx 
i E 
ite [Oe (4.25) 


T faze 
0 


Equations (4.22) to (4.25) are valid for arbitrary loading histories of the contact (and 
also for an arbitrary superposition of time-variant normal and tangential forces). 
In general, these equations must be implemented in a numerical program; this is 
extremely easy due to the independence of each spring in the Winkler foundation. 

For simple loading conditions, the general solution can also be written in an 
explicit form. Let us illustrate the MDR procedure using the case of an indenter 
which is first pressed with an initial normal force Fy to generate a contact radius a, 
which is determined from the equation 


a a 


Fy = 2° f wip(xax = 2e* fia — g(x)]dx 
0 0 


= 2E* [is — g(x)]dx. (4.26) 
0 


4.4 Solution of the Tangential Contact Problem Using the MDR 133 


Subsequently, the indenter is displaced in the tangential direction. The radius of the 
stick zone c is determined from the condition that the absolute tangential force is 
equal to the coefficient of friction u multiplied with the normal force Ak, wip (c): 


G* |u| = wE*[d — g(o)]. (4.27) 


From (4.27) we can draw an interesting and very general conclusion. The max- 
imum tangential displacement for which the stick zone just barely vanishes, i.e., 
the minimum displacement to see complete slip, is determined by setting c = 0 in 
(4.27) (and therefore also g(c) = 0): 


* 


E 

(0) _ 
un’ = ed. 4.28 

P= Me (4.28) 
Thus the displacement that is achieved before complete slip sets in is solely depen- 
dent on the indentation depth (and not on the shape of the indenter). 

The tangential displacement in the MDR model at a given coordinate x then 

equals: 


u®, forx <c, 
E* 
uip(x) = uzla —g(x)], forc <x <a, (4.29) 
0, for x >a, 


and can also be written in the following simple universal form: 


E* 
uip(x) = HG, bwin (xa) — wip(x;c)], (4.30) 


which corresponds to the principle of superposition by Ciavarella (1998) and Jager 
(1998). The distributed load is obtained by multiplying with G*: 


Gru, for x <c, 
qx(x) = \ pE*[d — g(x), forc <x <a, (4.31) 
0, forx >a, 
or 
dx (x) = u lq- (x; a) — q: (x; c)], (4.32) 


where q-(x;a) and q-(x;c) represent the respective distributed load of the normal 
contact problem with the radius a and c. The tangential force is given by: 


a 


F, = 2 f oax = u[Fy (a) — Fy (c)], (4.33) 
0 
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where Fy (a) and Fy (c) mean the normal force with respect to the contact radii a 
or c. The stress distribution is obtained by substituting (4.31) into (4.25): 


a pE” f g'(x)dx 
t(r) = 
T JILT 


= p[p(r;a) — p(r;c)]. (4.34) 


The displacements are calculated by inserting (4.29) into (4.25), resulting in: 


u(r) = ae [w(r;a)— w(r;c)], (4.35) 
or explicitly: 
u®, l forr <c, 
woe Z [o arcsin (=) + KE i Ra , forc<r<a, (4.36) 
Z [o arcsin (£) + A i Ta] , forr >a. 


Equations (4.26)-(4.36) clearly show that this contact problem is completely de- 
fined when the shape of the indenter and one macroscopic quantity from each trio 
{d,a, Fy} and {yu „C, Fy} are known. If the solution of the normal contact prob- 
lem is known, all macroscopic quantities can be determined from (4.27) and (4.33). 
For the sake of simplicity and in analogy to Chap. 2, it is assumed that a and c 
are known quantities. Of course, this is not necessarily true. All other cases re- 
quire rewriting the equations to solve for the unknown quantities. For instance, the 
relationship between the tangential force and the radius c of the stick zone is ob- 
tained by dividing (4.33) by Fy. Using partial integration, it can be rewritten in the 
compact form of: 


F, _ fo xg'(x)dx _ Fy@ — Fy (c) 
Fy fo xg’(x)dx Fy (a) 


(4.37) 


In summary, there are two approaches to solving the tangential contact problem for 
the simplest standard loading case (first normal and, subsequently, tangential): 

I. The tangential contact problem is reduced to the normal contact problem using 
(4.33), (4.34), and (4.35) with the radius c of the stick zone being determined either 
by (4.27) (if the displacement is known) or (4.37) (if the force is known). For the 
sake of convenience, we will list all relevant equations once more: 
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II. The tangential contact problem can also be solved directly, without ae 
of the corresponding solution of the normal contact problem, using (4.26 
(4.34), and (4.36), which we will also summarize once more: 
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If the stresses and displacements are known, the dissipated friction energy can also 
be calculated with 


Wr = f uoaa. (4.40) 


Here, Au represents the relative displacement between the indenter and the half- 
space. It vanishes in the stick zone. With the stresses outside of the contact also 
being zero, only the zone of local slip contributes to this integral. The integral can 
thus be reformulated to: 


Wr(c,a) = ary f — u)o;,rdr 


Tpk a 
= EE fro + w(r; c) — d (c)]o--(r;a)rdr. (4.41) 


However, it is easier to calculate the dissipated energy directly using the MDR 


model of the contact. Then we get: 


Wpr(c,a) = -26* f upAupdx 


c 


*\2 a 
=-26 (EE) fuo- ewo- dol 44 
Here, d(a) = g(a) and d(c) = g(c) are the indentation depths corresponding to 
the radii a and c. 

Once again it should be noted that the detailed MDR algorithm is not restricted 
to the specifically examined loading case (application of a normal force with sub- 
sequent tangential loading). In the context of tangential problems, it is valid for all 
loading cases, including arbitrarily varying normal and tangential forces. Thus, we 
can utilize it for simulations of arbitrary loading histories, e.g., in stick-slip drives. 


4.5 Areas of Application 


The technical applications of mechanical contact problems with friction are virtu- 
ally uncountable. Even by neglecting rolling contacts (not featured in this book 
due to their asymmetry) occurring in bearings or other types of transport elements, 
tangential contact problems are found in a wide range of applications, e.g., friction- 
based connections, friction-induced damping (such as in leaf springs), surface treat- 
ment via a sliding indenter (burnishing), or mechanical stick-slip linear drives which 
can be miniaturized to an extreme degree. In the latter two applications, the inden- 
ters usually appear in the classical shapes of the flat punch, cone, and sphere. Once 
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again we will consider these three bodies in their “pure form” (see Sects. 4.6.1, 
4.6.2, and 4.6.3) as well as modifications thereof, owing to imperfections due to 
manufacturing or wear (see Sects. 4.6.5 to 4.6.10). As always, we will consider the 
profile in shape of a power-law (see Sect. 4.6.4), which is a basic building block of 
the solution in the form of a Taylor series of any sufficiently differentiable profile. 


4.6 Explicit Solutions for Axially Symmetric Tangential Contact 
Problems 

For the sake of simplicity, we will assume in the following that u® > 0. This 

condition does not represent a restriction to the general validity of the presented 

results. 


4.6.1 The Cylindrical Flat Punch 


The solution of the normal contact problem for the indentation by a flat cylindrical 
punch of radius a according to Chap. 2 (see Sect. 2.5.1) is given by: 


Fy (d) = 2E*da, 


Gia) E*d p 
On; a SL 
mvVa2—r2 
2 
w(r;d) = ag arcsin (=) , r>da. (4.43) 
x r 


Here, Fy represents the normal force, d the indentation depth, o,, the normal stress, 
and w the normal displacement of the half-space. Under tangential load, the con- 
tact is either sticking or slipping completely; there is no limited zone of local slip. 
The contact starts to slip once the tangential displacement of the punch reaches the 
critical value (4.28): 


E* 
WO =Z q. (4.44) 


* 


The shear stress distribution in the contact equals 


G* u®, foru® <u® 
i (0) = ’ = C $ 
ox-(r:u®, d) = — = (4.45) 
x ava? — r? a for u® > u® 
and the tangential displacements outside the contact area r > a are: 
2 a u®, foru® < u® i 
u(r;u®, d) = = arcsin (=) a a (4.46) 
T r ue’, foru® > ur’. 
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The total tangential force is: 
u®, foru® <u, 


u®, (0) 


F,(u©, d) =2G*a- 
foru® > ue’. 


(4.47) 


4.6.2 The Cone 


The consideration of the indentation by a cone with a slope angle 0 in Chap. 2 
(Sect. 2.5.2) in the context of frictionless normal contact yielded the following rela- 
tionships for the indentation depth d, the contact radius a, the normal force Fy, the 
normal stresses o,,, and the normal displacements w: 


d(a) = 5a tan 0, 


2 
Fy(a)= T E* tan 8, 
E* tan 0 
Oz:(r;a) = — arcosh (=) , rea, 
r 


w(r;a) = tan Ø (Vr? =a? — r + a arcsin 2), r>a. (4.48) 
r 


The mean pressure in the contact area is: 


E* tan 0 
Po = —~—. (4.49) 
2 
The solution of the tangential contact problem depicted in Fig. 4.3 (which is the re- 
lationships between the tangential displacement uv), the radius of the stick zone c, 
and the tangential force F, (first published by Truman et al. 1995) is then expressed 


Fig. 4.3 Tangential contact 
of a rigid conical indenter 
and elastic half-space 
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Fig. 4.4 Normalized tan- 
gential stresses in contact for 
different values of the nor- 
malized radius of the stick 
zone c/a when indented by 
a cone 


by (4.38) as follows: 


ruE~* 


u® (a,c) = 2G7 (a — c) tan 9, 
E* 
u (a) = oo a tan 6, 
E* tan 0 2 
F,(a,c) = = æ - °) = pFyla) (1 - =) (4.50) 


For the missing tangential stresses and displacements one gets: 


a c 
arcosh (=) — arcosh (+) , ree, 


pE* tan r r 
Oxz(r;a, c) = -— ~~ 
2 a 
arcosh (=) c<r<a, 
r 
c a 
-c arcsin (=) + == - vr? = 0?, c<r <a, 
r 
l _ pE*tanð a 45] 
u(r;a,c) = — o a arcsin (=) + Vr? =a? (4.51) 
7 
—c arcsin (£) — vr? -—-c?, r>a. 


These are shown in normalized form in Figs. 4.4 and 4.5. The finite value of the 
tangential stress in the middle of the contact is: 


lim (=) = lim [arcosh ($) — arcosh (<)| = in (<) (4.52) 
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Fig. 4.5 Normalized tan- 1 r , 
gential displacements of the : —c/a=0.1 
half-space for different val- : ---c/a=0.5 
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< N) OIE: 
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The loss of mechanical energy is calculated according to (4.42): 


(x E* tan 0} 
Wela,c) = = a o (4.53) 
In normalized variables, this can be represented as: 
W, 1 3 
ee A = (1-5) (4.54) 
LF uc 3 a 


4.6.3 The Paraboloid 


As usual, the paraboloid was the first shape for which a broad class of contact 
problems was solved. In the case of the tangential contact, the classical solution 
goes back to Cattaneo (1938) and Mindlin (1949). The pure normal contact problem 
solution is represented by the following relationships linking indentation depth d, 
contact radius a, normal force Fy, normal stress o,,, and normal displacement w 
(see Sect. 2.5.3) 


2 
a 

d(a) = —, 

(a) R 

4 E*a° 

Fna) = 3 R’ 
2 * 

0z,(r;a) = -——Va’-r?, r<a 
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Fig. 4.6 Tangential contact 
of a rigid parabolic indenter 
and an elastic half-space 


Here, R denotes the curvature radius of the paraboloid in the vicinity of the contact. 
The average pressure in the contact is: 

4E*a 
32R ` 


Po = (4.56) 


Taking into account (4.38), the solution of the tangential problem (see Fig. 4.6) is 
given by the relationships 


E* 


u%(a,c) = Gap — ©): 
Opp — HE. 2 
Ue (a) GFR" , 
4u E* c? 
F(a, 0) = E (0 — °) = Fy (a) (1 = 5) , (4.57) 


with the tangential displacement of the rigid paraboloid uw), the radius c of the stick 
zone, and the tangential force F,. The tangential stresses and displacements of the 
elastic half-space then amount to: 


Va2—7r2—Vc2— 72, r<c, 


a? —r?, c<r <a, 


(4.58) 
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Fig. 4.7 Normalized tan- 
gential stresses in the contact 
for different values of the 
normalized stick zone ra- 
dius c/a for indentation by a 
paraboloid 


Fig. 4.8 Normalized tan- 
gential displacement of the 
half-space for different values 
of the normalized stick zone 
radius c/a for indentation by 
a paraboloid 
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These are visualized in normalized form in Figs. 4.7 and 4.8. Using (4.42), the loss 
of mechanical energy can be written as: 


Wr(c,a) = — 


2(uE*)? 
G* R2 


fe =x Or? — c’°)dx. (4.59) 


When expressed in normalized quantities, it can be rewritten as: 


(4.60) 


0-5 (155) 
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The Stresses in the Interior of the Half-Space 
In the case of global slip, Hamilton and Goodman (1966) were able to determine 
the stresses in the interior of the half-space by introducing the complex functions 


1 1 
F:= AG —ia)R + 57 In(Re +z), 
Ciel hi tak Ppa inte ) 
= 3 2 9772 2 a 3 n(A? Z2), 
H = tials 1 R34 = er 5 (Ro + 29) (4.61) 
= ta ZZ lan, — —Zr =r in Z7), j 
3 6 J 2 2 4 2 4 2 2 


with the imaginary unit i and the complex coordinates: 


Z2:=Z+ia, 


Ry := 422+ r2. (4.62) 


To avoid any misunderstandings, we will stress once more that Z represents the 
normal axis pointing out of the half-space while the z-axis points inwards. The 
stress configuration in the half-space is then defined by the imaginary parts of the 
expressions: 


R 3 upo x x 1_0H 0H 
(a (ee Hv — ~7—— Sa 
Sa 2 a =| ( r? 3) ( ° 97 OE tI 


0H 1 -H 
1 =v) x+ + 22 — 2’ F |, 
EG age | 
‘ 3 upo x y? 1_0H 0H 
gS ae (Hv — 
g 2a =| ( r? "720 By 
p 7 2vr?F 
3)? gyoz vr-F |, 
b= 3 upo XZ OF 
7" 2 a r?ôðž 
a. _3 Hpo xyz 0H 
z= a DPA BED 
A 3 upo 1 19H `ð 
PEDE : F) -2 F 
Saz a] do u Da $ 
3 Upo y x _ 0H 1 0H 
rwi=- yy ——1]{| Hv- = 
Tx 2 art r? "73g tay 


(4.63) 
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Fig. 4.9 Curve of the equiv- 
alent stress according to the 
von Mises criterion in the 
x—z-plane under a fully slid- 
ing tangential contact with 

a paraboloid, normalized to 
the average pressure in the 
contact 


Fig. 4.10 Curve of the great- 
est principal stress in the 
x—z-plane under a fully slip- 
ping tangential contact with 
a paraboloid, normalized to 
the average pressure in the 
contact 
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To illustrate these expressions, consider Figs. 4.9 and 4.10. Depicted are the stress 
curves in the x—z-plane (i.e., the plane of the greatest stresses) of the equivalent 
stress, according to the von Mises criterion, and the greatest principal stress for a 
globally sliding contact with v = 0.3 and u = 0.5, both normalized to the average 
pressure in the contact. It is apparent that the leading edge of the contact experiences 
pressure while the trailing edge is under tension. 

It can also be seen that the maximum of the equivalent stress has moved to the 
surface of the medium. This means that, in this case, the plastic deformation will 
begin at the surface of the elastic half-space. Since the maximum of the equiva- 
lent stress in the case of Hertzian (frictionless) contact lies underneath the surface 
(detailed in Sect. 2.5.3), there must exist a critical coefficient of friction for which 
this maximum reaches the surface. This value is of great technical significance for 
burnishing, a surface treatment which relies on the plastic deformation generated by 
the global sliding of the indenter. To achieve the desired property change using this 
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process, it is imperative that the equivalent stress maximum is located at the surface 
level. In the case of the contact of a parabolic indenter with a half-space, Johnson 
(1985) provided the limit of this coefficient of friction at ye = 0.3. 


4.6.4 The Profile in the Form of a Power-Law 


In Chap. 2 (Sect. 2.5.8) the solution of the normal contact problem for an indenter 
with a general profile in the form of a power-law: 


f(r) =br", neR*, (4.64) 


with a positive real number n, has been derived. In order to not confuse the second 
constant in this function with the radius of the stick zone c, we call it b (in contrast 
to what it was called in previous chapters). When considering the normal contact, 
we found the following expressions ((2.63)—(2.65)): 


d(a) = k(n)ba", 


k(n)ba"*!, 


Fy(a) = B* 2n 
daj = 
N n+1 


a 
E* dx 
o-:(r;a) = ———nk(n)b | x""'_——_., r Ka, 
(a) = -Enb f x", rs 
: 


2 
w(r;a) = —k(n)b | a” arcsin r>a, (4.65) 
1 


a f . dx 
@)- free 
r J r2 — x2 


for the indentation depth d, the contact radius a, the normal force Fy and the normal 
stresses o,,, and the normal displacements w of the half-space. Here, the stretch 
factor x(n) is defined as: 


z T(n/2+ 1) 
k(n) := ETA] + D2 (4.66) 
with the gamma function T (-): 
iG) = | t7! exp(—t)dt. (4.67) 
0 


The solution of the tangential contact problem shown in Fig. 4.11 can be obtained 
using (4.38); that yields to the following relationships between global contact vari- 
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Fig. 4.11 Tangential contact 
between a rigid indenter 
with a profile in the form of 
a power-law and an elastic 
half-space 


ables (displacement uw and tangential force F,,): 


E* 
u® (a,c) = = K(n)b(a" — c"), 
(0) = pE* ba” 
us’ (a) G k(n)ba”, 
* 2n n+l n+l ge 
Fy (a,c) = pE a z bla —c"7 ) = pFy(a){ 1— mt | (4.68) 


The tangential stresses and displacements can also be obtained by (4.38) using 
(4.65). The explicit representation is extensive, and should therefore be omitted 
here. For the treatment of integrals occurring in o,, and w—and thus also in oy, 
and u—see Sect. 2.5.8 which deals with power profiles. The loss of mechanical 
energy is, according to (4.42), 


a 


fe — x")(x" e c”)dx 
= 2[uE*bk (n)? n a?”+! — cont 
E G* n+1 2n+1 


_ 2[uE* be(n)? 


Wr(c,a) = G 


— a"c" (a — 0] . (4.69) 


This can be shown in normalized variables as 


pm te gap- OE a 


with the maximum 


max = n(c = 0) = (4.71) 


2n +1 
Since n must be a positive number, this only assumes values between zero and 
one, which of course is physically necessary. In Fig. 4.12 the expression 7/1max iS 
represented as a function of c/a for different exponents n. It can be seen that the 
curves for larger exponents decrease with increasing radius of the stick zone later 
and are steeper against zero. 
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Fig. 4.12 Normalized dis- 
sipated friction energy as 

a function of the normal- 
ized radius of the stick 

zone during indentation by 

a power-law profile for differ- 
ent exponents n 


4.6.5 The Truncated Cone 


Now consider profiles that have a flat tip, for example, due to wear. 


0, r <b, 
= = 4.12 
fe) (r—b)tan@, r>b. t ) 


Here, 6 denotes the slope angle of the cone and b the radius at the blunt end. In 
Chap. 2 (Sect. 2.5.9) the following relationships between the global contact vari- 
ables (indentation depth d, the contact radius a, and the normal force Fy) were 
derived for the solution of the normal contact problem: 


d(a) = a tan 0 arccos (2) : 


a 


: 7 b b b? 
Fy (a) = E* tan 0a“ | arccos | —] + -4 1- |. (4.73) 
a a 


Fig. 4.13 Tangential contact 
between a rigid truncated 
cone and an elastic half-space 
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The mean pressure in contact is thus 


E* tan 8 b b b? 
Po = ——— |arccos{—] + -41-5 |. (4.74) 
x a a a 


The equations for the normal stresses o,, and the displacements w of the half-space 
outside the contact region are described by the expressions: 


K (5) -F («sin (7) =) 


i (2) dx 
+ arccos | — | ——, r <b, 
E* tan 0 b x 2 = 72 


02,(r;a) = = b b b 
— [x (°) — F (arcsin (2) F 2) 
r r a/ r 
a (2) dx 
+f arccos | — | ————., b<r<a. 
, x pd pe 
(4.75) 
and 
2tan 0 . a f b dx 
w(r;a) = goaaresin (Z) = J x arccos = | 
T r x r2 — x2 
b 
r>a. (4.76) 


Here, K(-) und F(-,-) denote the complete and incomplete elliptic integrals of the 


first kind: 
m/2 


K(k) := J ia 


Vl- ksing 


A EAA ER (4.77) 
1 — k? sin? Q 
0 


By applying (4.38), the tangential contact problem (see Fig. 4.13) can now be 
solved. For the tangential displacement u® and the tangential force Fy, one ob- 


tains: 
E* b 
u (a,c) = H tan 0 E arccos (2) - carecos (2) | , 
G* a c 


2 
F.(a,c) = wE* wn ain (2) + 4 1— a 
a 


9 b b b? 
— c^ | arccos | — | + -4/1 — zle (4.78) 
c c c 
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Fig. 4.14 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a during 
indentation by a truncated 
cone 


0 0.2 0.4 0.6 0.8 1 
c/a 


The radius of the stick zone c cannot decrease below the value of b; the contact starts 
to slide completely, if b = c. The corresponding maximum tangential displacement 
is described by: 
orn _ HE*a ( b ) 
uè (a) = —— tan @ arccos | — }. (4.79) 
G* a 

It is easy to see that b = 0 reproduces results of the complete cone. In Fig. 4.14 the 
normalized tangential displacement u ® / u® is shown as a function of the normal- 
ized radius of the stick zone c/a for different values of b/a. It can be seen that the 
curves for very small values of b approach the solution of the complete cone 


in ar (4.80) 
1m —_ = = 5 x 
pod yO z 


Figure 4.15 shows the dependency on c/a for the normalized tangential force 
Fr/ (uF). Again, the limiting curve corresponding to the whole cone is easily 
recognizable: 


=|-—, (4.81) 


The tangential stresses and displacements can be obtained by substituting the 
results obtained so far in this section into (4.38). Figures 4.16 and 4.17 show the 
normalized curves of the tangential stress in contact for different values of the nor- 
malized radius of the stick zone at b = 0.09a and b = 0.49a. For b = 0.09a, 
the result hardly differs from the curves of the complete cone in Fig. 4.4. It can be 
seen that c > b. Thus, before the complete sliding begins, the tangential stresses 
(in contrast to the pressure distribution) has no singularities. For b = c, i.e., at the 
beginning of complete sliding, is |Jo,,| = j2|o,,|, which means that the tangential 
stresses at r = b have the same singular behavior as the normal stresses. 
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Fig. 4.15 Normalized tan- 
gential force as a function 
of the normalized radius of 
the stick zone for different 
values during indentation by 
a truncated cone 


Fig. 4.16 Normalized tan- 
gential stresses in contact for 
different values of the nor- 
malized radius of the stick 
zone c/a during indenta- 
tion by a truncated cone with 
b = 0.09a 


Fig. 4.17 Normalized tan- 
gential stresses in contact for 
different values of the nor- 
malized radius of the stick 
zone c/a during indenta- 
tion by a truncated cone with 
b = 0.49a 
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4.6.6 The Truncated Paraboloid 


A truncated paraboloid with the radius of curvature R and the radius at the flat tip b 
can be described by the profile 


2, 7 (4.82) 
zo r> b. 
In Chap. 2 in Sect. 2.5.10, the solution 
d(a) = SVa, 
Fy (a) = TE oa? +b?) Va? — b2 (4.83) 


for the normal contact problem was determined. Here, as always, d denotes the 
depth of indentation, a the contact radius, and Fy the normal force. The stresses 
were given in integral form as: 


L (2x? — b*)dx <h 
, r <b, 
E* |Jb Vx2—b? Vx? -—r? 


zz(r;a) = — 4.84 
oz-(r;a) mR) pe (x2 —B2)dx f (4.84) 
j <r<a. 
e See 
and for the normal off-contact displacements: 
2 
w(r;a) = 24 Ve — PW aresin (=) 
wR r 
1 [a2 — b2 
— — G — b°?) arcsin (=) — va? — bev Pr? — a] ; 
wR Jr2 — b2 
r>da. (4.85) 


was found. 

Thus, for the tangential contact problem (see Fig. 4.18), the following relation- 
ships between the global contact variables (tangential displacement of the indenter 
u® , radius of the stick zone c, and tangential force F,) can be determined using 
(4.38) (the contact starts to slide completely at b = c): 


ae (ava? =? —cv c? =P) i 


E* 
u® (a) = e — b?, 


F,(a,c) = a [ 20? +b) Va — b? — (2c? +b?) V2 — p? | (4.86) 


u® (a,c) = 


152 


Fig. 4.18 Tangential contact 
between a rigid truncated 
paraboloid and an elastic 
half-space 
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These are shown in a normalized manner in Figs. 4.19 and 4.20. As in the case of 
the truncated cone, for small values of b, it is easy to reproduce the known limiting 


cases of the complete paraboloid; namely: 


— fu® ë 
inf 5| =i- g 
c 
and 
. Fy o 
im — 
b—>0 HFN a? 


(4.87) 


(4.88) 


The tangential stresses and displacements should, again, not be written out for 
reasons of space but can be obtained by inserting them into the general equa- 
tions (4.38). Some dependencies of the tangential stresses are shown in Figs. 4.21 
and 4.22. These have the same singular behavior as in the case of the truncated 
cone; that is, the tangential stresses are only singular if r = b = c, i.e., in case of 


full sliding. 


Fig. 4.19 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a when 
indented by a truncated 
paraboloid 
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Fig. 4.20 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a when 
indented by a truncated 
paraboloid 


Fig. 4.21 Normalized tan- 
gential stresses in the contact 
for different values of the 
normalized radius of the stick 
zone c/a when indented by 

a truncated paraboloid with 

b = 0.09a 


Fig. 4.22 Normalized tan- 
gential stresses in the contact 
for different values of the 
normalized radius of the stick 
zone c/a when indented by 

a truncated paraboloid with 

b = 0.49a 
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4.6.7 The Cylindrical Flat Punch with Parabolic Cap 


For the consideration of the indenter with parabolic cap (see Fig. 4.23) we assume, 
as always, that the indentation depth d is large enough to actually bring the main 
body into contact. Otherwise it would be the pure contact with a paraboloid, for 
which the results can be looked up in Sect. 4.6.3. The flat cylindrical punch with a 
parabolic cap can be described by the profile: 


f(r) =4 2R 


œ, r>a. 


(4.89) 


Here, a is the radius of the punch and R is the radius of curvature of the cap. In 
cases where d is indeed sufficiently large, the solution of the friction-free normal 
contact problem (with the normal force Fy, the stress distribution o,, within, and 
the normal displacements of the half-space w outside the contact) was derived in 
Chap. 2 in Sect. 2.5.11, to which we want to refer again. 


a? 
Fy(d) = 2E* (aa — =) , dR>a’, 
E* a? — 2r? + dR 3 
td) =- a rSa,0dk> a, 
w(r:d) = a [Car — r°) arcsin (=) tavr2— a] , 
aR F 


r>a, dR>g&. (4.90) 


The mean pressure in contact is: 


Fy 2E* 
== 3dR—a’). 4.91 
Po= 3 Ra | a‘) (4.91) 


Since the normal stress at the edge of the contact at r = a is singular, the contact 
can stick completely even after applying a tangential force, as in the case of the flat 


Fig. 4.23 Tangential contact 
between a rigid cylindrical 
punch with parabolic cap and 
an elastic half-space 
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punch. The exact MDR shape of the problem makes it easy to understand how long 
this condition can last. The springs on the edge of the contact will begin to slide, if 


* 2 
o KE a’ \._,,@ 
uO > “= (4-5) =i (4.92) 
Thereafter, the area of partial sliding begins to spread from the edge until finally the 
whole contact slides, if 


* 
o HET, 
ul) > ad = up. (4.93) 
In contrast to all previous sections of this chapter, there are three different regimes: 
e u® < uo. complete sticking 
s u® < u® < u®: partial sliding 


o u®> uo: complete sliding 


The corresponding solutions of the tangential contact problem, i.e., the relationships 
between the radius of the stick zone c, the tangential displacement of the indenter 
u® , the tangential force Fy, and the tangential stresses ox- and displacements u of 
the half-space are given by the general relations (3.38) as follows. 


Case 1: Complete Sticking 
F,(u) = 2G*au®, 


G*u® 
oxz(r;u®) = -— =, r<a 


u(r; u®) = 


0) ä 
arcsin (=) » Fas (4.94) 
p 


Case 2: Partial Sliding with Radius of the Stick Zone c 


* 2 
u® (d,c) = g (a = a): 


G* R 
2u E* 
F,(d,c) = = (3adR — a? = 2c’) , 
dR — a? 
$ Var- Nar + r<c, 
Ox-(r; d,c) = — R dR — aq? MA 
2Va?—r2+ c<r<a, 
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2 1 
R= L= -| (2c? = r°) arcsin (£) 
2 T r 


+evr =e], c<r <a, 
HE* 


G*R A (2dR — r?) arcsin ($) 


c 
tavr2—a2— Ge = r°) arcsin (£) 

r 
— evr? |, r>a. 


— 


u(r;d,c) = 


(4.95) 


The normalized tangential stresses and displacements are shown for the case 
dR = 1.2a? in Figs. 4.24 and 4.25. When using the Ciavarella-Jäger principle in 
the form 

Oxz(r) = H [0z: (r;a) — 022(r; c)], (4.96) 
care should be taken. o,,(7; c) denotes the stress distribution which arises when the 
same indenter (i.e., with the punch radius a), is pressed into the half-space up to a 
contact radius c. But this means only the parabolic cap is in contact, so the stress 
distribution is the stress distribution of the simple paraboloid going back to Hertz 
(1882): 


2E* 
Garic) = =e =r? £ 07,(ria)|q—c- (4.97) 


This blurring of the notation is hard to avoid. The same applies to w (r; c), which 
is required for the calculation of the tangential displacement distribution according 
to (4.38). 


Case 3: Complete Sliding 
In the case of complete sliding, the solution results by substituting c = 0 into (4.95). 


For R — œ, the case of the flat cylindrical punch results. Then the possibility of 
(0) _ | (0) 


partially sliding is eliminated because of u} = ue’. 

Fig. 4.24 Normalized 2 r 7 r 
tangential stresses during : —c/a=0.1 
indentation by a flat stamp ---c/a=0.5 
with paraboloidal cap for ist ‘== c/a=0.9 
dR = 1.2a? and different f : 


values of the normalized ra- 
dius of the stick zone. The 
dotted line corresponds to the 
(0) — ,,(0) 
case uu? = uj 
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Fig. 4.25 Normalized tan- 1 r 
gential displacements when —c/a=0.1 
indented by a flat punch ---c/a=0.5 
with paraboloidal cap for O8 fat deat ee ekg Ne ee ee A 
dR = 1.2a and different : ee eee 
values of the normalized ra- 0 6 nOA aoe ee TET a ee 
dius of the stick zone. The Sg 
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(0) = 
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0.2 a i Paer ents 
0 Ë i i i 
0 0.5 1 1.5 2 2.5 


4.6.8 The Cone with Parabolic Cap 


The tangential contact between a cone with a rounded tip and an elastic half-space, 
shown schematically in Fig. 4.26, was first investigated and solved by Ciavarella 
(1999). The profile of the indenter with the conical slope angle @ and the value of 
b of the radial coordinate at which the conical main body differentiably passes into 
the parabolic cap is described by the rule 


2 
r-tan@ 
r<b, 


ID= 22, (4.98) 
rtan@ — z tan ð, r >b. 


In Chap. 2 (see Sect. 2.5.12) the following solution for the normal contact problem 
was derived: 
l—si 
d(a) = atan (Ea + v) : 
COS Yo 
4 1 — sin po 


Fy (a) = E*a? tan 0 ( = 
3 cos Go 


1 
+ 3 SiN Yo COS v) ; (4.99) 


Fig. 4.26 Tangential contact 
between a rigid cone with 

a rounded tip and an elastic 
half-space 
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with b 
Qo := arccos (2) ; (4.100) 


a 


The contact is radius a, the indentation depth d, and normal force Fy. The normal 
stresses in the contact are described by: 


Va —r? 
Po 2t t d 
+f (y — 2 tang) tang dg 
V1 -= k? cos? o 


_E* tan |2vVa2-— r2 


th arcosh( £) b 
+ of arccos ( ) 
0 r cosh o 
— 24/ k? cosh? o — ilav b<r<a 


0-,(r;a) = 


(4.101) 
and the normal displacements out of contact through the distribution: 
w(r;a) = 
2d(a) C 
—— arcsin ~) 
T r 
P0 
ane — tang) tangd 
_ tan r? arcsin (< ) - avr? =a? + 267 (y — tan g) tan gdo 
me cos o y k? cos? y — 1 
Cra (4.102) 


It is assumed that the contact radius does not fall below the value a = b. Ifa < b, 
it is the contact with a paraboloid with the radius of curvature, 


b 
tan 0’ 


R := (4.103) 
for which the results can be looked up in Sect. 4.6.3. If the normal stress at the edge 
of the contact disappears, the contact cannot fully stick at a tangential load. There 
are three different cases for the sliding regime: 


e partial sliding with c > b 
e partial sliding with c < b 
e complete sliding 


Equations (4.38) can be used to obtain the following solutions to the tangential 
contact problem (radius of the stick zone c, tangential indenter displacement u, 
tangential force Fr, tangential stresses o,.,, and half-space displacements u): 
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Case 1: Partial Sliding with c > b 
E* 1 — sin 1 — sin 
u® (a,c) = P” tand la AS PO i g —c PE ; 
G* COS Yo cos Wo 


41-si 1 
Fy (a,c) = pE” anolo ( + TOS, + 5 sing cosgo) 


3 COS Go 3 


2 he — My y P 
=c =~ ———_ + -> sin yo cos : 
ae: cos Wo 3 £ a 


02:(r;a)—Oz2(ric), r <c, 
Ox:(r;a,c) =u 


Oz-(r;a), c<r<a, 
E* — pa . 
ATE H d(a)— f(r)—w(r;c), c<r<a, (4.104) 
G* [w(r:a) —wi(r:c), r>a, 
with b 
Wo := arccos (2) ‘ (4.105) 
c 


In this case (in contrast to the previous section), o,,(r;c) actually means 
0z:(1;a)|q=c. This also applies analogously for all other expressions. There- 
fore, all functions that are still open in (4.104) can be looked up in (4.98) to (4.102). 
For b = 0 and, therefore, g = Wo = 2/2; the solutions for the complete cone 
from Sect. 4.6.2 are recovered. 


Case 2: Partial Sliding with c < b 

The principle of Ciavarella and Jager demands at this point that the solution of the 
tangential contact problem is given by the difference of solutions of the following 
two normal contact problems: firstly, the normal indentation by the indenter defined 
in (4.98) up to a contact radius a, and secondly, the normal indentation of the same 
indenter up to a contact radius c < b. The latter corresponds to a normal contact 
with a paraboloid, since only the parabolic tip of the indenter is in contact. So the 
tangential solution we are looking for is: 


E* 1l—si 2 
u(a,e) = E ine [a ("+ w)- 5]. 


* COS Yo b 
41—si 1 4c? 
F,(a,c) = wE* tan 6 | a? gat - > + = sing cosy =k 
3 coso 3 3b 
2E* 
072(r;a) + ——tanOvc?—r?, r<c, 
Ox: ("3d,Cc) = pb mb 
Oz2(r; a), c<r<a 
E* os _ . < 
PA H d(a)— f(r)— wp(r;c), c<r <a, (4.106) 
G* [w(r;a)— wp(r;c), r>a, 
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Fig. 4.27 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a when 
indenting by a cone with a 
rounded tip 


Fig. 4.28 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a when 
indenting by a cone with a 
rounded tip 


% 02 04 0.6 08 1 
c/a 
with the displacement: 
ce r? . 7¢ r?— ce? 
wp(r;c) = — tan 0 | | 2— — J arcsin (-) + ——— |. (4.107) 
ab g? r c 


Case 3: Complete Sliding 
The solution here is a result of inserting c = 0 into solutions (4.106). 

Figure 4.27 and 4.28 show the normalized values of the global contact sizes u ®© 
and Fr as a function of the normalized radius of the stick zone. For small values of 
b, one recognizes very well the limiting case of the ideal cone. 

The curves of the normalized tangential stresses for individual normalized values 
of the two radii b and c are shown in Figs. 4.29 and 4.30. It is immediately apparent 
that for small values of b the curves of the ideal cone can be found. However, one 
also sees that the dependency for c > b only weakly depends on b. For example, 
the curve of c = 0.9a and b = 0.5a is almost exactly that of the ideal cone at 
c = 0.9a, despite the rather large value of b. 
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Fig. 4.29 Normalized 
tangential stresses in the 
indentation by a cone with 

a rounded tip for b = 0.la 
and different values of the 
normalized radius of the stick 
zone 


- 
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r/a 
Fig. 4.30 Normalized glar cja = 01 | 
tangential stresses in the 2 
indentation by a cone with ---c/a=0.5 
=- c/a = 0.9 


a rounded tip for b = 0.5a 
and different values of the 
normalized radius of the stick 
zone 


E a 


4.6.9 The Paraboloid with Parabolic Cap 


The method in this problem is completely analogous to that of the previous sections. 
The indenter profile can be described by the function: 


r2 
7R?’ r <b, 
I) = 32L (4.108) 
> r>b. 
2R 


Here, R; is the radius of curvature of the parabolic cap, and R> is the radius of the 
parabolic base body (see Fig. 4.31). The continuity of f implies 


k =b? (: = zx) (4.109) 
Rı 
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Fig. 4.31 Tangential contact 
between a rigid paraboloid 
with parabolic cap and an 
elastic half-space 


for the length h. The normal contact problem with a contact radius a > b, the 
indentation depth d, the normal force Fy, and the normal stresses and displacements 
of the half-space oz; and w is described by the relations: 


dla) = & + £va- t, 
Rı R* 
2E* [2a 1 
Fy (a) = + (apja : 
3 |R E 
2Va?2 — r? +f (2x? — b?) dx ay 
e EE aes A 
E* Ri J R*4 x2? — b2/ x? — r2 
Ozz(r;a) = a 
Tw) Va? -r2 (2x? — b’) dx 
nAn +f , b<r<a, 
Rı VRS — b? ~ x? — r? 
w(r;a) = wp (r;a; R = Ri) + wps(r;a; R = R*), r>a, (4.110) 


derived in Sect. 2.5.13. Here, wp and wps denote the displacements in the indenta- 
tion by a complete or truncated paraboloid: 


a? r? . 7a Jr? — a? 
wp(r;a; R) = —]|{2- — J aresin (=) + ——— |, 
a r 


wR, a 


2 
wps(r;a; R*) = l Va? — Pb aresin (7 
mt R* cr 


je — b°) arcsin (E) sats fa) po amaA | 


mR* Vr2—b 
(4.111) 
R* is an effective radius, which is described by the relation: 
$ Rı Ro 
R* = ——~—. (4.112) 
R, — R 


Fora < b, we have a contact with a pure paraboloid with the radius of curvature R4, 
for which the results can be looked up in Sect. 4.6.3. The solution of the tangential 
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contact problem in the three cases already introduced in the previous section is 
as follows (all open functions in (4.113) and (4.114) can be taken from (4.108) 
to (4.112). u denotes the tangential displacement of the rigid indenter, c the 
radius of the stick zone, Fr the tangential force, Oyz the tangential stresses, and u 
the tangential displacements on the surface of the half-space). 


Case 1: Partial Sliding with c > b 


E* 2 2 
u® (a,c) = Ë Z y Eva- EN), 
R, R* R, R* 


2uE* | 2a? 1 
F,(a,c) = = É + 5200? +V 
w J Badia 
-u REC + b°) C —b ; 


02:(1;a) — 0z-(r;c), r<e, 
Oxz(T34,c) = u 


0::(r; a), c<r <a, 
E* \d(a)— — -c), <r<a, 
u(r,a,c) = © ee a (4.113) 
G* (w(r;a) — w(r;c), r>a. 
Case 2: Partial Sliding with c < b 
* 2 2 
(0) a(S  * Jeo. 
u` (a,c) Ge ($ + R a RJ’ 
2uE* [2a Won eae 2c? 
F, (a,c) = 2 b 2_ b2- — |, 
(a,c) a BELCE )va R, 
E* 
0z:(r;a) + — v e? — r?, r = ct, 
Ox(r3 a,c) = Ry 
0:-(r; a), c<r<a, 
E* \d(a)— — :c; Ri), <a, 
inada OO ee), Gone (4.114) 
G* (w(r;a) — wp(r;c; Ri), r>a. 


Case 3: Complete Sliding 
The solution arises here by inserting c = 0 into (4.114). 

One obtains the usual limiting cases for this indenter profile: for Ri = Ro, 
respectively R* — oo, the solution of Cattaneo and Mindlin from Sect. 4.6.3 can 
be used, for Rj — oo the solution of the truncated paraboloid from Sect. 4.6.6 and 
for b = 0 the solution of Cattaneo and Mindlin with radius R2. 

Now let us visualize some of the results obtained from this. For the sake of 
simplicity, let us choose Rı = R*. However, all of the effects characteristic of the 
indenter profile described in this section occur with this limitation. 
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Fig. 4.32 Normalized tan- 
gential displacement as a 
function of the normalized 
radius of the stick zone for 
different values b/a when 
indented by a paraboloid with 
parabolic cap with R; = R* 


Fig. 4.33 Normalized tan- 
gential force as a function of 
the normalized stick radius 
for different values b/a when 
indented by a paraboloid with 
parabolic cap with R; = R* 
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In Figs. 4.32 and 4.33 the normalized global tangential displacement u® and the 
normalized tangential force F, are shown as a function of the normalized radius of 
the stick zone for different values of b. As always, one recognizes the characteristic 
limiting cases. In addition, one observes a kink at c = b, which has not yet appeared 
in the previous sections. This kink is due to the fact that the profile at r = b is not 
continuously differentiable and yet radii of the stick zone c < b are possible. This 
combination has not yet occurred in this chapter, or the kink corresponding to the 
transition to complete sliding of the contact. 

Some normalized curves of the tangential stresses are shown in Figs. 4.34 
and 4.35. As in the case of the cone with a rounded tip, the curves for c > b 
barely differ from the dependencies for the ideal body; in this case the paraboloid 
from Sect. 4.6.3. In particular, the tangential stresses for c > b—in contrast to the 
normal stresses—are not singular at r = b. 
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Fig. 4.34 Normalized 
tangential stresses when 
indented by a paraboloid 
with paraboloidal cap for 
R, = R*,b = 0.1a and 
different values of the nor- 
malized radius of the stick 


zone 

Fig. 4.35 Normalized 2 

tangential stresses when —c/a=0.1 
---c/a=0.5 


indented by a paraboloid : : 
with paraboloidal cap for Lusptividievi en ape cu ee/a= 02 | 
R, = R*,b = 0.5a and i 

different values of the nor- 
malized radius of the stick 
zone 


4.6.10 The Cylindrical Flat Punch with a Rounded Edge 


The tangential contact problem of a flat cylindrical punch with rounded corners 
and an elastic half-space (see Fig. 4.36) was first solved by Ciavarella (1999). The 
indenter profile has the shape 


0, r <b, 
JO = 4G bP (4.115) 
2R 
with the radius of curvature R of the rounded corner and the radius b of the flat 


punch surface. The solution of the normal contact problem can be found in Chap. 2 
(Sect. 2.5.14). As usual, a denotes the contact radius, d the indentation depth, and 
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Fig. 4.36 Tangential contact 
between a rigid flat cylin- 
drical punch with rounded 
corners and an elastic half- 
space 


Fy the normal force. It is: 


2 
@ 
d(a) = p Po — Yo COS Po), 
E*œ 3 
Fy (a) = GR. [sin go (4 — cos* po) — 3po cos po] ; (4.116) 
with the angle: 
b 
Qo := arccos (2) : (4.117) 
a 


The stresses and displacements in the normal direction are: 


f (=P — barccos (2) eae, r<b, 
b X 


x2 — 7? 


0::(7;a) == 


2 


R a b d 
7 | (2457 = - baecos (*)) -H b<r<a, 
r x Xx 


w(r;a) = yeas arcsin 3) 
x r 
oe f » | Vi? = BF b arccos (~) ee ; 
R x 72 — x2 
b 


r>a. (4.118) 


With a tangential loading of the contact, the radius of the stick zone cannot fall 
below the value of c = b, since the contact will begin to slide completely at this 
value. However, this makes it very easy to specify the solution of the tangential 
contact problem (uw denotes the tangential displacement of the rigid indenter, c 
the radius of the stick zone, Fy the tangential force, Oyz the tangential stresses, and 
u the tangential displacements at the surface of the half-space). With help from the 
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Fig. 4.37 Normalized tan- 
gential displacement as 

a function of the normal- 
ized radius of the stick zone 
for different values b/a when 
indenting with a flat punch 
with a rounded edge 


Fig. 4.38 Normalized tan- 
gential force as a function of 
the normalized radius of the 
stick zone for different val- 
ues b/a when indenting with 
a flat punch with a rounded 
edge 
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general relations (4.38), one obtains: 
LE* 


(0) = 
u` (a,c) GR 


[a° (sin Po — Po COS po) — c? (sin Wo — Wo cos Vo) | : 


E* 
F, (a,c) = 3R fa? [sin Ppo(4 — cos? po) — 3G cos po] 
=g [sin Wo(4 — cos? Wo) — 3yo cos Yo] i, 


022(r;d) —02-(ric), r <c, 
Ox2(r;a,c) = 
öz Tid) c<r<a, 


Hee OTs eee, (4.119) 
E G* (w(r;a)— w(r;c), r>a, l 


168 


Fig. 4.39 Normalized tan- 
gential stresses in contact 
for different values of the 
normalized radius of the 
stick zone c/a, while in- 
denting with a flat punch 
with rounded corners with 
b = 0.49a 


Fig. 4.40 Normalized tan- 
gential stresses in contact 
for different values of the 
normalized radius of the 
stick zone c/a, while in- 
denting with a flat punch 
with rounded corners with 
b = 0.84a 


with 
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1.4 l 
—c/a=0.5 

1.2}|---c/a=0.7 | 
== c/a=0.9 : 


oo 
ad 


0 0.2 0.4 0.6 0.8 1 


Wo := arccos (2) 3 (4.120) 


The solution for complete sliding is achieved by inserting c = b into (4.119). 

In Figs. 4.37 and 4.38 the tangential displacement and force are shown in nor- 
malized variables as functions of the normalized radius of the stick zone. Some 
curves of the tangential stresses are shown as an example in Figs. 4.39 and 4.40. 
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4.7 Adhesive Tangential Contact 


In JKR theory, the equilibrium configuration of an adhesive contact is determined 
by minimizing the total energy of the system, which consists of the energy of the 
elastic deformation of the contact partners, the surface energy, and the work from 
external forces. Since this total energy does not depend on the tangential displace- 
ment, the JKR contact does not formally possess any “tangential strength’. Strictly 
speaking, the absence of friction is one of the assumptions of the JKR solution, 
since it uses the solutions of the frictionless normal contact problem as its building 
blocks. Yet the lack of tangential strength of adhesive contacts is obviously con- 
tradicted by experimental results. The physical cause of this contradiction lies in 
the heterogeneous structure found at the microscopic scale (or at the atomic scale, 
at the very least) of any real interface. This heterogeneity leads to a finite contact 
strength (or static friction) in the tangential direction. 

In this subsection, we will restrict ourselves to the simplest model of an adhesive 
tangential contact problem, with a conveniently defined “adhesion” in the normal 
direction and “friction” in the horizontal direction. This problem can be considered 
a generalization of the theory of Cattaneo and Mindlin to include adhesive con- 
tacts. We assume that the adhesive forces have sufficient range to be considered 
“macroscopic” with regards to the friction forces in the contact. In other words, we 
operate under the assumption that the adhesive forces create additional macroscopic 
pressure in the contact which, according to Coulomb’s law of friction, leads to in- 
creased friction forces. Since both the normal and the tangential contact problem of 
two elastic bodies can be reduced to the contact between a rigid body and an elastic 
half-space (with modified material properties), we will consider—without loss of 
generality—the case of a rigid indenter in contact with an elastic half-space. 

For the adhesive forces, we use the model of Dugdale where the adhesive pres- 
sure remains constant up to a certain distance h between the surfaces and abruptly 
drops to zero after that distance (3.147). The theory of adhesive contacts for this 
particular interaction was created by Maugis and is featured in Sect. 3.8 of this 
book. Therefore, the following theory can also be viewed as a generalization of the 
theory by Maugis relating to adhesive tangential contacts. 

Let us consider a rigid indenter with a three-dimensional axially symmetric pro- 
file f(r) and the corresponding MDR transformed profile g(x). The profile g(x) is 
initially pressed into the Winkler foundation, which are defined by the MDR rules, 
by d and subsequently displaced by u% in the tangential direction. The correspond- 
ing adhesive normal contact problem was solved in Sect. 3.8, from which the entire 
notation is inherited. For a sufficiently small rigid body displacement, the springs 
near the edge of the contact (contact radius a) slip while the springs in the interior 
zone (with the radius c) remain sticking. The radius c of the stick zone is given by 
the equation: 


Gry =u (200 b? — c? + E* |d — gol) : (4.121) 
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which sets the tangential force at the position c equal to the product of the normal 
force and the coefficient of friction. The total tangential force is calculated by 
integrating over all springs in the contact: 


c a 


F. = af G*u®dx + 2u f aax 
0 p 


= 2G*u®c + 2u f (20v b? — x? + E*[d — go) dx 


= 2G*u®c + 2u0o [sv b2 — x? + b?” arcsin =] 


c 


+ 2uE*d(a—c) — 2u E* J g(x)dx. (4.122) 


c 


The first term to the right-hand side is the contribution of the inner stick zone 
(rigid translation u®). The second term is a contribution from springs in the slip 
zone (distributed load in the normal direction consisting of the elastic component 
E*|d — g(x)] and adhesive component 20) Vb? — x? given by (3.148), and multi- 
plied with the coefficient of friction). Radius b of the interaction zone is determined 
from the equations of the normal contact problem which are listed in Sect. 3.8. 

A complete theory of the tangential contact problem under those assumptions 
can be found in (Popov and Dimaki 2016). Here our consideration only deals with 
the limiting case of very short-range adhesive interactions (i.e., the parameter A is 
much smaller than all other characteristic system measures). This limiting case 
corresponds to the JKR approximation for the adhesive normal contact. The differ- 
ence between the contact radius a and the radius of the adhesive interaction b > a 
should, therefore, remain small: 


ée=b—-a «a,b. (4.123) 
In this approximation (see (3.160)), 


thE* 
400 f 


(4.124) 


For the normal contact problem, expanding by the small parameter £ yields (see 


(3.161)): 
X N 2naAy 
d ~ g(a) ' TE 


a 


Fraxn(a) © 26" fld — g(x)lde. (4.125) 
0 
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with 
Ay = ooh, (4.126) 


which represent the exact JKR solution for an arbitrary axially symmetric profile. 
Substituting b = a + e with e from (4.124) into (4.121), and expanding to the 
lowest order of £ gives: 


G* (0) 
-E \402(a2 — c?) + 2ra E* Ay — y2raE*Ay 
H 


+ E*[e(a)— g(c)]. (4.127) 


This equation determines the relationship between the radius of the stick zone c and 
the tangential body displacement uw. It shows that even arbitrarily small tangential 
displacements induce partial slip in a narrow peripheral zone. This is in complete 
analogy to the case of the non-adhesive contact. The critical tangential displacement 
for the transition from partial to complete slip is calculated by setting c = 0: 


uO = a ( [soe + 2naE*Ay + E*g(a)— V3ra "Ar ) 


1 E* 200 E* 
=u (g vie + 2naE*Ay + S-a) xu (F a+ 5d) . (4.128) 


The approximation yields the tangential force: 


Fy 
— = cy/4o2 (a? — c?) + 2ra E*Ay —aV/2naE*Ay 
u 


+ 2E*|ag(a) —cg(c)] 


a 


2 2 ie * 
+ moa’ | 1 — — arcsin — | — 2E* | g(x)dx. (4.129) 
T a 


Cc 


At the onset of complete slip (c = 0) it is: 


F, f 
— = noya? + 2E*ag(a)—ay2raE*Ay —2E* J g(x)dx 
u 

0 


a 


= oora? + 2E* f [d — g(x)]dx = ra’ + Fysxr(a), (4.130) 
0 


where Fy gr (a) represents the solution of the adhesive normal contact problem in 
JKR approximation. 

The final (4.130) could be written directly without the preceding calculations 
since the expression in parentheses (s7a7o9 + Fy gr (a)) is simply the total com- 
pressive force in the contact (sum of the elastic force and the additional adhesive 
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compressive force). According to Coulomb’s law of friction, the tangential force 
for complete slip is equal to the total compressive force of the contacting surfaces 
multiplied with the coefficient of friction (independent of the particular pressure 
distribution in the contact). 


4.7.1 The Paraboloid 


A parabolic profile Z = f(r) = r*/(2R) implies g(x) = x?/R, and (4.127) 
and (4.129) take on the following form: 


G* (0) 
ieee Jia- e?) + 2naE*Ay — y2raE*Ay 


u 
E* 2 2 
+ Re E ), 
Fy 
A = cy 402(a? —c?) + 2ra E*Ay —a/2naE*Ay 
2 c 4 E* 
2 . 3 3 
1— —c). 4.131 
+ mova ( = aresin ©) + 5 R (a c°?) ( ) 
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Torsional Contact 


This chapter is dedicated to contacts between a rigid, rotationally symmetric in- 
denter and an elastic half-space, which are subjected to a twisting moment along 
the z-axis in the normal direction of the half-space. The fundamental equations of 
elastostatics exhibit an interesting property; that purely torsional problems are gen- 
erally elastically decoupled in cases of rotational symmetry. This means that the 
tangential displacements uo in no way affects the radial and normal displacements. 
(Note regarding the notation in this chapter: contrary to the previous chapter, the 
word “tangential” refers to “circumferential direction” in this chapter. With this 
in mind, all tangential displacements will be denoted by u with the corresponding 
index of the tangential direction, i.e., Ux, Uy, Uy, etc. Normal displacements will 
retain the notation w.) However, in spite of the elastic decoupling, there exists the 
coupling caused by friction. We initially consider contacts without slip, which ac- 
cordingly are decoupled from the normal contact problem, and we subsequently 
examine finite coefficients of friction. 


5.1 No-Slip Contacts 

5.1.1 The Cylindrical Flat Punch 

Twisting a rigid flat punch of radius a that is in no-slip contact with an elastic half- 
space (see Fig. 5.1) results in the tangential displacements caused by the rigid body 


rotation of the punch by the torsion angle g: 


u(r)=rg, ra. (5.1) 
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Fig. 5.1 Torsional contact 
between a rigid flat punch 
and an elastic half-space 


The torsional stresses o,, in the contact area and the outer displacements uy are 
given by: 


4Gq@ r 
Sgr) er er r<a, 
2 2 
ug(T) = ~~ r arcsin (=) — a i , r>a, (5.2) 


where G is the shear modulus. The stresses and displacements are represented in a 
normalized form in Figs. 5.2 and 5.3. The total torsional moment is: 


M: = —Ga’¢. (5.3) 


Fig. 5.2 Normalized tor- 
sional stresses as a function 
of the radial coordinate for 
torsion by a flat cylindrical 
punch 


r/a 
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Fig. 5.3 Normalized tan- 
gential displacements as 

a function of the radial co- 
ordinate for torsion by a flat 
cylindrical punch 


5.1.2 Displacement from Torsion by a Thin Circular Ring 


We will now consider the torsion of the elastic half-space induced by a moment M, 
that is distributed over a thin circular ring of radius a. Let the ring be sufficiently 
thin for the stress distribution to be described by a Dirac function: 


M: 
2ra? 


Op-(r) = — lr — a). (5.4) 
The resulting displacement of the half-space can be gained from the superposition 
of the fundamental solutions of elasticity theory. A point force F, acting in the x- 


direction on the origin causes the tangential displacements at the half-space surface 
(Johnson 1985) of: 


aad 
MG p 94S) 
vF; xy 
n= ——, 5.5 
W = ORG s ga 


with s being the distance from the point of the force application. A force in the 
y-direction results in correspondingly identical expressions for the opposite coor- 
dinates. A slightly involved yet elementary calculation yields the displacements 
caused by the stress distribution (5.4): 


2n 
1 M- cos gdo 
2nG J 2ra Ja? + r? —2ar cosg 
M, [Ste (2) E ro, (2) 66) 


= On2Ga2 r2+ar r+a r2+ar r+a 


Ug (ria) = 
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Fig.5.4 Tangential displace- 2 
ment of the surface from 
torsion by a thin circular ring 
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with the complete elliptical integrals of the first and second kind: 
m/2 
d 
K(k) := f =; 
J 1 — k? sin? Q 


m/2 


E(k) := / y 1 — k? sin? odg. (5.7) 
0 


These displacements are displayed in Fig. 5.4 and allow the direct calculation of the 
displacements from a given rotationally symmetric torsional stress distribution. 


5.2 Contacts with Slip 


We now consider contacts which are simultaneously loaded in the z-direction by 
a normal force Fy and a twisting moment M,. Once again, the problem can be 
reduced to the contact between a rigid indenter and an elastic half-space by intro- 
ducing the effective modulus of elasticity: 


1 ee a DE (5.8) 
E* 2G, 2G. 2G’ ; 


with the shear moduli G; and Poisson’s-ratios v;. The index “1” denotes the inden- 
ter and “2” the half-space. Many statements from Chap. 4 concerning tangential 
contacts with slip also hold true for torsional contacts with slip: the contacts exhibit 
hysteresis and memory, i.e., the solution of the contact problem is dependent on the 
loading history. Once again, we restrict ourselves to contacts with a constant nor- 
mal force and a subsequently applied, increasing twisting moment. This induces a 
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slip zone of radius a, which gradually expands inwards from the boundary of the 
contact. The inner stick zone is characterized by the radius c. 

Contrary to tangential contacts, there exists no theorem for torsional contacts 
permitting the reduction to the solution of the frictionless normal contact. Neverthe- 
less, Jager (1995) published a general solution for arbitrary rotationally symmetric 
indenters with a profile shape Z := f(r). The boundary conditions for the normal 
and tangential stresses o,, and oy, as well as the normal and tangential displace- 
ments w and wy at the surface of the half-space are: 


w(ir)=d-—f(r), r<a, 
u(r) =rg, r<c, 
Oy:(r) = Moz(r), C<r<a, 
0-;(r) = 0, r>a, 
Op-(r) = 0, r>a, (5.9) 


with the indentation depth d, the torsion angle ọ, and the coefficient of friction jz. 
We assume that the pure normal contact problem has been solved and the corre- 
sponding normal stresses oz; are known (refer to Chap. 2 for details). The solution 
of the torsion problem then requires just a single function $, which can be deter- 
mined from the condition: 


E a tO r dr 
p(x; a) = 36 | = FS (5.10) 


The relationship between the torsion angle and the two characteristic contact radii 
c and a is then given by: : 
p = o(c;a). (5.11) 


Moreover, the twisting moment can be calculated from the equation: 


a 


3 
16G 05+ | eieaa 


M,(c,a) 3 


3 
16605 -4u | [evr =e + r? arccos (£)] Ozz(r)dr, (5.12) 
r 


c 


and the torsional stresses in the stick zone are determined by the relationship: 


4Gr i do(x,a) dx 


TT dx x2 — r2 


Og:(r) = r<c. (5.13) 


c 
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The tangential displacements in the slip zone are given by the relationship: 


ug(r) =r paea oe ee , e<r<a. (5.14) 
i nr? Vet x? 


Equations (5.10) to (5.14) completely solve the described torsion problem. The 
problem is fully defined by providing the indenter profile and one quantity of each 
trio {d,a, Fy} and {y,c, M,}. We assume in both cases that the two radii are the 
given quantities. Regrettably, these relationships very rarely permit an analytical 
solution. Therefore, we will limit the scope of detail provided in this book to the 
indentation by a flat cylindrical punch and by a paraboloid. The following contact 
problems occur, for example, in stick-slip (purely mechanical) rotary drive systems. 
There, the most commonly used indenter shape is the sphere (see Sect. 5.2.2). 


5.2.1 The Cylindrical Flat Punch 


In Chap. 2 (see Sect. 2.5.1) we considered the normal indentation of an elastic half- 
space to the depth d by a rigid, flat cylindrical indenter of radius a. The following 
stress distribution was found: 
E*d 
Oz- (r; d) = —— =, r <a. (5.15) 
ava? -— r? 


Using (5.10) we obtain: 


maot 


j 1 dr pE*d g i x? (5.16) 
2nG Vaz — r2 JSr2 — x2 g 2x Ga a? ; ` 


with the complete elliptical integral of the first kind: 


nx/2 


K(k) := f do 


J1—k2sin2 9 


The torsion problem is solved through the following relationships between the 
global torsion angle g, the radius of the stick zone c, and the torsion moment M, as 
well as the tangential stresses Oyz: 


_ PE*d y j c? 
?= 27x Ga a2}? 


3 * 7 
3 Su E*d 2 
M: = 16G9> + = fx 1-3 Jax 


(5.17) 
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a 


_ 4Gr do(x,a) dx  (a,a) 
oe í dx =? ar e 
_ 2uE*dr 
7 ma 
j el x? am ii a dx 
aj] x a? } | (a2 = x?) Vx? =r? 


(5.18) 


with the complete elliptical integral of the second kind: 


m/2 


E(k) := / y 1-— k? sin’ pdg. (5.19) 
0 


For the sake of brevity, the tangential displacements in their general form will not be 
repeated here as they have already been demonstrated in (5.14). Complete stick in 
the contact is possible even for a non-vanishing torsion angle and a corresponding 
torque. The respective limiting values are: 


( ) uE*d ud 
c = 4) = Qe = = ; 
á k 4Ga 2(1 —v)a 
a eee ae 
Mc =a)= M; = 166 Q.-. = ge da’ = 3h ina. (5.20) 


The torsional moment and torsion angle, both normalized to these critical values, 
are displayed in Figs. 5.5 and 5.6 as functions of the normalized radius of the stick 


Fig. 5.5 Torsion angle, nor- 
malized to the critical value 
for complete stick, as a func- 
tion of the normalized radius 
of the stick zone for the tor- 
sional contact with a flat 
punch 


182 


Fig.5.6 Torsional moment, 
normalized to the critical 
value for complete stick, as 
a function of the normalized 
radius of the stick zone for 
the torsional contact with a 
flat punch 


Fig. 5.7 Torsional stresses 
normalized to the average 
pressure po multiplied with 
the coefficient of friction 

H for the torsional contact 
with a flat cylindrical punch. 
The thin solid line represents 
the stress distribution for 
complete slip 


Fig. 5.8 Normalized tan- 
gential displacements for the 
torsional contact with a flat 
cylindrical punch. The thin 
solid line represents the dis- 
placement caused by the rigid 
body rotation 
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zone. The variation of the torsion moment during the transition from complete 
stick to complete slip is less than 18%. The normalized distribution of the torsional 
stresses is given in Fig. 5.7 and tangential displacements is provided in Fig. 5.8. 


5.2.2 The Paraboloid 


In Chap. 2 (see Sect. 2.5.3), for a paraboloid with the curvature radius R and the 


corresponding profile shape 
2 


r 
IO) = sp (5.21) 


the following solution of the normal contact problem was derived: 


a 
d(a) = —, 
(a) 7 
4 E*a? 
F =- , 
w (a) 3 R 
2E* 
oz- (r;a) = — a a@—r?, r<a. (5.22) 


As usual, a denotes the contact radius, d the indentation depth, Fy the normal force, 
and o,, the normal stress distribution in the contact. 
Taking (5.10) into account gives us (for @): 


an elt | eh a 5.23 
P= ER zaJ EW ap 92 


Fig. 5.9 Torsional contact 
between a rigid paraboloid 
and an elastic half-space 
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with the complete elliptical integrals of the first and second kind: 


m/2 


K(k) := f iad 
0 


y1 —k sin? 
m/2 
E(k) := J y 1— k? sin? gdg. (5.24) 
0 


The solution for the torsion problem (see Fig. 5.9), initially found by Lubkin (1951), 
is then given by: 


el aa 
?= IGR a? a2} |’ 


3 


16uE*a f 5 x? x2 


_ 4E*ar ed aa x? dx < £95 
og:(r) = -— aR = oe eae rsc. ( 7 ) 


Here, g represents the global torsion angle of the rigid paraboloid, M, the torsional 
moment, and og, the torsional stresses. The torsion angle and the torsional moment 
as functions of the radius of the stick zone are represented in a normalized form 
in Figs. 5.10 and 5.11. Furthermore, Figs. 5.12 and 5.13 display the normalized 
tangential stresses and displacements as functions of the radial coordinate. 


Fig.5.10 Normalized torsion 
angle as a function of the 
normalized radius of the stick 
zone for the torsional contact 
with a parabolic indenter 


4r Gy a (Bu Fy) 


5.2 Contacts with Slip 


Fig. 5.11 Normalized tor- 
sional moment as a function 
of the normalized radius 

of the stick zone for the 
torsional contact with a 
parabolic indenter 


Fig. 5.12 Torsional stresses 
normalized to the average 
pressure po multiplied by 
the coefficient of friction 

H for the torsional contact 
with a flat cylindrical punch. 
The thin solid line represents 
the stress distribution for 
complete slip 


Fig. 5.13 Normalized tan- 
gential displacements for 

the torsional contact with a 
parabolic indenter. The thin 
solid line represents the dis- 
placement caused by the rigid 
body rotation 
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Wear 


Wear is the mechanical or chemical degradation of surfaces. Along with the closely 
related phenomenon of fatigue, wear is a central aspect in estimating the service 
life of any technical system. As is the case with friction, the microscopic and 
mesoscopic mechanisms causing the macroscopically observable phenomenon of 
wear are extremely varied and range from abrasive or adhesive debris formation, 
to the reintegration of previously removed material, to oxidation, and to chemical 
or mechanical intermixing of the involved surfaces. Accordingly, the formulation 
of a general wear law is quite difficult. Analogous to the Amontons—Coulomb law 
of dry friction, a common approach involves an elementary, linear relationship in- 
troduced by Reye (1860), Archard and Hirst (1956), as well as Khrushchov and 
Babichev (1960). When using this law, one must bear in mind that it is a very rough 
approximation. 

In this chapter, we consider rotationally symmetric profiles that wear while re- 
taining rotational symmetry. Trivially, wear is axially-symmetric for an axially 
symmetric load (such as a torsional load around the center line of the profile, which 
was studied by Galin and Goryacheva (1977)). However, the retention of axial 
symmetry of the profile does not necessarily require axial symmetry of the load 
condition. 

Wear can even be rotationally-symmetric during movements in directions which 
violate the symmetry of the system. This is the case, for example, when a rotation- 
ally symmetric profile is in a state of gross slip at a constant speed relative to an 
elastic base, where only the profile yet not the elastic base is the subject of wear. 
Since (in this case) the pressure is axially-symmetric and the relative slip speed of 
both surfaces is constant in all points of contact, the wear intensity is also axially- 
symmetric. At least, this is valid for all local wear laws where the wear intensity 
is only dependent on the pressure and relative slip rate. If the counterpart exhibits 
wear, the system loses its axial symmetry. 

Approximate axial symmetry is also retained in the practically relevant case of 
wear due to low-amplitude oscillations (fretting). In this case, the stress tensor is not 
isotropic. For a unidirectional oscillation in the Cattaneo—Mindlin approximation, 
the stress tensor only has a tangential component which, however, is solely depen- 
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dent on the polar radius. In the same Cattaneo—Mindlin approximation, the relative 
displacements of the surfaces also only depend on the radius. Wear determined 
by the local pressure and the relative displacements is thus axially-symmetric, re- 
gardless of the particular form of the law of wear. This leads to the common 
phenomenon of ring-shaped wear patterns. 

Many of the results in this chapter do not depend on the exact form of the law of 
wear. The only assumption held is that the wear occurs continually to prevent the 
generation of wear particles of the same characteristic length as the contact problem. 
We further assume that the law of wear is local, i.e., the wear intensity at a location 
depends only on the pressure and the velocity occurring at this location. In the rare 
cases demanding a concrete law of wear, we will assume the simplest law by Reye— 
Archard—Khrushchov, which says that the local wear intensity is proportional to the 
local pressure and the local relative velocity. With the profile shape of the wearing 
body at the point in time f denoted by f (r,t), the law can be written as: 


f (r,t) ~ prt) |vre(7, 2] - (6.1) 


Here, Vre is the relative velocity between the contacting surfaces and p(r, t) is the 
local pressure. The dot above the quantity signifies the differentiation with respect 
to time. 

In this chapter, we initially examine wear for gross slip of the contacting surfaces 
and then wear due to fretting. 


6.1 Wear Caused by Gross Slip 


We consider an axially symmetric punch with the profile shape f(r,t) and char- 
acterize its normal load by the (generally time-dependent) indentation depth d(¢). 
The profile shape and the indentation depth uniquely define the entire solution of 
the normal contact problem, including the contact radius a, the pressure distribution 
p(r,t), and the normal force: 


a 


Fy(t) = 2r | pir.tyrar. (6.2) 
0 


The two common load types we consider in the following sections are the force- 
controlled loading (i.e., Fy is given) and displacement-controlled loading (i.e., the 
“height” d is given). 

In the context of wear problems, the “indentation depth” in a contact mechanical 
sense is measured from the lowest point of the current (i.e., worn) profile. There- 
fore, its definition changes with progressing wear. 
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6.1.1 Wear at Constant Height 


The simplest case of wear is realized when an indenter with the original profile 
Jo(r) is initially pressed to the indentation depth do, and subsequently displaced 
tangentially at this height. While the calculation of the process of wear, in this case, 
remains a relatively complicated contact mechanical task (see the work of Dimaki 
et al. (2016)) with the process also depending on the explicit type of the law of wear, 
the final state is simply defined by the condition that the profile just barely remains 
in contact at all points with the base. This state is reached when the original profile 
is “cut off” at the height dy. This conclusion is not bound to the axial symmetry, nor 
to the type of movement (as long as a constant height is maintained): any profile 
displaced arbitrarily at a constant height (ensuring a relative displacement in all 
contact points) tends to assume the shape of the original profile cut off at the height 
do. 


6.1.2 Wear at Constant Normal Force 


During force-controlled processes, the normal force remains constant and the wear 
process never ceases. The case of cylindrical indenting bodies, where the contact 
area remains constant despite wear, is particularly simple. Pressing a cylindrical 
punch into the base with subsequent tangential displacement at a constant speed 
leads into a state of steady wear after a transient period, in which all points of the 
punch wear at the same linear rate. Under the assumption of any local law of wear 
in which the wear intensity is proportional to the product of the pressure and the 
sliding velocity, it follows that in the state of steady wear, the pressure is constant 
in the entire contact area and equal to pọ = Fy/A, where A is the (constant) 
contact area. The profile shape that generates a constant pressure was previously 
determined in Sect. 2.5.6: 


4poa r 
w(r; a, po) = E (-) , rsa. (6.3) 


Here, E(-) refers to the complete elliptical integral of the second kind: 


m/2 


E(k) := f V1—k? sin? gdg. (6.4) 


0 


The expression (6.3) is shown in Fig. 6.1 in normalized variables. 

For general cylindrical punches (with any arbitrary, not necessarily circular face), 
this analysis can be generalized to heterogeneous punches with wear coefficients 
k = k(x, y) that depend on the position in the contact area (characterized by the 
coordinates x and y), but not on the z-coordinate. One such example is a fiber- 
composite pin, whose fibers run parallel to the longitudinal axis. Once the system 
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Fig. 6.1 Shape of the punch 
in the phase of steady wear 
during unidirectional slip at a 
constant rate 
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settles into a steady state, the wear intensity is constant at all points of the contact 
area: 


f = k(x, y): vo: p(x, y) = C. (6.5) 

It follows that c 
x,y) = ——. 6.6 
p(x, y) EANET (6.6) 


The constant C is obtained from the condition: 
Fy = | pæ yaray. (6.7) 


The pressure distribution is then determined from (6.5) to be: 
Fy 
k(x, y) f k(x, y) 'dxdy` 


Thus, the pressure distribution for a given normal force is explicitly determined 
by the heterogeneity of the wear coefficient. The shape of the wear surface in the 
steady state is given by the shape of the elastic continuum under the effect of the 
pressure distribution given in (6.8). 

The steady state does not exist for non-cylindrical indenters. Yet qualitatively, 
the situation is unchanged. In this case, the stress distribution in the worn contact 
area approaches a constant value as well, determined by the normal force and the 
current contact area (Dimaki et al. 2016). However, the state of constant pressure 
is only reached in approximation. 

A special case of gross slip wear is the wear of a rotationally symmetric pro- 
file under the effect of axial twisting (torsion). A cylindrical indenter of radius a 
twisting with the angular velocity Q has a local slip speed given by v;a (r, t) = Qr. 
Accordingly, the linear wear rate is: 


px, y) = (6.8) 


f =kQr- pr) =C, (6.9) 
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and it is constant in all points of the contact area in the steady state. The constant C 
is obtained from the condition: 


a 


Fy = 2x f perar. (6.10) 
0 


The pressure distribution is determined from (6.9) and (6.10): 


(6.11) 


The profile corresponding to this stress distribution can be determined using the 
MDR. In the first step, the distributed load in the MDR space is calculated with the 
following transformation: 


rp(r) -E j 
| Jal Tea 


Fy, (+4 = 
= n è 


TA 


q: (x) =2 


(6.12) 
X 


This gives the result for the vertical displacement in the one-dimensional MDR 


model: 
q-(x) Fy i (55) 
n 2 


Wip(x) = = (6.13) 


E* mak* x 


and subsequently the displacements in the original three-dimensional space 
(Fig. 6.2): 


2 f u(x) 
aJ JE 


Fy 2 fi at+V@—x2\ dx 
= n 
naE* n x rz — x2 


0 


wr) dx 


-uE W(r/a), (6.14) 


t 
Y(t) = 2 fn(* et) a (6.15) 


where 


-F 


For small radii, this function exhibits a logarithmic singularity in the form 


0 


P(E) ~ 3.420544234 — In(¢), for small ¢. (6.16) 
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Fig. 6.2 Shape of the profile 
generated by wear due to 
rotation around the vertical 
axis at a constant angular 
velocity (see (6.14)) 
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Galin and Goryacheva (1977) also investigated non-cylindrical, rotationally sym- 
metric profiles in their study of torsional wear. Soldatenkov (2010) examined 
various rotationally symmetric wear problems of technical relevance (including 
stochastic ones), such as ball bearings or the wheel-rail contact. 


6.2 Fretting Wear 


Many technical or biological systems are part of a periodically working mechanism 
or are subjected to vibrations. The tribological contacts in such systems are loaded 
in an oscillating manner due to the periodicity. In general, the displacement ampli- 
tudes of these oscillations are sufficiently small to avoid gross slip of the contact. 
However, the edge of the contact area unavoidably sees the formation of a slip zone, 
where the contacting surfaces wear and fatigue as a result of the relative displace- 
ment. This effect is called fretting and is of marked importance for the operational 
lifespan of tribological systems. 

Just like all wear phenomena, fretting wear has very diverse mechanical and 
chemical mechanisms. We also distinguish between different fretting modes and 
fretting regimes. The fretting modes are distinguished by the type of the underlying 
contact problem: an oscillation normal to the contact plane is called radial fretting. 
The classical case of oscillations in the contact plane is called tangential fretting 
and the case of an oscillating rotation around the normal axis of the contact plane 
is called torsional fretting. An oscillating rolling contact leads to rotational fretting. 
However, the different modes barely differ in their qualitative behavior (Zhou and 
Zhu 2011). 

Different fretting regimes are distinguished based on the behavior of the contact 
during an oscillation, e.g., near complete stick, partial slip, near complete gross slip, 
or significant gross slip. These were first systematically examined by Vingsbo and 
Søderberg (1988) using fretting maps. The authors determined that depending on 
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the regime, either wear or fatigue was the dominant form of material degradation 
caused by fretting. 

Even under the assumption of the simplest laws of friction and wear, the ana- 
lytical calculation of the particular wear dynamics is always extremely complicated 
and usually impossible. As shown by Ciavarella and Hills (1999), certain cases 
have a final “shakedown” state where no further wear occurs. Contrary to the wear 
process, the worn profile in the shakedown state does not depend on the particular 
law of wear nor on the fretting mode and can often be determined analytically. A 
qualitative explanation for the existence of such a limiting profile is easily given: 
if within one oscillation period a part of the contact area fulfills the no-slip condi- 
tion while other areas experience at least transient slip, the stick zone will not wear 
while the slip zone will experience progressing wear. Intuitively, this leads to a 
lower pressure in the slip zone, with the stick zone taking on the additional load. 
Over the course of further oscillations, the stick zone continues sticking while the 
pressure in the slip zone decreases continually until vanishing completely, at which 
point the surfaces are in incipient contact with no load. Based on this fact, Popov 
(2014) was able to determine the general solution for this limiting profile in the case 
of a rotationally symmetric indenter. These results were experimentally confirmed 
by Dmitriev et al. (2016). The existence of such a limiting profile is a universal 
conclusion and is not bound to the assumption of axial symmetry. 

The following section is dedicated to the calculation of the limiting profiles for 
various initial indenter shapes, as shown by Popov (2014). Let f(r) be the rota- 
tionally symmetric profile of a rigid indenter which is pressed by d into an elastic 
half-space with an effective elastic modulus of E*. Moreover, let the contact area 
have the radius a and the pressure distribution in the contact be p(r). The (oscil- 
lating) tangential or torsional load causes the formation of a periodically changing 
slip zone in the contact. The radius of the area of permanent stick is referred to as 
c. The aforementioned limiting state is determined by the conditions: 


fool’) = for), r<e 
Pol) =0, r>c. (6.17) 


The index “oo” designates the shakedown state and the index “0” the unworn initial 
state. As previously explained in this chapter, the radius c results from the no-slip 
condition for the oscillation of the unworn profile and remains unchanged during 
the progression of wear. The calculation of the limiting profile consists of three 
steps. 


1. Determination of the radius c for the area of permanent stick for the original 


profiles fo(r). 
2. Determination of the limiting profile using the equations derived by Popov 


(2014), as follows: 


Sor), rac, 7 >a, 
foolr) = 42 | e go(x)dx 
0 Vr2— x2 


(6.18) 


c 
+ d arccos (=) , c<r<a, 
x r 
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where 


azi jf How, Je (6.19) 


3. Determination of the contact radius a» in the limiting state from the condition: 


Too (Geo) = Jo (Geo): (6.20) 


The solution structure clearly shows that the radius c of the permanent stick zone 
is the only load-dependent and material-dependent parameter to contribute to the 
solution of the limiting profile. The stick radius is calculated for the unworn profile 
and is valid for the entire wear process. Solution (6.18) does not yet define the outer 
radius of the worn area a% . In the final step, ag. is determined using (6.20). 

In the following sections, we first explain how to determine the radius of the 
permanently sticking contact area. Subsequently, we give the form of the punch 
in its final shakedown state for an assumed known radius c of the permanent stick 
zone. We will focus on a selection of indenter profiles from Chap. 2, which is 
justified by their technical relevance. 


6.2.1 Determining the Radius of the Permanent Stick Zone 


6.2.1.1 Horizontal Oscillations at Constant Indentation Depth 

The easiest way to calculate the radius c of the permanent stick zone is by using the 
MDR. Following the steps of the MDR (4.21) (see Sect. 4.4 of this book), we define 
an elastic foundation and an MDR modified profile go(x) according to (6.19) on 
which further contact mechanical calculations are performed instead of the original 
three-dimensional system. 

When the profile is displaced in the tangential direction by uv, the springs are 
loaded normally and tangentially. The radius of the stick zone is given by the fol- 
lowing equation, which sets the maximum tangential force equal to jz multiplied 
with the normal force: 

G*u© = pE*|d — g(c)]. (6.21) 


For oscillations in the tangential direction in accordance with the law u(t) = 
Au cos(wt), the smallest stick radius (and thus the radius of the permanent stick 
zone) is reached at the maximum horizontal displacement: 


G* Au = uE*[d — g(c)). (6.22) 


The form of the function g(c) was determined for a great number of profiles in 
Chap. 2. We will forego repeating them here. 


6.2 Fretting Wear 195 


6.2.1.2 Bimodal Oscillations 
Let us now consider cases in which the punch experiences simultaneous oscillations 
in horizontal and vertical directions: 


u(t) = Au cos(a;t), 
d(t) = dọ + Ad cos(a@ot — Q). (6.23) 
The first thing to note is that, in this case, the limiting profile is still given by (6.18). 


However, for d we must now insert the maximum indentation depth over the course 
of one oscillation period: 


for), r<c,r>da, 
Sad orre d 6.24 
Foor) — | td + dmax arccos (5| , eo<r<a, ( ) 
m LJo Vr? —x? r 
with 
daas = do + Ad. (6.25) 


Let us now calculate c. In the MDR representation, the normal and tangential forces 
at the coordinate c are given by: 


AF, = G* Ax -u® (t) = G*Ax- Au® cos(ait), 
AF, = E* Ax - d(t) = E* Ax - [do + Ad cos(wt — ọ)]. (6.26) 


The radius of the permanent stick zone is determined from the condition that the 
absolute value of the tangential force at the location c must never exceed the product 
of the normal force and the coefficient of friction: 


|G* Au ® cos(w)t)| < wE* [do + Ad cos(wt — Q) — g(c)]. (6.27) 


If the frequencies @; and œz are incommensurable, or alternatively, if the phase g 
is not locked (i.e., it is slowly changing), this condition is satisfied only when the 
maximum value of the left-hand side of the inequality is smaller than the minimal 
value of the right-hand side. The critical value is reached when these two values are 
equal: 

G* Au® = uE* [do — Ad — g(c)]. (6.28) 


The only difference in this equation compared to (6.22) is that it features the mini- 
mal indentation depth din = do — Ad instead of simply d. 

For commensurable or equal frequencies and locked phase shift, the solution is 
generally very complicated and it can be referenced in Mao et al. (2016). 
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Fig. 6.3 Shakedown profile 1 
normalized to a» tan 0, for 

different values of the perma- 

nent stick radius c for fretting 0.8 F 
wear of a conical indenter 
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6.2.2 The Cone 
The unworn profile of a conical indenter can be written as: 
fo(r) = r tanð. (6.29) 


Here @ is the slope of the cone. The shakedown profile is then given by: 


r tan 0, r <c, r >dy, 


o0 = J 2 2d 6.30 
Fool?) rans (1- 1- Z) + acon (E). E ( ) 
r T r 


with an indentation depth d and the radius of the permanent stick zone c. 
The post-shakedown contact radius a,, is obtained as the solution of the equa- 


tion: 
2d 
— arccos (=) = tan Vd? — c?. (6.31) 
T 


CO 


The profile resulting from (6.30) is shown in Fig. 6.3. 


6.2.3 The Paraboloid 


For the paraboloid with the radius of curvature R and corresponding unworn profile 


r? 
for) = ZR’ (6.32) 
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Fig. 6.4 Shakedown-profile 1 
normalized to a2, /(2R), for 
various values of permanent 
stick radius c for the fretting 0.8 F 
wear of a parabolic indenter 
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the limiting profile is described as a function of the indentation depth d and the 
radius c of the permanent stick area is given by: 


2 


7 r <c, T >d, 
raed Ins (C) -5yr (6.33) 
co(r) = 4 =| — arcsin ( + ) — — vr? =c $ 
m| 2R r 2R 
c 
+ daros (E) | C <r < ady. 
r 


This dependency is shown in Fig. 6.4. The contact radius in the worn state results 
from the solution of the equation: 


2 2 
a 2 ja c c c 
sa ica i eae (pene 2 cç? 2 
| arcsin (- ) 5 4/ az, — c? + d arccos (: ) . (6.34) 


CO 


6.2.4 The Profile in the Form of a Lower Law 
We now consider indenter profiles of the general power-law form: 
fo(r) = br", neR*, (6.35) 


with a (dimensional) constant b and a positive real number n. In Chap. 2 (see 
Sect. 2.5.8) it has already been shown, that the equivalent profile in the MDR is 
given by a stretched power function with the same exponent n: 


go(x) = K(n)b|x|". (6.36) 
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The stretch factor was given as: 


_ T(n/2+ 1) 
k(n) := Viras I (CES (6.37) 
with the gamma function 
T(z) := a exp(—t)dt. (6.38) 


0 


Equation (5.18) then gives the following shakedown profile at the end of the wear 
process: 


br", r<cr>da, 


Solr) = 4 2 © x"dx c 
a cb f Fas td arccos (=) , e<r<a, 


br", r<cr>da, 
J n+1 1 1 3 2 
al C Fi Et PF „É 
= 40 (n+ 1)r 2 2 2 r? (6.39) 
+ dares (5) |; c<r <a, 
r 


with the indentation depth d and the permanent stick radius c. The notation 
2F1 (4; +; +) is used for the hypergeometric function 


o Š“ Ta + nb +n) (e) z" 
oF (a, b;c; z) =a TOONE al (6.40) 


For n = 1 the case of the cone is from Sect. 6.2.2 and is reproduced, and for n = 2 
it is the solution for the paraboloid (Sect. 6.2.3). 


6.2.5 The Truncated Cone 


In the previous chapters, the truncated cone and paraboloid have already been dis- 
cussed several times. For the truncated cone with the profile function 


0 
=4" = 6.41 
fo”) (r —b)tand, r>b, t ) 
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Fig. 6.5 Shakedown profile 1 
normalized to (a,, — b) tan 0, 
for b = 0.lag, and various 
values of the permanent stick 0.8 
radius c for fretting wear of a 
truncated cone ® 06 
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with the radius b at the blunt end and the slope angle 0, the following equivalent 
plane profile was determined in Chap. 2 (Sect. 2.5.9): 


0, |x| <b, 


= 6.42 
glx) |x| tan 0 arccos (=) , |x| >. oe 
x 


It has been shown in Chap. 4 (Sect. 4.6.5) that the radius of the stick zone c cannot 
fall below the value of b. Therefore, the worn boundary profile, with (6.18) and the 
indentation depth d, is described by 


for), r <c, TS ly, 
2 f b dx 
— | tan x arccos | — | ——— 
fol’) = 4x b x r2— x? (6.43) 
+ daas (E) | C <P < dy. 
r 


The contact radius at the end of the wear process is, as always, defined by the rela- 
tionship (6.20). The profile of (6.43) is shown in normalized form in Fig. 6.5. For 
b = 0, of course, the solution of the complete cone from Sect. 6.2.2 is recovered. 
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6.2.6 The Truncated Paraboloid 


Let us now consider the truncated parabolic, whose unworn profile is described by 
the rule: 


0, : 
fO) = )r2—P? (6.44) 
, r>b, 
2R 


Here R denotes the radius of curvature of the parabolic base body and b the radius 
at the flattened tip. In Chap. 2 (Sect. 2.5.10), the equivalent profile has already been 
found: 


|x] < b, 


g(x) = (6.45) 
B ya 2252, |x| >b. 

As in the case of the truncated cone of the radius of the stick zone, c cannot fall 

below the value of b Equation (6.18). (d denotes the indentation depth, as always) 

allows the shakedown profile to be described as: 


f(r), F&G; T > doe: 


foo(r) = T [ yvy = fre = Ta + dain (2) | c<r<ay, 
sgl r 


for), r<C, T > dg, 


SNe ie 
— mR J r2 — b2 
- VERB FRE + naan (E) | CLF Zda- 
r 


(6.46) 
This is shown in a normalized manner in Fig. 6.6. For b = 0 we obtain, of course, 
the solution of the complete paraboloid from Sect. 6.2.3. 


6.2.7 Further Profiles 


In Chap. 2, it was shown that the equivalent profile functions g(x) of various tech- 
nically relevant indenters considered in the literature can be considered as the su- 
perposition of the elementary bodies paraboloid, truncated cone, and truncated 
paraboloid. Since the integral expression in (6.18) is linear in go(x), for the super- 
position the solutions of the integrals for the elementary bodies mentioned, given in 
the previous sections, can simply be summed up. We will, therefore, only specify 
the superposition rules for the functions go and graph the profiles at the end of the 
fretting process. We will refrain from providing the complete solution in order to 
avoid redundancies. 
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Fig. 6.6 Shakedown 1 
profile normalized to 
(az, — b?)/(2R), for 
b = 0.la,, and various 0.8 F 
values of the permanent stick 
radius c for the fretting wear 
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6.2.7.1 The Cone with Parabolic Cap 
For a cone with the slope angle 0, which at point r = b differentiably passes 
into a parabolic cap with the radius of curvature R := b/tan0, the rotationally 
symmetric profile can be written as follows: 
? tan 0 
r4 tan l rai 
fr)= 2b (6.47) 


rtan ð — z tan 8, r >b, 


For the equivalent profile in MDR, the following superposition has been shown in 
Chap. 2 (see Sect. 2.5.12): 


go(x; b, 0) = gop (« R= ) + g0,Ks(x; b, 0) 


tan 0 
b 
= 20. ps (> b, R= 5) : (6.48) 


Here, go,p denotes the unworn, equivalent profile of a paraboloid (see Sect. 6.2.3), 
&o.xs that of a truncated cone (see Sect. 6.2.5), and Zgo ps that of a truncated 
paraboloid (see Sect. 6.2.6). The no-slip radius can fall below the value of b, but 
then the limiting profile is the same as in the case of the simple paraboloid. For this 
reason, some variants of the shakedown profile with c > b are shown in Fig. 6.7. 


6.2.7.2 The Paraboloid with Paraboloid Cap 
The rotationally symmetric profile of this body is described by the function 


o=; I (6.49) 
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Fig. 6.7 Normalized shake- 
down profile for b = 0.5a%, 
and various values of the per- 
manent stick radius c for the 
fretting wear of a cone witha 
rounded tip 
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The radius of the cap is R4, and that of the main body is R2. The continuity of f at 
the position of r = b requires 


2 — 2 oR 
je =b (: =) (6.50) 


and one can introduce an effective radius of curvature: 


k Rı Rə 
Re ER (6.51) 
R,-— R2 


From a contact mechanical point of view, this body can be described as a superpo- 
sition: 


go(x; b, Ri, Ro) = go p (x; R = Ri) + gops(x; b, R = R*), (6.52) 


as can be looked up in Chap. 2 (Sect. 2.5.13). The permanent stick radius can, 
again, drop below the value of b, but the limiting profile is the same as in the case 
of the simple paraboloid. In Fig. 6.8 some variants of the shakedown profile are 
shown by way of example. 


6.2.7.3 The Cylindrical Flat Punch with a Rounded Edge 
The indenter has the axisymmetric profile 


0 r <b, 


= ar 6.53 
f@) = 4(@-5) eee (6.53) 
2R 


with the radius b, for which the flat base of the punch passes into the rounded edge 
with the radius of curvature R. The transformed profile g can be thought of as the 
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Fig. 6.8 Normalized shake- 1 
down profile for b = 0.3a%, 
R, = R*, and various values 
of the permanent stick radius 0.8 F 
c for the fretting wear of a 
paraboloid with parabolic cap ® 06 
8 
© 
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Fig. 6.9 Normalized shake- 1 
down profile for b = 0.5a., —c/a=0.5 
and various values of the per- -- -c/a =0.7 
manent stick radius c for the 0.8 H =- c/a =0.9 
fretting wear of a flat cylin- 
drical punch with rounded ~ 
S06 
corners 
8 
x~ 
s£ 0.47 
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sum (see Sect. 2.5.14) go(x; b, R) = Zgo ps(x;b, R) — goxs(x;b,tand = b/R). 
The indices “KS” and “PS” refer to the respective results of the truncated cone and 
paraboloid. Figure 6.9 has been used to illustrate some profiles after the fretting 
process. 
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Transversely Isotropic Problems 


7.1 Introduction 


A transversely isotropic medium is a medium which has a favored direction and 
is isotropic in the plane perpendicular to this direction. Among crystalline media, 
all materials with a hexagonal crystal system belong to this class: they are elasti- 
cally isotropic in the plane perpendicular to the hexagonal axis. Fiber composites 
with the fibers arranged in parallel in one direction also represent a transversely 
isotropic medium, which is isotropic in the plane perpendicular to the fiber direc- 
tion (see Fig. 7.1). Many functional materials exhibiting a preferred direction can 
also be classified as such, e.g., some piezo-electric materials. We can find many 
more examples in biological media. 

A linear transversely isotropic medium is fully defined by five elastic constants. 
For the definition of these constants using the elastic moduli and coefficients of 
transverse contraction, see Fig. 7.1. If we call the axis of symmetry of the medium 
“z”, the axes “x” and “y” are “equivalent” and they can be defined arbitrarily in the 
plane spanned by these two axes. 


Fig. 7.1 Demonstration of z 
the symmetry and definition A 
of elastic constants of a trans- EA 


versely isotropic medium 
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Turner (1980) described the relationship between the deformation tensor and the 
stress tensor using the matrix of compliance coefficients: 


fy x 1 —VH —vy 0 0 0 Oxx 

Eyy —Vy 1 —vy 0 0 0 Oyy 

T E 1 —vy —vy A 0 0 0 Or: 

2e,,| E| 0 0 0 204+) 0 0 Oxz 

2eyz 0 0 0 0 2(1 +v) 0 Oyz 

2Exy 0 0 0 0 0 2(1 + vH)} oxy 
(7.1) 

where 

1 (Ou; P Ou; (7.2) 

Eiji = rz š 

J 2 Ox; OX; 


is the linear symmetric deformation tensor and u; is the displacement vector. Here, 
E is the elasticity modulus of the medium in the plane perpendicular to the axis of 
symmetry, E/A is the elasticity modulus in the direction of the axis of symmetry, 
vy is the Poisson’s ratio in the plane perpendicular to the axis of symmetry, and 
vy is the Poisson’s ratio when stress is applied along the symmetry axis. Gy = 
E/(2 + 2v) is the shear modulus for shear parallel to the axis of symmetry; note 
that v has no immediate physical meaning. Additionally, it should be noted that 
the shear modulus in the plane of symmetry is given by the usual equation Gy = 
E/(2+ 2vp). 

Inverting the system of equations leads to the presentation via the matrix of stiff- 
ness coefficients: 


Oxx Ci Ci2 C13 0 0 0 Exx 

Oyy Cir Cy C13 0 0 0 Eyy 

Ozz | _ |C Cz C3 0 0 0 Êz (1.3) 
Oxz 0 0 0 C44 0 0 2Ex z 

Oyz (0) 0 0 0 C44 0 Ey: 

Gs 0 0 0 0 O $(Cy = Cp) ] |28» 


The elastic constants can be written in Voigt notation, as follows: 


E(à — v?) 

Cii = 2 > 

(A — Avy — 2v;,)(1 + va) 
E(Qavy + vz) 

Co = 5 f 

(a — Avy n + vn) 
E 
Cis - 


~ (A— Avy — 202) 
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Cua (1 — vy)E 
a (A — Avy — 2v2) 
E 
a= 21+ vy’ 
1 E 
~ (Ciu — C2) = ; 7.4 
zí 1 12) 21 + vn) (7.4) 


using the moduli and Poisson’s ratios. 


7.2 Normal Contact Without Adhesion 


For the complete formulation of the contact mechanical problem in its integral form, 
it is sufficient to know the fundamental solution, independent of the class of sym- 
metry of the medium. The fundamental solution for transversely isotropic media 
was found by Michell (1900). He demonstrated that the normal displacement w of 
the surface of a transversely isotropic elastic half-space under the effect of a force 
F, acting on the origin is given by the equation: 


wr) = =, (7.5) 


where r is the distance in-plane to the acting point of the force. The equation has 
the same form as the corresponding fundamental solution for the case of isotropic 
media, as shown in (2.2). It simply requires the following definition of the effective 
elasticity modulus: 


24C (C11 C33 — CR) 
Ciy (Venus — C13) (Cis + 2C + v Ci1 C33) 


As such, Michell (1900) concluded that: 


E* = 


(7.6) 


It appears, therefore, that the law of depression is the same as for an isotropic solid; conse- 
quently, the applications of this law, which were made by Boussinesq and Hertz to problems 
concerning isotropic bodies in contact, may be at once extended to the acolotropic solids 
here considered, with the limitation that the normal to the plane of contact must be an axis 
of elastic symmetry. 


Of course, the effective elasticity modulus can also be expressed by the components 
of the compliance matrix: 


pant à (7.7) 
ad = v2) Ele J 1+v—vy (1+vH) l 


2 
l—vý 


2 
l-vj, 
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In the case of an isotropic continuum (A 1, vy vH v), this expression is 
reduced to the known equation E* = E/(1 — v’). 

The integral formulation of (2.3) for the frictionless contact mechanical problem 
is based exclusively on the fundamental solution. Therefore, all solutions from 
Chap. 2 are equally valid for transversely isotropic media. 

When two transversely isotropic bodies are in contact, the effective modulus is 
used instead of (7.6): ; : i 

E+ E* $ Ee (1.8) 
where E*¥ and E> represent the effective elastic moduli of the two media. 

Likewise, due to the identical fundamental solutions, applying the MDR to a 
transversely isotropic medium simply requires substituting the effective elasticity 
modulus by the expressions presented in (7.6) and (7.8). All other transformation 
rules of the MDR remain unchanged. 

Therefore, the non-adhesive normal contact problem for a transversely isotropic 
medium is identical to the corresponding contact problem of an isotropic contin- 
uum. This applies to the displacement field of the surface of the body and the 
pressure distribution in the immediate surface, but not to the deformation and stress 
distribution in the interior of the half-space. Consequently, there is no need for 
special consideration to be given to all normal contact problems for transversely 
isotropic media. We will simply refer to the results from Chap. 2, which are equally 
valid for transversely isotropic media. 

Further information, particularly concerning the calculation of the stresses in the 
interior of the transversely isotropic half-space (which, again, do not coincide with 
those of the isotropic case), can be found in a paper by Yu (2001). 

For a historical perspective, the paper by Conway (1956) is worth mentioning. 
Notably, it describes how, due to the form of the fundamental solution (7.5) by 
Michell (1900), the calculation method for any (isotropic) axially symmetric nor- 
mal contact problem by Schubert (1942) can also be applied to the corresponding 
contact problem of transversely isotropic media. 


7.3 Normal Contact with Adhesion 


As explained in the previous section, the non-adhesive, frictionless normal contact 
problem for a transversely isotropic medium is identical to the corresponding con- 
tact problem for an isotropic continuum. It merely requires redefining the effective 
elasticity modulus according to (7.6) or (7.7). Additionally, in Chap. 3 of this book, 
it was shown that the adhesive, frictionless normal contact problem can be reduced 
to the corresponding non-adhesive contact. Therefore, the adhesive normal con- 
tact problems of isotropic and transversely isotropic media are also equivalent to 
the respective isotropic problems, regarding both their relationships of the global 
contact quantities (normal force, indentation depth, and contact radius), as well as 
the stresses in the contact surface, and the displacements of the medium’s surface. 
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Consequently, there is no need for special consideration to be given to adhesive 
normal contact problems of transversely isotropic media. Here we will simply refer 
to the results in Chap. 3 of this book. Taking into account the aforementioned cor- 
responding definition of the effective elasticity modulus, the results directly apply 
to transversely isotropic contacts. 

An overview of the history of work done in the field of adhesive contacts of 
transversely isotropic media can be found in an article by Borodich et al. (2014). 


7.4 Tangential Contact 


Turner (1980) provided a general expression for the surface displacement of a trans- 
versely isotropic elastic half-space under the effect of an arbitrarily directed force 
acting on the surface of the half-space at the origin. He used the matrix of compli- 
ance coefficients, as seen in (7.1). 

According to Turner, the simultaneous effect of a normal force Fy and a tangen- 
tial force F, in the x-direction generates the surface displacements 


uD] p [VEF + (I+ 8/7?) Fx 
vl, y) | = 5 | O/T) Fn + 8xy/1?) Fe p Pax +y’, (79) 
w(x, y) aFy — y(x/r)) Fx 

with 


2\ 1/2 
a= (=F) l 
1- v 
pe (i+ v)— vy (1 + vx) 
7 (1 — vy) 


-(45) G-a) 
=- 2 Baie)’ 
1/2 1/2 
s=( 2 ) (=>) 1 i 
a+ p l+vy l—vy 
jia 
g2 ( Aa | aed (7.10) 


For an isotropic medium, A = 1,œ = $ = 1, y = (1—2v)/(2—2v), ô = v/(1-v), 
and £ = (1 — v)/G; (7.9) can then be reduced to the form provided by Landau and 
Lifshitz (1944, 1959): 


’ 


1 1 2 2 
u(x, y) = E-a -mZ + (20-9) + ae jal, 
T r r r 
1 1 
v(x, y) = see {= 202 Fy +w R), r =x +y’, 
IT r r r 
l1+vl x 
WOOD) = Dk T (20 — v) Fy + (1-20) Fi} (7.11) 
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The normal and tangential contact problems are independent of one another for a 
vanishing y in (7.9), i.e., when 


l—vy à- v 


—— =1. 7.12 
1+ VH vy? ( ) 


The criterion for the decoupling of the normal and tangential contact problem in the 
case of an isotropic continuum is reduced to the requirement of incompressibility 
(v = 1/2) of the deformable contact partner. In the case that both media are linear- 
elastic and transversely isotropic, the quantity yı — y2 must vanish: 


ea) eae) 
a, + By 2 2(1 — vy) 


( 2 Mz vya ) 

_ — =0. (7.13) 

a + Bo 2 2(0—vy2) 

7.4.1 “Cattaneo-Mindlin” Approximation for the Transversely 
Isotropic Contact 


Assuming a decoupling of the normal and tangential contact problem (y = 0), and 
neglecting the surface displacement in the direction perpendicular to the direction 
of force action (as assumed by the solution by Cattaneo and Mindlin in Chap. 4), 
(7.9) and (7.11) can be simplified to: 


2 
u(r) | _£ (1+8(/r) ) F l (7.14) 
w(r) 2ur aFy 

for a transversely isotropic medium and to: 


u(r) |] _ tv (20 =v) + 2v(x/r)") Fx . gi 
w(r) 2nE r 2(1— v) Fy 


for an isotropic medium. It is easy to see that the expression for the tangential 
displacements in a transversely isotropic medium exactly matches the one for an 
isotropic medium for the values £ = 2(1 — v?) /E and é = v/(1 — v). 


2 
Solving for E and v gives v = En and E = rw) = aint For the effective 
shear modulus, we obtain: 
4G 2E 4 


G* = (7.16) 


2-v (+) v) e2+8) 


Similarly, achieving identical normal displacements for both transversely isotropic 
and isotropic media requires the effective moduli to follow the expressions 


Et=—. (7.17) 
QE 
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Inserting the definitions of ô, œ, and £ from (7.10) yields the following result: 


2E 


-241/2 1/2) ° 
1 [ 1—vọ 1 l4+v—vy (1+vy) l+v 
(1+ vm) (d= (iC) a ee n) + (ten) ) 
(7.18) 
which, for the isotropic continuum (A = 1, vy = vy = v), takes on the usual form 


of: 


G* = 


B 2E 
~ +v- v) 


Inserting the definitions of œ and € from (7.10) into (7.17) leads to the expression 
previously formulated in (7.7). 

Taking this into consideration, this proves the equivalence of the fundamental 
solutions for the normal contact problem and the tangential contact problem in the 
Cattaneo—Mindlin approximation for isotropic and transversely isotropic continua. 
Therefore, using definitions (7.16), (7.17), (7.18), and (7.7) of the effective moduli, 
all results from Chaps. 2, 3, and 4 regarding the relationships of the macroscopical 
displacements, forces, contact radii, and stress distributions carry over. Only the 
stresses in the interior of the medium require special consideration. 

The ratio of normal to tangential stiffness of a no-slip contact is given by: 


G* (7.19) 


E* 2+8 


= : 7.20 
G* 2a ( ) 
which (in the isotropic case) is reduced to the Mindlin ratio: 
E* 2—v 
— = (7.21) 
G* 2— 2v 


7.5 Summary of the Calculation of Transversely Isotropic 
Contacts 


Once again, we will provide a summary of the approach to solving contact problems 
of transversely isotropic media. 
The quantities defined at the surface of the medium are listed below: 


Normal force 

Contact radius 

Indentation depth 

Distribution of normal stresses and normal displacements at the surface 

The quantities previously listed for the adhesive contact in the JKR approxima- 
tion 

e Tangential force in contact with friction in the “Cattaneo—Mindlin approxima- 
tion” 
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e Macroscopical tangential displacement in contact with friction in the “Cattaneo-— 
Mindlin approximation” 

e Distribution of tangential stresses and tangential displacements at the surface in 
the “Cattaneo—Mindlin approximation” 


Transversely isotropic media exhibit exactly the same behavior as isotropic media. 
The only required change involves inserting the effective elasticity modulus (de- 
fined in (7.6) and equivalently in (7.7)) or the effective shear modulus defined in 
(7.18), respectively. The MDR method is also valid without restriction, unchanged 
from the case of isotropic media. 
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Viscoelastic Materials 


Rubber and other elastomers are highly deformable and thus conform well to sur- 
faces, exhibit high coefficients of friction in many material pairings (rubber-rubber, 
rubber-asphalt, etc.), and are water and heat resistant. As a result, elastomers see 
widespread use in tires, belts, cables, adhesive layers, and many other areas of ap- 
plication. 

The most important properties of elastomers are: (1) an extremely low elasticity 
modulus (about | to 10 MPa, i.e., four to five orders of magnitude lower than that 
of “normal” solids), (2) an extreme degree of deformability, and (3) internal energy 
dissipation (viscosity) during deformation. The root of these fundamental proper- 
ties of elastomers lies in their structure. Elastomers consist of relatively weakly 
interacting polymer molecules. In the thermodynamic state of equilibrium, they are 
in a statistically favored coiled state. Upon application of a mechanical stress on 
the elastomer, the polymer molecules begin to uncoil. Removing the load from the 
elastomer causes the polymer molecules to relax once again into their coiled state. 
This structure explains both the high deformability and the internal friction, along 
with the associated time-dependent behavior, of elastomers. 

Due to the high degree of deformations, elastomers very often exhibit non-linear 
mechanical behavior. However, for reasons of simplification, we will treat them 
here as linear viscoelastic materials. The treatment of non-linearities would extend 
beyond the scope of this book. 

Chapter 8 is dedicated to contact problems between a rigid, rotationally sym- 
metric indenter and a homogeneous, isotropic, linear viscoelastic half-space. Sec- 
tion 8.1 will provide some initial general information and definitions regarding 
the description and characterization of linear viscoelastic materials. Sections 8.2 
and 8.3 are dedicated to the explicit solution of axially symmetric contact prob- 
lems using the MDR and the functional equation method by Lee and Radok (1960). 
These solutions apply to incompressible elastomers. Compressible normal contacts 
are discussed in Sect. 8.4. Finally, Sect. 8.5 deals with fretting wear of elastomers. 
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8.1 General Information and Definitions on Viscoelastic Media 
8.1.1 Time-Dependent Shear Modulus and Creep Function 


In a first-order approximation, elastomers can be viewed as incompressible me- 
dia (Poisson’s ratio v ~ 0.5). Therefore, the following consideration exclusively 
deals with the characterization of mechanical properties of elastomers for shear 
loads. Let us consider an elastomer block that is being acted upon by shear forces 
(Fig. 8.1). If it is rapidly deformed by the shear angle £ọ!, the stress initially rises to 
a high level o (0) and subsequently relaxes to a much lower value o (co) (Fig. 8.2). 
In elastomers, o (00) can be three to four orders of magnitudes smaller than o (0). 
The ratio 

G(t) = AN (8.1) 

E0 

is called the time-dependent shear modulus. This function completely describes 
the mechanical properties of a material, assuming that the material exhibits a linear 
behavior. 

Let us assume that the block is deformed according to an arbitrary function e(t). 
Any time-dependency e(f) can be represented as the sum of time-shifted step func- 
tions, as shown schematically in Fig. 8.3. In this diagram, an “elementary step 
function” at time ¢’ has the amplitude de(t’) = é(t’)dt’. Accordingly, its contribu- 
tion to the stress is equal to do = G(t —t’)é(t’)d?’ and the total stress at every point 


Fig. 8.1 Shear deformation 
of a rubber block 


Fig. 8.2 If a rubber block is rapidly deformed by ¢ 9 at time £ = 0, then the stresses rise to an 
initial high level and subsequently relax slowly to a much lower value 


' We emphasize that the shear angle € is equal to twice the shear component of the deformation 
tensor. 
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Fig. 8.3 Representation of r é(t) 
a time-dependent function as 

the superposition of several 

shifted step functions 


in time is, therefore, calculated as: 


t 


o(t) = J G(t —t’)é(t’)dt’. (8.2) 


—0o 


Alternatively, the block can be effected by a sudden tangential force. After an 
instantaneous reaction, the shear angle will change with time. The time-dependent 
shear angle related to the stress is called the creep function, P(t): 


et) = we (8.3) 


Using the creep function, we can write the relationship between the stress and strain 
similarly to (8.2): 


t 


elt) = J P(t — t) (tdt. (8.4) 
It can be shown that representations (8.1) and (8.4) are equivalent, i.e., for any 
time-dependent shear modulus a corresponding creep function can be determined 
and vice-versa. 
From the definitions of the time-dependent shear modulus and the creep func- 
tions, the following identities can be deducted: 


| G(t —t')®(t')dt’ = 1 (8.5) 


and 
t 


f D(t — NG (At 


—00 


II 
= 


(8.6) 


Technically, every elastomer also has a material law for the trace (hydrostatic) 
components of the stress and deformation tensor corresponding to a second creep 
function for the deformation response to hydrostatic pressure. However, as previ- 
ously mentioned, elastomers can usually be considered incompressible. Therefore, 
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this secondary creep function is usually neglected. Taking both creep functions into 
account also makes the analytical treatment of viscoelastic contact problems far 
more difficult, as demonstrated by Vandamme and Ulm (2006). With these facts in 
mind, in this chapter we will generally limit ourselves to solutions for an incom- 
pressible half-space. The consideration of the compressible case is touched upon in 
Sect. 8.4. 


8.1.2 Complex, Dynamic Shear Modulus 
If e(t) changes according to the harmonic function 
elt) = Ecos (wt), (8.7) 


then after the transient time, there will also be a periodic change in stress at the 
same frequency w. The relationship between the change in deformation and the 
stress can be represented quite simply when the real function cos(wt) is presented 
as the sum of two complex exponential functions: 


1. : 
cos(wt) = a +e 1), (8.8) 


Due to the principle of superposition, one can initially calculate the stresses result- 
ing from the complex oscillations 


elt) = če! and elt) = ge” (8.9) 


and sum them up. If we insert e(t) = &e!®’ into (8.2), then we obtain 


t (oe) 
o(t) = J 6-1 ieee" an = loče! | aeta (8.10) 
oð 0 


for the stress, where we substituted € = t — t’. This relation can also be written in 
the form: E : 
a(t) = Gw)!” = G(a)e(t). (8.11) 


The coefficient of proportionality 


[o.@) 


G(o) = io f G(E)e iF dé (8.12) 


0 


is called the complex shear modulus. Its real part G'() = Re G(o) is called the 
storage modulus, and its imaginary part G’(w) = Im G (œ) is referred to as the loss 
modulus. 
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8.1.3 Rheological Models 


The properties of viscoelastic media are frequently presented in the form of rheo- 
logical models. The two fundamental elements of these models are: 


(a) A linear-elastic body. For an ideally elastic body, the shear deformation follows 
Hooke’s law: o = Ge. In this case, the complex modulus only has a real part 
which is equal to G: 

G=G. (8.13) 


(b) A linear viscous fluid. For which the following is valid: (see Fig. 8.4): 


= (8.14) 
o =n. : 
dz 
For a periodic displacement û(l, t) = uge'®! we get: 
i d b(t ; ; PANA 
ô(t) = n2 = Pa = pio Le” = iwné(t). (8.15) 
dz |; l l 
In this case the complex modulus 
Ĝl@) = ion (8.16) 


only has an imaginary part: Re G =0,ImG = wn. 

These two elements enable the “construction” of different media. Although we 
will refer to the rheological models as “springs” and “dampers”, in actuality we 
mean the corresponding quantities per unit volume of the medium. In this case, 
it should be noted that the tangential stiffness equals the shear modulus and the 
damping coefficient equals the dynamic viscosity. From now on we will use these 
continuum mechanical terms of moduli and viscosities rather than those of values 
of stiffness and damping coefficients. 


8.1.3.1 Kelvin Medium 

One of the most frequently used rheological models is the Kelvin model, consisting 
of a spring (shear modulus G), connected in parallel with a damper (viscosity n). 
The complex shear modulus of this medium is equal to 


G =G +ion. (8.17) 
Fig. 8.4 Uniform shear flow z 
of a linear viscous fluid u(l, t) 
— 
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If at time tf = 0 a constant stress go is applied to the Kelvin element, the following 
is valid: 
Ge + nè = Oo. (8.18) 


The shear angle is time-dependent according to 
90 —t/t 
e=- (l-e ; 8.19 
G | ) (8.19) 


with t = 7/G. The creep function of this medium is, therefore, equal to: 


O(t) = ao = a ag), (8.20) 


8.1.3.2 Maxwell Medium 
An important component of many rheological models is the Maxwell element, con- 
sisting of a spring connected in series with a linear viscous damper. 


The complex moduli of the spring and damper are G and ina. Due to the serial 
arrangement, we obtain: 


G -inw G-ino (G—inw) _ G(inwG + (no)’) 


(ao = = 8.21 
sii Gtino (G+inw) (G—ino) G? + (nw)? (8:21) 
for the total modulus. 
The storage and loss moduli are: 
G 2 G? 
G Maxwell = MGL Maxwell = es (8.22) 
G? + (nw)? G? + (nw)? 
By introducing the quantity 
t= 7/G, (8.23) 
(8.22) can also be presented in the form: 
i eG Oe n =G (8.24) 
Maxwell ~~ 1+ (or)? Maxwell — 1+ (wT)? i; 


The quantity t has the dimension time and is called the relaxation time. 

Let us examine the stress relaxation in a medium which is described by a 
Maxwell element. We use the terms introduced in Fig. 8.5. The stress act- 
ing on the connection point between the spring and the damper is equal to 
—G(e — £1) + nê. Because the connection point is massless, the stress must 
cancel out: —G (e — £1) + né; = 0. By dividing this equation by G and inserting 
(8.23), we can write the equation as: 


TÊ +E =e. (8.25) 
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Fig. 8.5 Maxwell element Seen 


If at time ¢ = 0 the material is suddenly deformed by £ọ, then for every point in 
time tf > 0 we get 
TÈ] + £1 = £p, (8.26) 


with the initial condition £ı (0) = 0. The solution to this equation with the stated 
initial condition is: 
e1 = e(l — e™^). (8.27) 


The stress is: 
o = G(e — £1) = Gee ™. (8.28) 


The stress decays exponentially with the characteristic time t. Therefore, the time- 
dependent shear modulus in this case equals: 


G(t) = Ge™^. (8.29) 


8.1.3.3 The Standard Solid Model of Rubber 
The following model (Fig. 8.6) is the simplest spring-damper model to give a qual- 
itatively correct representation of the most important dynamic properties of rubber 
during periodic loading. 

Since we are dealing with a parallel arrangement of a linear-elastic spring and a 
Maxwell element, we can immediately write: 


f (wrt)? H WT 
RO any *1 + (wt)? (3.30) 


with t = n/G2. The frequency-dependency of the moduli is presented double 
logarithmically for the case G2/G, = 1000 in Fig. 8.7. 

At low frequencies œ < G/n (quasi-static loading) the modulus approaches 
G,. At very high frequencies w > G2/7 it approaches Gi + G2 >> G;. This means 
that for very slow loading, rubber is soft, while for rapid loading it is stiff. In the 


Fig. 8.6 A simple rheologi- 
cal model of rubber (standard 
solid model) 
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Fig. 8.7 Real and imagi- 3 
nary parts of the dynamic 

modulus for the rheological 2,54 
model shown in Fig. 8.6 with 

Gr / Gi = 1000 24 


1,54 log (G) 


0 i 2 
log (œT) 


wo 
A 


intermediate range, the imaginary part is dominant: G” (w) ~ nw, meaning that the 
medium behaves like a viscous fluid during periodic loading. 

Once again, since we are dealing with a parallel arrangement of a linear-elastic 
spring and a Maxwell element, we can immediately write: 


a(t) = €9(G, + Gre”). (8.31) 


The normalized stress, which we have called the time-dependent modulus, can be 
obtained by dividing this equation by £ọ: 


G(t) = o/s = (Gi + Goe*/"). (8.32) 


It relaxes exponentially from the value Go = Gi + Gə fort = O to the value 
Goo = G; fort > œ. 


8.1.3.4 Summary: Creep Function, Relaxation Function, and Complex 
Shear Modulus for the Four Most Common Viscous/Viscoelastic 
Material Models 
The creep functions, relaxation functions, and complex shear moduli of the three 
most frequently used simple viscoelastic material models (standard solid, Maxwell 
solid, Kelvin solid) are presented in normalized form in Table 8.1. The linear vis- 
cous half-space results as the limiting case of the Maxwell element for t —> 0 and 
as the limiting case of the Kelvin—Voigt element for t — oo. Figure 8.8 shows 
phase diagrams of the complex shear modulus of the standard element. 
Generalized Maxwell or Kelvin solids are frequently used to model more com- 
plex material behavior. These models can be given in the form of Prony series with 
varying relaxation times. However, since an exact analytical treatment of such ma- 
terial behavior is usually impossible, we will restrict our consideration to the simple 
models presented previously in this chapter. 
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Fig. 8.8 Phase diagram 

of the complex shear mod- 
ulus of a standard solid 
model for different values 
ofk = G./Go with the 
parameter wt. The thin solid 
lines represent the limiting 
cases of the Maxwell and 
Kelvin models (vertical). The 
maximum of the normalized 
loss modulus lies at wt = 1 


8.1.4 Application of the MDR to Viscoelastic Media 


If the indentation velocity of an elastomer during a dynamic loading is below the 
lowest speed of wave propagation (which is defined by the lowest relevant modulus) 
then the contact can be regarded as quasi-static. If this condition is met and an area 
of an elastomer is excited with the angular frequency w, there is a linear relationship 
between stress and deformation and, consequently, between force and displacement. 
The medium can be viewed as an elastic body with the effective shear modulus 
G(q@). All principles that are valid for a purely elastic body must also be valid for 
the harmonically excited viscoelastic medium. Therefore, elastomers can also be 
described using the MDR as presented in Chaps. 2 and 4. The only difference to the 
elastic contact is that the effective elasticity modulus is now a function of frequency. 
For incompressible media (v = 1/2), the following equation is valid for springs of 
the effective Winkler foundation: 


E(o) 2G(w) 


Ak, (@) = E*(@)Ax = Ax = Ax x 4G(w)Ax. (8.33) 
1— v? l-v 


The stiffness of an individual “spring” of the Winkler foundation is four times the 
shear modulus multiplied by the discretization step size. For a harmonic excitation 
of the one-dimensional equivalent system, we obtain the spring force: 


AFy(x,@) = FO) ny. W1p(x,@) © 4G(w)Ax- wi p(x, @). (8.34) 
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The inverse transformation into the time domain gives the force as an explicit func- 
tion of time: 


t 
2 
AFy (x,t) = i. J G(t — tù p(x, t’)dt’ 


—00 
t 


x 4x | G- rji a. (8.35) 


For tangential contacts, the tangential stiffness of the springs of the equivalent one- 
dimensional MDR foundation must be defined in accordance with (4.21): 


Ak, = G* (@)Ax = toe 


TE N 5Glw)Ax. (8.36) 


=v 
The corresponding force in the time domain is: 


t 


4 
AF,(t) = sae | oe- nwa 
8 f i 
wg Ax f G(t — tùip (Ndr. (8.37) 


The formal mathematical proof of this method is based on the method of functional 
equations by Radok (1957) and was presented by Popov and Heß (2015). 

Using rheological models instead of the integral representations (8.35) and 
(8.37), the forces in the two fundamental elements of elastic bodies and fluids are 
then given by 


AFy = 4GwiıpAx and AFy = 4nùipAx (8.38) 


for the normal force, and by 
8 8, 
AF, = Pe and AF, = 3mipAx (8.39) 


for the tangential force. 
In summary, here are the most important steps of applying the MDR to viscoelas- 
tic contacts of non-compressible media: 
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I. The three-dimensional viscoelastic body is substituted by a one- 
dimensional Winkler foundation consisting of rheological models, which 
is defined by the following functions of force: 


f 
2 
A Fy (x,t) = tr | G(t —t')Wip(x, tdt 


=00 
t 


~4dx | GU- rhii ar, (8.40) 


—00 
t 


4 
AF,(t) = she | oa- iowa 


t 
8 
N Sax f GO = trio (t ar (8.41) 


—00 


or alternatively, is constructed from the usual rheological models of 
springs (stiffness k) and dampers (damping coefficients œ) in accordance 


with: 
Ak, =4GAx and Aa = 4nAx (8.42) 
8 8 
Ak = ae and Aa, = Bes (8.43) 
Il. The three-dimensional profile Z = f(r) is transformed into a one- 


dimensional profile g(x) according to: 


fr) 


Ill. The one-dimensional profile according to (8.44) is now pressed into the 
viscoelastic foundation according to (8.40)—(8.43). The relationships be- 
tween the normal force, the indentation depth, and the contact radius 
resulting from the one-dimensional model corresponds exactly to the 
ones of the original three-dimensional problem at every point in time 
and independent of the loading history. 

IV. The stress distribution can, if necessary, also be calculated using an 
equation given in Chap. 2 (2.13) and the deformation of the medium 
(including the area outside the contact) also with an (2.14) from Chap. 2. 
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8.1.5 Description of Elastomers by Radok (1957) 


By substituting t’ = t — € and expanding (8.2) to powers of £, (8.2) can be rewritten 
in the following differential form: 


i x Pet) f ED" 
a(t) = foot -p =D O f E rood. 849) 
0 n=1 0 ` 
Similarly, (8.4) can be written in the form: 
S d” ~ —]1)” 
et) => oo CO" oak. (8.46) 
— drh ; n! 


Equation (8.18) for the Kelvin model is a simple example of the series expansion 
(8.45). For the case of the Kelvin model, only the terms of the order n = 0 and 
n = | appear. 

Radok (1957) noted that representations (8.45) and (8.46) were merely special 
cases of a more general representation 


Pls, O] = Ole; 6], (8.47) 


where s;; and e;; denote the traceless components of the stress tensor and deforma- 
tion tensor in Cartesian coordinates. P and Q are the linear differential operators 


defined as: 
Pim) Pag 


Q := Kors (8.48) 
k=0 


In the purely elastic case, these are zero-order operators with 


qo 
Po 
da=0, pr=0, k>O, (8.49) 


= 2G, 


and the shear modulus G. It is easy to see that the two operators are simply in- 
determinate, yet this can be easily resolved by an appropriate normalization. The 
identities (8.5) and (8.6) can be written in the form 


P[G(t)] = const, 
Q[®(t)] = const. (8.50) 


The creep and relaxation functions constitute a transformation pair. If we designate 
the respective Laplace transforms by ®(s) and G(s), the following identity is valid: 


s°O(s)G(s) = 1. (8.51) 
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8.1.6 General Solution Procedure by Lee and Radok (1960) 


The material behavior of viscoelastic materials is time-dependent. The state of a 
viscoelastic contact is, therefore, dependent on its loading history. In the case of 
the normal contact problem, the sole relationship that is independent of the loading 
history is the contact configuration, i.e., the relationship 


d = g(a) (8.52) 


between the indentation depth d and the contact radius a. Even this is valid only 
when the contact radius monotonically increases over time. In this case, the re- 
lationship is defined entirely by the form of the indenter but is independent of 
rheology. On the basis of this idea and the form of the fundamental field equations 
of elasticity and viscoelasticity theory, Lee (1955) proposed a method to derive the 
viscoelastic solution from the solution of the elastic problem. This method, based 
on the Laplace transform, was generalized by Radok (1957). In a joint effort, Lee 
and Radok (1960) found the solution for the contact of a parabolic indenter, pro- 
vided that the contact radius is monotonically increasing over time. Hunter (1960) 
extended this to cases where the contact radius a exhibits a single maximum, fa- 
cilitating the consideration of, for example, the Hertzian impact problem with a 
viscoelastic half-space. The solutions for arbitrary loading histories stem from Ting 
(1966, 1968) and Graham (1965, 1967). However, it should be noted that the calcu- 
lation increases in complexity for every additional extremum of the contact radius. 

Normal contacts with elastomers frequently appear in testing procedures to de- 
termine the material properties of the viscoelastic material. The most frequently 
used ones are the Shore hardness test (see Sect. 8.3.2), the rebound-indentation test 
(see Sect. 8.3.3.1), and the impact test (see Sect. 8.3.3.2). 


8.1.6.1 Contact Radius Increasing Monotonically Over Time 

The solution by Lee and Radok (1960) can be generalized without great difficulty to 
any rotationally symmetric indenter with the profile Z := f(r). It merely requires 
the solution of the corresponding elastic problem, which is detailed in Chap. 2 and 
summarized in the form: 


d% = d"(a), 
Fy = Fy(a), 
ol = o? (r;a) (8.53) 


Here, r denotes the radial coordinate, d the indentation depth, a the contact radius, 
Fy the normal force, and o,, the normal stress at the surface of the half-space. 
The superscript “el” indicates the elastic solution. As previously mentioned, for a 
monotonically increasing contact radius, the relationship d = d(a) is independent 
of the material law of the half-space. Using the method by Lee and Radok yields 
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the following solution to the viscoelastic problem: 


d(t) = d(a(t)), 
1 
Ploz(r Dl = 55-2 [ol (r;at))], 


PIFO] = 5-0 [Fatty]. (8.54) 
0 
with the operators P and Q introduced in (8.47) and (8.48). Go is the shear modulus 
assumed for the elastic solution. Since all elastic stresses are linear in Go, the 
specific value of Go is irrelevant. The solution can also be expressed using the 
relaxation function: 


t 


1 ð 
öz i) = Go Í G(t — 2 {of [r; a(z)]} dr, 


—00 


lf d 
Fy(t) = T i GU — t)z {Fw laa} dr. (8.55) 


The stress vanishes outside the contact, i.e., for r > a(t). This must be taken into 
account for the integrations. Two particularly elegant and simple cases occur when 
either the contact radius or the entire normal force is kept constant (see Sects. 8.3.1 
and 8.3.2). 


8.2 Explicit Solutions for Contacts with Viscoelastic Media Using 
the MDR 


8.2.1 Indentation of a Cylindrical Punch in a Linear Viscous Fluid 


In this section, we will consider the indentation of a rigid cylindrical punch of radius 
a with the constant force Fy in a linear viscous half-space (viscosity 7, no grav- 
ity, no capillarity), as demonstrated in Fig. 8.9. We will calculate the indentation 
velocity and the indentation depth as a function of time. 


Fig. 8.9 Indentation of a 
cylindrical punch in a viscous 
half-space 


AD! 


228 8 Viscoelastic Materials 
The first step is to determine the equivalent one-dimensional profile using (8.44): 


0, x| <a, 
g(x) = | (8.56) 
co, |x| >a. 


The second step is to define the Winkler foundation in accordance with (8.42). For 
the “spring” force, we obtained AFy = 4ynWipAx = 4nd(t)Ax. At a contact 
radius a(t), the vertical force is equal to the individual spring force multiplied by 
2a/Ax, which is the number of springs in the contact: 


Fy = 8na(t)d(t). (8.57) 


In the case of a cylindrical punch, the contact radius remains constant and equal to 
a. The force is given by: f 
Fy = 8nad. (8.58) 


If the force is constant, integration of (8.58) with the initial condition d(0) = 0 
yields: 
Fyt = 8nad(t). (8.59) 


The indentation depth as a function of time is then given by: 


Fyt 
d(t) = n (8.60) 


8.2.2 Indentation of a Cone in a Linear Viscous Fluid 


In this section, we will consider the indentation of a rigid cone f(r) = tan@- |r| 
with the constant force Fy into a linear viscous half-space (viscosity 7, no gravity, 
no capillarity), as demonstrated in Fig. 8.10. We will calculate the indentation speed 
and indentation depth as a function of time. 

First the equivalent one-dimensional profile is determined using (8.44): 


gœ) = > l| tan 0. (8.61) 


The second step is to define the Winkler foundation in accordance with (8.42). For 
the “spring” forces we get AFy = 4nWipAx = 4nd(t)Ax. The total normal 
force is determined by (8.57). The relationship between the current contact radius 


Fig. 8.10 Indentation of a 


cone into a viscous half-space 
oa ‘N 


7 
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and the indentation depth does not depend on the rheology and follows from the 
equation d(t) = g(a(t)): 


2 dit 
a(t) = = © (8.62) 
x tan 0 
Substituting this equation into (8.57) for the force yields: 
16 P 
Fy = nd(t)d (t). (8.63) 
x tan 0 


If the force is constant, the integration with the initial condition d (0) = 0 results 
in: 


Fyt = nd(t)’. (8.64) 


x tan 0 
The indentation depth as a function of time is then given by: 


; 1/2 
d(t) = a) (8.65) 


8.2.3 Indentation of a Parabolic Indenter into a Linear Viscous Fluid 


In this section, we will look at the indentation of a rigid paraboloid of rotation 
f(r) = r*/(2R) (see Fig. 8.11) with the constant force Fy in a linear viscous 
half-space (viscosity 7, no gravity, no capillarity). We will calculate the indentation 
speed and indentation depth as a function of time. 

First the equivalent one-dimensional profile is determined using (8.44): 


g(x) = x7/R. (8.66) 


For the second step, we will define the Winkler foundation in accordance with 
(8.42). For the “spring” forces we get A Fy = 4nW,pAx = 4nd (t)Ax. The total 
normal force is determined by (8.57). The relationship between the current contact 
radius and the indentation depth does not depend on the rheology and follows from 
the equation d (t) = g(a(t)): 


a(t) = J/Rd(. (8.67) 


Substituting the contact radius into the equation for the force yields: 


Fy = 8nR"? Vd (Od (6). (8.68) 


Fig. 8.11 Indentation of 
a paraboloid in a viscous 
half-space | | 
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If the force is constant, integration with the initial condition d(0) = 0 yields: 
16 ay 3/2 
Fyt = ait “Aaa. (8.69) 


The indentation depth as a function of time is then given by: 


3Fyt 2/3 
d(t) = | ——; ‘ 7 
() (en) (8.70) 


8.2.4 Indentation of a Cone in a Kelvin Medium 


Let us now consider the indentation of a cone in a Kelvin medium with shear mod- 
ulus G and dynamic viscosity 7. In the first step, the equivalent one-dimensional 
profile is determined by (8.44): g(x) = tan @-|x|-2/2. The contact radius is deter- 
mined by the equation d = g(a), thus a = (2/7)(d/ tan 0). We now have to use a 
superposition of the elastic contribution for the force (see Sect. 2.5.2 in Chap. 2): 


8G d? 
Fy, r and (8.71) 
and the viscous contribution (see (8.63)): 
8G d? 16n 
N a tanð  ntand mi) 
This equation can be written in the form 
many ee ee ee a (8.73) 


where t = ņ/G is the relaxation time of the medium. Integration of this equation 
with the initial condition d(0) = 0 yields: 


x tan 0 - Fy 


2 = 
dO = —aG 


a- e~"). (8.74) 


8.2.5 Indentation of a Rigid Cylindrical Indenter into a “Standard 
Medium” 


We will now look at the indentation of a rigid cylindrical indenter with radius a into 
an elastomer, which will be described using the “standard model” (see Fig. 8.6). 
The standard model of an elastomer consists of a Maxwell element (series- 
connected stiffness G} and damping 7) and a parallel stiffness Gi. The one- 
dimensional counterpart is a foundation of elements at a distance Ax, whose 
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individual components are characterized by the parameters 4G; Ax, 4G2Ax, and 
4nAx. The equivalent one-dimensional indenter is a rectangle whose side has the 
length 2a. For the normal force the following applies: 


Fy = 8G\ad + 8Gra(d —Wiip), (8.75) 
where w1,ıp satisfies the following equation: 
d =Wiip + TÙD, (8.76) 


with t = n/ G2. The solution of these equations with the initial conditions d(0) = 0 
and w1.ıp (0) = 0 yields to: 


MONT TOT \ tate)” 


Fy G2 Git 
d(t) = 1— —————- } ] . 8.77 
@) 8Gia ( Gi +G exp ( u(Gi + a5)) oe 
In the limiting case Gz >> G, we recover the result for a Kelvin body: 
Fy Git 
d(t) = —— [1- —— J]. 8.78 
ee ow 
8.3 Explicit Solutions for Contacts with Viscoelastic Media 
by Lee and Radok (1960) 


8.3.1 Constant Contact Radius 


For a constant contact radius, i.e., the limiting case of the requisite monotonic 
behavior, the right-hand side of (8.54) is populated by time-invariant terms. The 
comparison to (8.50) immediately yields: 


1 
072(r,t) = Gea” a)G(t), 


1 
Fy(t) = Gea OCN, (8.79) 


with the relaxation function G (t). 


8.3.2 Constant Normal Force (Shore Hardness Test, DIN EN ISO 868) 


According to (8.54), for a constant normal force Fy (t) = const = Fp, it is valid 
that P [Fx (t)] = const. The comparison to (8.50) yields the relationship: 


Fi(a(t)) = Fo®(t), (8.80) 
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with ®(t) denoting the (normalized) creep function. A few examples for (8.80) 
were explicitly considered in Sect. 8.2. 

From (8.80) we can design a very simple measurement procedure of the creep 
function: an indenter can be placed on the viscoelastic half-space and the indenta- 
tion depth resulting from its own weight can be measured as a function of time. 

Another important application of (8.80) is measuring the hardness of viscoelastic 
media according to Shore (DIN EN ISO 868). It involves indenting a test piece 
with a rigid indenter by applying a constant force Fo for a predetermined amount 
of time and measuring the achieved indentation depth at the end of the test. This 
indentation depth is then the determining measure for the Shore hardness. The 
values of the normal force and indentation time, as well as the particular indenter 
geometry vary according to the specific test form (Shore-A, Shore-D, etc.). If the 
creep function of the material to be inspected is known, the result of the hardness 
test can be predicted by (8.80) (within the scope of the fundamental assumptions of 
the equation, i.e., linear material behavior and validity of the half-space hypothesis). 
As indenting bodies: a cone for the Shore-D test (see Sect. 8.3.2.1) and a truncated 
cone for Shore-A test (see Sect. 8.3.2.2) are utilized. We will also consider the 
indenter profile in the form of a power-law (see Sect. 8.3.2.3) as, through a Taylor 
series expansion, it can function as a building block of a generalized Shore test for 
any differentiable indenter profile. 


8.3.2.1 Shore-D: The Cone in Contact with a Standard Solid 

For illustration purposes, we will restrict the consideration to the viscoelastic ma- 
terial model of the standard solid, for which we determined the normalized creep 
function in Table 8.1 (Sect. 8.1.3.4) to be: 


(t) = : [i-a -Werp (-=)]. (8.81) 


Here, k is the ratio between the static modulus and glass modulus, while t is the 
characteristic relaxation time of the standard solid model. 

In Chap. 2 of this book (see Sect. 2.5.2) it was demonstrated that, for the conical 
indenter with the slope angle 0, which was first considered in viscoelastic contact 
by Graham (1965), the normal force in the elastic case is proportional to the square 
of the indentation depth d: 

Fr ~d’. (8.82) 


Equation (8.80) and the creep function (8.81) of the standard body give the follow- 
ing relationship for the indentation depth as a function of time: 


dt) — Jl kt 
Ie =0 = i; [i-a -Wep (-=)]. (8.83) 
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Fig. 8.12 Dependency of : : j : 
ae . 1.5 H —k=0.1 : : oe 
the normalized indentation k= i Be 
depth on the normalized time T57 7 0.01 ; : ae l 
in logarithmic representation ik = 0.001 Do 


for the Shore hardness test of 
a standard solid medium with 
a conical indenter 


log, , [d/ d(t=0)] 


1 2 
log, (t/t) 


The indentation depth at the beginning of the test d (t = 0) is then the instantaneous 
elastic solution with the glass modulus Go (see Sect. 2.5.2): 


[xF tan 6 
d(t =0) = a (8.84) 
0 


Solution (8.83) is shown in normalized logarithmic representation in Fig. 8.12. 


8.3.2.2 Shore-A: The Truncated Cone in Contact with a Standard Solid 
The Shore A test, which is used for softer materials, is carried out with a truncated 
cone as the indenting body. This body has the rotationally symmetric profile 


a r <b, (8.85) 
(r—b)tanð, r >b, 


fr) = | 
with the radius b at the blunt end and the conical inclination angle 0 (note that the 
complementary angle 0* = 2/2 — 0 is used in the Shore hardness measurement 
standard). The elastic solution needed to apply (8.80) for this contact problem was 
derived in Chap. 2 (Sect. 2.5.9) and is described by: 


a 


d(a) = a tan @ arccos (2) ; 


a 5 b b b2 
Fy (a) = 4G tan 0a* | arccos | — | + —4/ 1 — male (8.86) 
a a a 
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The contact radius a as a function of time during the hardness measurement of a 
standard medium, therefore, results implicitly by solving the equation 


Go tan 0a? b b b2 
—— } arccos{ —}+ -,/l-— 
Fo a a a? 


1 kt 
= — [i — (1 — k) exp (-=£)] : (8.87) 
k T 


From the contact radius the remaining indentation depth, and thus the Shore hard- 
ness, can then be determined with the first of the two equations given in (8.86). For 
b = 0, the results for the fully conical indenter are reproduced. 


8.3.2.3 Generalized Shore Test with an Indenter in the Form 
of a Power-Law in Contact with a Standard Body 
For an indenter with the profile 


f(r)=cr", neR*, (8.88) 


where n is a positive real number and c a constant coefficient, the relationship be- 
tween the normal force and the indentation depth in the elastic case has been shown 
in Chap. 2 of this book (Sect. 2.5.8): 


n+l 


Fiw~d™., (8.89) 


With (8.80) and the creep function (8.81) of a standard medium, we get the follow- 
ing indentation depth as a function of time: 


dt) _ {1 kt\])= 
It =0 = 1; [1-0 - Bex (-=)}} p (8.90) 


Then the instantaneous indentation depth d (t = 0) results from the elastic solution 
with the glass module Go: 


Folk (n)c]" n + We 


d(t = 0) = 8.91 
( ) 8G m (8.91) 
with the stretch factor, which depends on the exponent of the profile 
T(n/24+ 1) 
k(n) := y n=, 8.92 
(n) ne Ta (8.92) 

where we have made use of the gamma function 

T(z) := i t7! exp(—t)dt. (8.93) 


0 


For n = 1 the results of the conical indenter demonstrated here can be reproduced. 
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8.3.3 Non-Monotonic Indentation: Contact Radius with a Single 
Maximum 


In this section, we consider loading histories consisting of an indentation and re- 
bound phase. Let the contact radius have its maximum value at the time of reversal 
tm and let the time tf = 0 be zero. The latter condition presents a restriction to the 
generality, but it is surely the most common case. A possible graph of the contact 
radius is depicted in Fig. 8.13. 

The first step is to solve the contact problem for the indentation phase £ < tm. 
We have at our disposal the results of the previous sections and, specifically, we 
have (8.54). Additionally, there exists an explicit function f,(t’) with t; < ftm and 
t' > t so that (see the Fig. 8.13) 


alti) = a(t’). (8.94) 


For the indentation depth d(t) and the normal force Fy (t) during the rebound phase 
t > tm, we obtain the expressions for arbitrary rotationally symmetric indenters 
determined by Ting (1966): 


i t 
do) = aan) f oe- [ Ge -niaya dt’, 
tm ti (t) 
ti (t) 
Fy (t) = / GU -rE F UA., (8.95) 
0 


with the normalized creep function ®, the normalized relaxation function G, and the 
elastic solutions indicated by the superscript “el”, which is discussed in Chap. 2. 

In the case of the parabolic indenter, the results from (8.95) were already known 
to Hunter (1960). Furthermore, Ting (1968) and Graham (1967) found the solutions 
for arbitrary counts of maxima and minima of the contact radius. Regrettably, the 
analytical treatment of these increasingly interlinked differentiations and integra- 
tions is not practically viable. 

Of course one can conceive various loading protocols where the contact radius 
has a single maximum and the contact problem thus decomposes into an indentation 
and rebound phase. Two technically relevant cases are discussed in the literature: 


Fig. 8.13 Schematic graph of 
the contact radius a(t) 


tt) tn i t 
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rebound-indentation testing in which the first phase is displacement-controlled and 
the force is zero in the second phase, and the linear centric impact problem, which 
of equal importance for various testing procedures. 


8.3.3.1 Material Tests Using the Rebound-Indentation Procedure 
In rebound-indentation testing, an indenter is pressed under displacement-control 
into a viscoelastic half-space, e.g., with a constant velocity vo: 


d! (t) = vot. (8.96) 


The superscript “J” indicates the indentation phase £ < tm. The indenter is subse- 
quently released and the half-space relaxes. By measuring the indentation depth 
during relaxation, it is possible to determine the time-dependent material func- 
tions of the elastomer. The protocols of the indentations are displayed in Figs. 8.14 
and 8.15. 

Argatov and Popov (2016) were able to prove that the indentation depth during 
the rebound phase fulfills the relationship 


tm tm 
d 
d” (t) = fxe —t', tm =t) Or = v | Ke —t',tm—t')dt’, (8.97) 
0 0 


independent of the actual form of the indenter Equation (8.97). for the flat cylindri- 
cal punch was already derived by Argatov and Mishuris (2011) and for the parabolic 
indenter by Argatov (2012). The function K (t, t’), which was previously utilized by 
Greenwood (2010) for an alternative presentation of the solutions by Ting (1966) 
and which presents the stress response via a unit deformation applied at £ = 0 and 


Fig. 8.14 Protocol of the 
indentation depth during 
rebound-indentation testing 


d(t) 
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Fig. 8.15 Protocol of the 

normal force during rebound- RO 
indentation testing. The 

rebound phase occurs under 

zero force 
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Fig. 8.16 The function 

K (t, t’) from (8.99) for the 
three-element standard solid 
with k = 0.1 


10 


Fig. 8.17 The function 
K(t, t’) for the three-element 
standard solid with k = 0.5 


removed at t = ft’, is connected to functions ® and Y by the relationship: 


t 
ð 
K(t,t’) = 1— W(t) + f vzet —t")dt", t>tť. (8.98) 
t 


For the three-element standard solid with k = G/ Go and the characteristic relax- 
ation time Tt, the expression is: 


K(t,t) = (1—k) (1 —exp (--)) exp 1) , t>e, (8.99) 


T 


A normalized representation of this function for two different values of k is given 
in Figs. 8.16 and 8.17. 
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8.3.3.2 The Hertzian Impact Problem for a Viscoelastic Half-Space 
Another simple test method for determining the viscoelastic properties of elas- 
tomers is rebound testing, which is usually carried out with spherical impact bodies. 
From the measured number of impacts during the experiment, conclusions about the 
dynamic material behavior of the rubber can be drawn. 

Hunter (1960) looked at the Hertzian impact problem, i.e., the straight, centric, 
frictionless impact of a rigid sphere, with a viscoelastic half-space when the peak 
time is small compared to the smallest characteristic relaxation time t of the elas- 
tomer. In this case, the creep and relaxation functions of the elastomer in normalized 
representation can be approximated by the expressions of the Maxwell body: 


@®(t) = 1+ a 
T 
G(t) = exp (-<) (8.100) 


The sphere has the radius R and the initial velocity vg. The half-space has the 
glass module Gop and the (constant in time) Poisson number v. In this case, Hunter 
determined the following equations of motion for the variable Z(t) = a?(t)/R: 


a Dec 
74-7 =m) + CZ? =0, t< tn, 
T 


se 1 x 
Ž = -(83Ż +v) +CZ’?=0, t>tm, (8.101) 
T 
with i 
8GoR 
C= 2 (8.102) 
3M(1—v) 


During the penetration phase, Z corresponds with the indentation depth (which is 
the position of the sphere) and the equation of motion is exact. The presented equa- 
tion of motion during the retraction phase, on the other hand, is an approximation 
that is accurate only for large values of t compared to the impact time. Hunter then 
determined the following approximate solutions for the coefficient of restitution e 
and the impact duration T: 


_,_4% 

e= 9r’ 
To 

T = Tọ | 1 — 0.037— }. (8.103) 
T 


Here, Tọ denotes the duration of impact for the purely elastic case, according to 
Hertz (1882). The viscoelastic impact problem was also examined in detail by 
Argatov (2013) using an asymptotic approximation. 
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8.4 Normal Contact of Compressible Viscoelastic Media 


Most elastomers can, to a good approximation, be considered incompressible. This 
was one of the general assumptions in the previous sections of this chapter, with 
only the shear modulus (complex modulus, relaxation function, creep function, etc.) 
being the subject of rheological study. Yet there is no theoretical justification re- 
quiring this assumption of incompressibility. Indeed, elastomers generally exhibit 
a deformation response to hydrostatic compression, and a relaxation function and 
creep function associated with this volume deformation. 

In the following sections, we will outline some possibilities on how to take the 
compressibility of the viscoelastic medium into account for contact problems. At 
several stages we will refer back to various concepts introduced earlier in this chap- 
ter. 


8.4.1 The Compressible Viscoelastic Material Law 


Equation (8.47) in Sect. 8.1.5 introduced the general material law of a linear vis- 
coelastic medium for the traceless components (belonging to the shear components) 
of the stress and deformation tensor: 


Ps[sij(t)] = Osleij(O). (8.104) 


Here, s;; denotes the traceless component of the stress tensor 0;; and e;; denotes the 
traceless component of the deformation tensor ¢;;. P and Q are linear operators of 
the form 


oe) dé 
Ps := D Psk ae 
k=0 
Os =) iip (8.105) 
k=0 


with an added index “S” to emphasize that we are dealing with the shear component 
of the deformation. For the volume components, i.e., the trace components, an 
analogous material law for the most general case can be formulated: 


Pylon O] = Ovlei()] (8.106) 
with analogous operators: 
Py := ars 


oe) dk 
Ov := } avra (8.107) 
k=0 
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For example, let us consider a compressible Kelvin medium for which the stress 
state has only a purely linear-elastic and a purely linear viscous component. In this 
case, the material law that we already split into its shear and volume components 
is: 

oy, = 3K ey; + 3€&)), 

Sij = 2Geij + 2Nèij, (8.108) 


which means the previously introduced differential operators have the form: 


a 
=3K — 
Oy =3 +3853 
ə 

Qs =2G + 2na: (8.109) 


Here, G and K are the shear and bulk modulus, while 7 and & are the dynamic shear 
and volume viscosity of the medium, respectively. 


8.4.2 Is MDR Mapping of the Compressible Normal Contact 
Problem Possible? 


The solution process of the normal contact problem begins, once again, with the 

fundamental solution for the displacement w of a half-space under the effect of a 

normal point force Fy, which acts on the origin starting at time ¢ = 0 and is then 

held constant. In the elastic case, the fundamental solution to the normal displace- 

ment of the surface is the well-known solution by Boussinesq given in (2.2), 
FyH(t)  FyH(t)3K+4G 


el 
t)= = : 8.110 
ee) nE*r 4nGr 3K+G ( ) 


with the effective elasticity modulus Æ*. According to the principle of Radok 
(1957), solving the viscoelastic problem involves the Laplace transform of the 
elastic solution (owed to the analogous forms of the elastic and viscoelastic field 
equations) with the accompanying substitution of the elastic moduli through the 
operators P and Q. The following equation is obtained for the Laplace transform 
(all transformed quantities are indicated by a “hat”) of the desired fundamental so- 
lution: 


: F Dy +20 
beg es. (8.111) 
2mrs Os[Qy + Qs/2] 
However, the transforms of the operators are polynomials in s, 
Os T Xas kS, 
k=0 
Ôv = X qvxst. (8.112) 
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In other words, (8.111) can be written in the general form: 

(r,s) = — (s), (8.113) 
with 


(s) := 2 Deo WS +2 Prao as Ks 
S X pao ds ns (Ero qvks¥ + 5 rao qsxs*) 


which, after an inverse transform into the time domain, leads to the desired solution 


3 (8.114) 


w(r,t) = HE (8.115) 


Yet this is the fundamental solution for an incompressible medium with the (dimen- 
sional, shear) creep function ®(t). This means that the normal contact problem for a 
compressible viscoelastic material can always be reduced to an equivalent problem 
of an incompressible medium, assuming that the material law of the compressible 
body in the form (8.104) and (8.106) is known and the inverse Laplace transform of 
the expression (8.114) exists. 

In particular, the relationship (8.51) between the creep function and the time- 
dependent shear modulus G (t), 


s°O(s)G(s) = 1, (8.116) 


allows finding the time-dependent shear modulus by using the inverse Laplace 
transform of the expression 


ar qsks* Eea dvs + 5 oak qsks*) 
2s ($ rco gvest +2 X rao dsxs*) 


Thus all previously derived MDR relations for the normal contact from previous 
sections can also be used in the case of compressible viscoelastic media. 


G(s) = (8.117) 


8.4.3 Normal Contact of a Compressible Kelvin Element 


To illustrate the relationships derived in the previous section, we will provide a 
brief demonstration of the transformation of the compressible normal contact to the 
corresponding incompressible problem for an incompressible Kelvin element with 
the general material law (8.108). 

Inserting the operators (8.109) into (8.114) leads to the following expression for 
the Laplace transform of the shear creep function of the incompressible medium in 
question: 

1 3K + 4G + (3E + 4n)s 


0) = 5 G49) BK+ 6+ GE+ Ms] 


(8.118) 
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The inverse transform into the time domain yields the creep function 


1 G 3 3K+G 


and the time-dependent modulus (to avoid any confusion with the shear modulus of 
the original compressible medium, we add the index “ink”) 


3E +n TENE 
36 44 + SEI 
21(GE — Kn)" P/ 3K + 4G r) 


GK 4 4G)GE + 4m2 P (C BEF 4N 


Gink(t) = 
(8.120) 


Here, ô(t) denotes the Dirac function. In the limiting case of an incompressible 
medium, we obtain the known solution 


jim, Gilt) = G + 8(0). (8.121) 


The limiting case of rapid relaxation 


3E + 4n 


——— xt 8.122 
3K +4G i ( 


also results in an incompressible Kelvin body with 


Gink(t) ~ G 


2 

3K+G | (x 3E +n 21(G§ — Kn) a. (8.123) 
3K +4G 3&+4n (3K + 4G)?(3E + 4n) 

It should be noted that the creep function (8.119) and the time-dependent modulus 
(8.120) can be interpreted in different ways in terms of rheological models (and 
consequently also for the purposes of the MDR). For example, the modulus (8.120) 
can be produced by a parallel arrangement of a Kelvin element and a Maxwell 
element (see Fig. 8.18) with the material parameters of the rheological models set 
to (v is the Poisson’s ratio of the medium): 


P EEE 8 = __2UGE~ Kn? 
aa Arey (3K + 4G) (36 + 40)? 
3E +n 21(GE — Kn)’ 
M= NEF An T BK+4GPGE+4)’ 


4n(1 — v + v?) + 3€(1 — 2v)? 
12(1 — v} f 


q +m = (8.124) 


However, other rheological models are also possible. For instance, the form of 
the creep function (8.119) suggests the possibility of a serial arrangement of two 
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Fig. 8.18 Rheological 

element to model a com- rhi 
pressible Kelvin body within G, ma 

the framework of the MDR G, 


Fig. 8.19 Element for a li 
compressible Kelvin body 
in the limiting case of rapid G m+ 
relaxation ' 


Fig. 8.20 Rheological ele- 
ment for an incompressible 
Kelvin body G ry 


suitably chosen Kelvin elements. The rheological models for the limiting case of 
fast relaxation and for the incompressible body are shown in Figs. 8.19 and 8.20. 

Once the compressible normal contact problem has been reduced to the equiv- 
alent incompressible problem and the corresponding rheological model has been 
identified, all previously derived MDR rules pertaining to the solutions of incom- 
pressible problems can be applied. As an example, Brilliantov et al. (2015) derived 
the dissipating force during the impact of two spheres in the limiting case given 
by (8.122). using developments from perturbation theory. Based on the aforemen- 
tioned derivations and the relationships of the incompressible MDR model, it is 
immediately obvious that, for an arbitrary axially symmetric indenter, this force is 
given by: 

Fas = 8(m + m)ad = ay [$na =p) +60 - 2) | . (8.125) 
which (in the case of impacting spheres in the Hertzian approximation) naturally 
corresponds to the result of Brilliantov et al. In (8.125) a, as always, refers to the 
contact radius and d refers to the indentation depth. 


8.5 Fretting Wear of Elastomers 


Contacts of rigid bodies with polymers or elastomers occur in many applications. 
If they are moving relative to one another, then the surfaces in such contacts are 
subjected to wear. Counterintuitively, the endangered partner is not necessarily 
the softer polymer piece but may well be the metal surface (Higham et al. 1978). 
Whether there is wear to the more rigid or to the softer contact partner depends on 
many load and material parameters. In the following, we explore the idea that the 
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“rigid” indenter wears while the elastic deformation is solely due to the elasticity of 
the polymer. 

Let us consider an axially symmetric rigid profile which is brought into contact 
with a polymer (average indentation depth do) and is subjected to vibrations of the 
amplitude Au in the tangential direction and vibrations of the amplitude Aw 
in the normal direction: 


d(t) = do + Aw cos(at), 
w(t) = Au cos(wt + p). (8.126) 


Under the assumption of complete stick in the entire contact area, the tangential 
stresses at the edge of the contact would exhibit a singularity as in the elastic case. 
This means that the no-slip condition cannot be met in the vicinity of the edge of 
the contact. Thus, even small amplitudes lead to the formation of a ring-shaped slip 
zone at the edge of the contact which results in wear. The inner zone remains stick- 
ing. The existence of this stick zone was demonstrated by Barber et al. (2011) for 
arbitrary two-dimensional topographies (not necessarily with a singular, connected 
contact area) under very general assumptions and for three-dimensional topogra- 
phies under the assumptions of the theory of Cattaneo and Mindlin. 

In this book, we will restrict our consideration to axially symmetric contacts. 
Furthermore, we assume that the friction in the contact obeys the local form of the 
Coulomb law of friction: the surfaces remain sticking if the tangential stress t is 
lower than the normal pressure p multiplied by the coefficient of friction jz, and that 
the tangential stress remains constant once slip sets in: 


|t| < up, stick, 
|r| = up, slip. (8.127) 


We refer to the entirety of all points that fulfill the condition |t| < up at every point 
in time as the “permanent stick zone”. Due to wear, the stress in the slip zone will 
decrease over time and be re-distributed to the stick zone. We can assume that the 
original stick zone remains sticking over the course of the wear process, while in 
the area of the original slip zone the slip condition is fulfilled even in the worn state. 
The progressing wear leads to a continual pressure decrease in the slip zone. This 
process finally ends when the pressure vanishes completely. In this limit state, the 
wear rate in the slip zone approaches zero: the system approaches a state in which 
no further wear occurs. The precise kinetics of this process depend on the form of 
the wear law. The shape of the profile in its final state, however, does not depend 
on the details of the wear law and it can be determined in a general form. 

We will not presume any particular local wear law. Instead, we will just assume 
that the following very general conditions are met: (a) wear occurs only where 
there is a finite relative displacement of the surfaces (the existence of tangential 
stresses alone is not sufficient for wear); (b) wear occurs only in zones of non-zero 
pressure. Combined with the assumed Coulomb law of friction, these assumptions 
alone uniquely determine the limit shape of the worn profile. Indeed, from the 
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Fig. 8.21 Three zones of the worn profile in the limit state. I is the zone of permanent stick; here 
the original profile remains unchanged. II is the zone in which the pressure vanishes, even though 
at maximum indentation the surfaces are in a state of established contact with no pressure. III is 
the zone in which no contact is established (and consequently no change of the profile occurs) 


assumption (a) it follows that the shape of the indenter in the permanent stick zone 
must match the original (unworn) shape (zone I in Fig. 8.21). Under assumption 
(b), the pressure outside the permanent stick zone vanishes in the limit state. Yet 
this unpressurized state should result due to the wear. This means that the surfaces 
in zone II at the maximum indentation are “just barely touching”; i.e., contact has 
been established with zero pressure. This in turn means that the worn indenter at 
the time of maximum indentation must coincide exactly with the shape of the free 
surface, which would have resulted from the indentation from the original indenter 
shape within the permanent stick radius (zone II in Fig. 8.21). 

According to the half-space hypothesis, small oscillations parallel to the con- 
tact surface, independent of their particular oscillation mode (linear oscillations in 
a single direction, superposition of oscillations in two direction, or torsional oscil- 
lations), only result in a tangential displacement of the surfaces that are just barely 
in contact and therefore cause no wear. Since the shape of a surface that is indented 
by a non-varying contact area does not depend on the rheology of the medium and 
matches the one for an elastic body, the shape of the worn indenter in its final state 
is given by (6.18) which can be found in Chap. 6: 


for), r&r >a; 
=ar re d 8.128 
fool) | POE + dx arccos (E) |, c<r<a. i ! 
m [Jo Vr2— x? I 
with 
dnax = do + Aw® (8.129) 


in which go(x) is the MDR transformed profile: 


|x| 


So (r)dr 
= Joe, 8.130 
g0) = |x| | r (8.130) 
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The solution is uniquely defined by the maximum indentation depth and the radius 
c of the permanent stick zone. We, therefore, concern ourselves with the calcula- 
tion of this determining parameter c depending on the loading procedure and the 
material parameters. 


8.5.1 Determining the Radius c of the Permanent Stick Zone 
In elements of the one-dimensional MDR model, the normal and tangential forces 
(in the case of an incompressible elastomer) are given by (8.35) and (8.37). The 


displacements of the “springs” at location x are calculated to: 


wWip(x,t) = do — g(x) + Aw cos at, 
Uip(x,t) = Au cos(wt + Qo). (8.131) 


The normal and tangential forces are given by equations 


AFy = 4AxG'(0)(do — g(x)) 
+ 4AxAw (G'(@) coswt — G" (w) sin wt) (8.132) 


and 
8 
AF, = z AvA (G'(w) cos(wt + po) — G" (w) sin(wt + g)), (8.133) 


where G(w) = G'(@) + iG” (œ) is the complex shear modulus; i is the imaginary 
unit, G’ (œw) is the real component of the complex shear modulus (storage modulus), 
and G” (w) is the imaginary component of the complex modulus (loss modulus). 
The no-slip condition reads |A F| < pA Fy or 


Z Au |G'(@) cos(wt + po) — G" (w) sin(wt + po)| 
< u[G'O (do — g(c)) + Aw® (G'(@) cos@t — G"(w) sinwt)]. (8.134 


It follows that: 


12 
—ZAu® |G (w) cos(wt + po) — G” (œ) sin(wt + go)| 


H3 


1 
g(c) <a- 


— Aw® (G'(w) cos wt — G” (œ) sin wt) | (8.135) 


The radius c of the permanent stick zone is the largest radius, for which there is no 
slip at any point in time or, alternatively, the smallest of the values where slip is just 
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avoided: 


i 12 
g(c) = min { do — ——~ —=Ay |G (w) cos(wt + po) — G” (w) sin(wt + po)| 
t G'(0)| u3 


— Aw (G' (w) cost — G" (œ) sin wt) l l (8.136) 


This equation can also be rewritten in the more compact form, as follows: 


G(@)| |12 
g(c) = min fa - oe [sau |cos(Q + go)| — Aw cos 2]} » (8.137) 
with Q = wt + gı, where ¢ is defined as the phase angle of the complex shear 
modulus with: 

G" (w) 
G'(w) ` 
Let us first examine the case in which the phase shift gp between the tangential and 
normal oscillation is not fixed (e.g., slow “phase creep”). This case would simply 
require inserting the maximum absolute values of | cos(Q2 + ¢ )| and cos Q into 
(8.137): 


tang, = (8.138) 


IG()| 
G'(0) 


Fee + aw | , (non-fixed phase shift). (8.139) 
This equation is equally valid for the case of two different incommensurable oscil- 
lation frequencies in the normal and the tangential direction. 

If the frequencies are equal and the phase shift is fixed by some phase syn- 
chronization mechanism, the situation is more complicated. An analysis of (8.137) 
shows that the smallest stick radius is achieved at gy = 0. In this case, the radius 
can also be determined from (8.139). The maximum stick radius is achieved at 
o = 7/2 and is given by the following equation: 


IG(@)| | (12 : 
89) =d- “Gay | (£3 lau) + (Aw), (8.140) 


g(c) = do — 


The general case of an arbitrary phase shift comprises several special cases, which 
are presented in research by Mao et al. (2016). 


8.5.2 Fretting Wear of a Parabolic Profile on a Kelvin Body 


As a concrete example for the application of (8.140), we consider a parabolic pro- 
file f(r) = r?/(2R) in contact with a Kelvin body, which can be represented as 
a parallel arrangement of an elastic body (shear modulus G) and a viscous body 7. 
Accordingly, the elements of the one-dimensional foundation consist of the follow- 
ing elements: 
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e In the normal direction, they consist of a spring with the normal stiffness Ak, 
arranged in parallel with a damper with the damping coefficient Ag+. 

e In the horizontal direction, the elements have a tangential stiffness Ak, and the 
damping coefficient Agy. 


Said values of stiffness and damping coefficients are determined according to (8.38) 
and (8.39) by the following rules: 


8 8 
Ak, =4GAx, Aa,=4nAx, Ak, = gut Aa, = z1x. (8.141) 


The MDR profile is, in accordance with (8.130), equal to g(x) = x?/R, and the 
complex shear modulus of the medium is equal to G(w) = G + ian. For the 
rheological quantities |G(@)| and G’ (0) occurring in (8.140) we obtain: 


|G(@)| = VG? + n’a? and G'(0)= G. (8.142) 


In the case of go = 2/2, (8.140) takes the form of 


2 


12 2 
= a- Viet (Ehia) + (Aw), (8.143) 


R 


with the introduction of the relaxation time t = 7/G. 
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Contact Problems of Functionally Graded ©) 
Materials 


Modern technological developments require innovative materials to meet ever in- 
creasing performance demands. An example of this is functionally graded materials 
(FGMs) whose material composition or micro-structure varies continually within 
the volume in a pre-defined way. In this manner, the material properties can be 
set (possibly independently of each other) to the optimal values. A controlled gra- 
dient of the elasticity modulus has been proven to lead to a greater resistance to 
contact and friction damage (Suresh 2001). For instance, Hertzian cone cracks 
are suppressed due to the reduction of the maximum tensile stresses in the surface 
(Jitcharoen et al. 1998) and the wear resistance is increased (Suresh et al. 1999). 
In mechanical engineering, components such as cutting tools, gears, and parts of 
roller bearings or turbine blades are made from FGMs. This is just a small sample 
of the constantly expanding range of applications of FGMs (Miyamoto et al. 1999). 
In the biomedical arena, for endoprosthetics in particular, the use of FGMs in arti- 
ficial knee and hip joints is intended to improve biocompatibility and reduce wear, 
extending the service life of the endoprosthesis and, thereby, increasing quality of 
life (Sola et al. 2016). A high degree of biocompatibility is also essential for dental 
implants (Mehrali et al. 2013). 

Many insects and animals such as geckos possess highly effective attachment 
devices, allowing them to stick to and move on surfaces of widely varying ranges 
of roughness and topographies. This has inspired a great amount of research into the 
adhesion of biological structures with the aim of manufacturing artificial surfaces 
with similar adhesive properties (Boesel et al. 2010; Gorb et al. 2007). In fact, many 
biological structures exhibit functional material gradients which serve to optimize 
the adhesive properties (Peisker et al. 2013; Liu et al. 2017). Furthermore, the 
adhesive properties of FGMs are of importance to the fields of innovative nano- 
electromechanical and micro-electromechanical systems (NEMS, MEMS). 

Although the term “functionally graded material” was only coined in 1986 
(Miyamoto et al. 1999), analytical and experimental research of their contact 
mechanical behavior had already been conducted much earlier. The origin lies in 
the field of geomechanics where the influence of the elasticity modulus, which in- 
creases with the depth of the soil foundation, on the stresses and displacements was 


© The Authors 2019 251 
V.L. Popov, M. Heß, E. Willert, Handbook of Contact Mechanics, 
https://doi.org/10.1007/978-3-662-58709-6_9 


252 9 Contact Problems of Functionally Graded Materials 


of particular interest (Frohlich 1934; Holl 1940). Over the years, different functions 
for the varying elasticity modulus were in use. On this issue, the works of Selvadu- 
rai (2007) and Aleynikov (2011) offer a good overview and we can safely skip 
over providing a complete list of references. In nearly all cases, the calculations 
are exceedingly complex and only allow numerical solutions. The majority of the 
publications deal with an exponential increase or a power-law dependent increase 
of the elasticity modulus. For an exponential change of the elasticity modulus, only 
approximate solutions exist (so far) (Giannakopoulos and Suresh 1997). However, 
contact problems of elastically inhomogeneous materials that obey the law 


k 
E(z) = Ey (=) with -1<k <1 (9.1) 
Co 


can be solved exactly in an analytical manner. The Poisson’s ratio is assumed to be 
constant. Due to the fact that the elasticity modulus of the foundation always in- 
creases with the depth, law (9.1) was initially restricted to positive exponents. The 
first solutions go back to Holl (1940) and Rostovtsev (1961), who imposed the addi- 
tional restriction v = 1/(2 + k). Complete solutions of frictionless normal contacts 
were provided by Booker et al. (1985) and Giannakopoulos and Suresh (1997). A 
special case of (9.1) is the famous Gibson medium: the linear-inhomogeneous, in- 
compressible half-space (k —> 1, v —> 1/2). Gibson (1967) managed to prove that 
such a medium behaves like a Winkler foundation (see also the work of Awojobi 
and Gibson 1973). If the solutions of the contact without adhesion are known, the 
work required to transfer that understanding to the adhesive normal contact between 
graded materials is not too great. Still, for an elastic inhomogeneity according to 
(9.1), the problem was only solved in the previous decade and remains the subject 
of current research (Chen et al. 2009; Jin et al. 2013, 2016; Willert 2018). How- 
ever, all of these works assume a positive value of the exponent, which restricts their 
theoretical application to the class of graded materials where the elasticity modulus 
grows with increasing depth. Yet, as already mentioned in this chapter, plenty of 
practical applications exist (e.g., cutting tools, dental implants) which require a hard 
surface along with a softer core. A careful examination of the literature revealed that 
the theory is equally valid for negative exponents —1 < k < 0 (Rostovtsev 1964; 
Fabrikant and Sankar 1984). Although law (9.1) now permits the representation of 
positive and negative material gradients, and barring the special case of k = 0, the 
law remains physically unrealistic for homogeneous materials due to the vanishing 
or infinitely large elasticity modulus at the surface and at infinite depth, respectively. 
Nevertheless, FEM calculations by Lee et al. (2009) confirmed that it yields qualita- 
tively correct results for functional gradients, if the modulus is described piecewise 
by a power-law. 

Analytical solutions of tangential contacts between materials exhibiting an elas- 
tic inhomogeneity according to (9.1) were only recently developed by Heß (2016b) 
and Heß and Popov (2016). Up until then, merely the plane tangential contact prob- 
lem between a rigid, infinitely long cylinder and the elastically inhomogeneous 
half-space was considered completely solved (Giannakopoulos and Pallot 2000). In 
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very recent times, the MDR-based theory of Heß and Popov enabled the fast calcu- 
lation of even complicated impact problems of FGMs (Willert and Popov 2017a,b). 

Following the order in which the applications of FGMs are presented in this 
chapter, we will now discuss frictionless normal contacts (Sect. 9.1), adhesive nor- 
mal contacts (Sect. 9.2), and tangential contacts with partial slip (Sect. 9.3). We 
restrict the consideration to the elastic inhomogeneity given by (9.1). Furthermore, 
the parameter studies of the majority of the graphical solutions were conducted for 
positive exponents 0 < k < 1 only. Yet it must be expressly noted that all provided 
solutions are also valid for negative exponents —1 < k < 0. Additionally, our 
examination is usually limited to the contact of a rigid indenter and a functionally 
graded material. However, the theory is equally applicable to the contact between 
two elastically inhomogeneous bodies of the same exponent k and of the same char- 
acteristic depths cg. In this case, the Poisson’s ratios v; and the elastic parameters 
Eo; are allowed to differ. It should also be noted that the special case k = 0 yields 
many of the solutions for the contact problems of elastically homogeneous materials 
previously examined in Chaps. 2, 3, and 4. 


9.1 Frictionless Normal Contact Without Adhesion 


The frictionless normal contact between a rigid indenter of the shape f(r) and a 
functionally graded material is shown in Fig. 9.1. Here, we differentiated between 
an elasticity modulus which drops with increasing depth (left) and one which rises 
with increasing depth (right). Law (9.1) has been demonstrated using a graphical 
representation. 


9.1.1 Basis for Calculation of the MDR 


For the solution of frictionless normal contacts without adhesion under considera- 
tion of the elastic inhomogeneity given by (9.1), we make use of the mapping rules 
and calculation formulas of the MDR developed by Heß (2016a). Accordingly, the 


Fig.9.1 Indentation of a rigid indenter with the profile f(r) in an elastically inhomogeneous half- 
space, whose elasticity modulus drops (left) or rises (right) with increasing depth according to the 
power-law (9.1), depending on whether the exponent k is negative or positive 
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Fig. 9.2 The equivalent 
substitute model for the nor- 
mal contact between two 
elastically inhomogeneous 
half-spaces whose elasticity 
moduli satisfy condition (9.1) 
while assuming that both 
media have equal exponents k 


contact problem shown in Fig. 9.1 is equivalent to the indentation of a rigid, planar 
profile of the shape g(x) in a one-dimensional Winkler foundation with respect to 
the relationships between normal force, contact radius, and indentation depth. This 
is valid for Winkler foundations whose stiffness depends on the coordinate x, which 
is expressed by a laterally varying foundation modulus cy (x) (spring stiffness di- 
vided by spring distance Ax). The equivalent substitute model is demonstrated in 
Fig. 9.2. 

The planar profile g(x), which is sometimes called the equivalent, one-dimen- 
sional substitute profile, is calculated according to: 


|x| 
faa) ales ee / ae (9.2) 
J ( 


x2 — 2) 


The spring stiffness is given by equation: 
Ak. (x) = cy (x); Ax. (9.3) 


Here, cy (x) refers to the foundation modulus (stiffness per unit of distance) which, 
in this case, depends on the distance to the contact mid-point 


Gj ( I-vi_ E wey Da 

CN) = : X 
hyn (k, vı)Eo hy (k, v2) E02 Co 

The coefficient Ay is dependent on the Poisson’s ratio v and the exponent k of the 

inhomogeneity in the following way: 


2(1 + k) cos (4) r+ K) 
VTC(k, v)B(k, v) sin Ce) r (144) 


hy(k,v) = (9.5) 


with 


gitkp (pem) r (ee) 


ml (2+k) 


C(k,v) = (9.6) 
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B(k,v) = je +k) (1 = ==) (9.7) 


Thereby making use of the Gamma function: 


and 


T(z) := / t7! exp(—t)dr. (9.8) 
0 


Due to the mutual independence of the springs, the vertical displacement of the 
springs at location x is given by the obvious equation 


wip(x) = d — g(x). (9.9) 


The indentation depth d is determined from the condition of a vanishing displace- 
ment at the edge of the contact: 


The normal force Fy is the sum of all spring forces in the contact: 


Additionally, the normal displacement of the Winkler foundation w; p(x) = d—g(x) 
uniquely defines the pressure distribution and the normal surface displacement: 
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These equations also solve sets of problems related to situations where the stresses 
at the half-space surface are known and the displacements are the desired quanti- 
ties. This requires the preliminary calculation of the displacement of the Winkler 
foundation using the stresses according to 


2ck cos (=) i rp(r) 7 (9.13) 
1+k 2 z 


cn (co) J (r2 — x?) > 


wip(x,a) = 


which are then inserted into (9.12). 

Here it should be noted that contact problems between FGMs with arbitrary 
elastic inhomogeneities can always be represented by the MDR-based model from 
Fig. 9.2. The difficulty lies in finding the correct calculation formula for the one- 
dimensional profile and determining the foundation modulus depending on the co- 
ordinate x (Argatov et al. 2018). Taking advantage of the expanded model from 
Fig. 9.20, these statements even extend to adhesive contact problems. 


9.1.2 The Cylindrical Flat Punch 


The complete solution of the contact problem between a rigid, cylindrical flat punch 
and an inhomogeneous half-space (shown in Fig. 9.3) is attributed to Booker et al. 
(1985). The simple geometry of the contact allows for an extremely simple deriva- 
tion of the solution using the MDR. Since the profile function is always measured 
from the indenter tip f(r) = 0, it follows from (9.2) that g(x) = 0. The surface 
displacement of the 1D Winkler foundation is then 


wip(x) = d [H(x +a) —H(x — a)], (9.14) 


where H(-) represents the Heaviside function. For the contact of a flat punch, the 
indentation depth is independent of the (fixed) contact radius. Thus the evaluation 


Fig. 9.3 Normal indentation 
of the elastically inhomo- 
geneous half-space by a flat 
cylindrical punch 
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of (9.10) is not necessary and the solution of the contact problem merely requires 
applying (9.11) and (9.12). Under consideration of the derivative 


Wi p(x) = d [5(x + a) — 8(x — a)], (9.15) 
with the Delta distribution 4(-) and its filter property, it follows that: 


2hn (k, v)Eoda'** 


Fy(d) = vA F nek” 
age- m fe Beto- 
m(1—v?)eq J (x2 — r3) 
hy (k, v)Eod 


m(1 — v?)ck (a? — 72) 


2 kn a k 
w(r;d) gal 2 ) J e dx 


T J (r2 — x3) 
kr 
cos (*2) d 2 14k 1-k 
gla] a(S: = ). (9.16) 
T r 2 2 


where B(z; x, y) represents the incomplete Beta function according to: 


B(z; x, y) := [era —ty'dt Wx,y e R. (9.17) 
0 


The pressure distribution normalized to the average pressure in the contact area 
is shown in Fig. 9.4. It is clear to see that a rising exponent of the elastic inhomo- 


Fig. 9.4 Pressure distribu- 
tion for the indentation by a 
flat cylindrical punch for dif- 
ferent exponents of the elastic 
inhomogeneity k, normalized 
to the average pressure 
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Fig. 9.5 Normal surface displacement of the inhomogeneous half-space for the contact of a flat 
punch and different exponents of the elastic inhomogeneity k, normalized to the indentation depth 


geneity reduces the singularity at the contact edge. Figure 9.5 displays the normal 
surface displacements for different k at equal indentation depth d. It shows that the 
displacement of the half-space surface outside the contact area drops with increas- 
ing k. 


9.1.3 The Cone 


Most solutions and the insights derived therefrom for the conical contact as shown 
in Fig. 9.6 can be found in the work of Giannakopoulos and Suresh (1997). The 
shape of the rigid conical indenter is given by: 


f(r)= r tanð. (9.18) 


Fig. 9.6 Normal indentation 
of the elastically inhomoge- 
neous half-space by a conical 
indenter 
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Applying the mapping rule (9.2) leads to the equivalent plane profile 


1 1 1+k 
= —|x|B { =, —— ] tan 9, 9.19 
g(x) = zile (3 $*) tan 0.19) 
where B(x, y) denotes the complete beta function, which is related to the incom- 
plete beta function (9.17), according to B(x, y) := B(1; x, y). Substituting (9.19) 
into (9.10)—-(9.12), gives the solution of the contact problem, after a short calcula- 
tion: 


1 1 1+k 
d(a) = 34 tan OB (5. +) ‘ 


hy (k, v) tan 0B (4, 1k) Eyakt? 


(= vk + DK +2) 
hy (k, v) tan 0B (4, Ht) Eo , 
4x (1 — v2)ck . 


—k 1+k 2 -k 1+k 
Nieto S S 

2 2 a? 2 2 
tan 0B (5, tk) cos (£) a 

T 
2 2 
1+k 1-k k 1-k 

‘1B aa = ; mre: A i forr >a. 

r 2, 2 a (r? 2 2 

(9.20) 

Since the beta function in the pressure distribution partially contains negative ar- 


guments, we expand the definition of (9.17) by using (for negative arguments) the 
representation via the hypergeometric series 


Fy (a) = 


p(r;a) = 


B(z: x, y) = LF; (x, 1—=yi1 + x22). (9.21) 


The definition of the hypergeometric series is given in Chap. 11 by (11.93). To 
obtain the limiting case of the homogeneous half-space, k — 0 should be set. 

From (9.20) it can be seen that (among other things) with the same normal force 
the contact radius depends both on the exponent k and on the characteristic depth 
co. If one normalizes the contact radius by the contact radius ap, which would be 
valid for contact with a homogeneous half-space, then it is 


a alt k\Q+k) \™ (ey \ 
= n 22 
ai (sae es a es 


Depending on the choice of k and co, a larger or smaller contact radius can result in 
comparison to the homogeneous half-space. This can be seen from the abscissa in 
Figs. 9.7 and 9.8 which illustrate the pressure distribution for various characteristic 


260 9 Contact Problems of Functionally Graded Materials 


Fig. 9.7 Stress distribution 
in a contact with a cone for 
different exponents of elastic 
inhomogeneity k, normalized 
to the mean pressure P}, 
which results from contact 
with the homogeneous half- 
space. The characteristic 
depth is co = an 


Fig. 9.8 Stress distribution 
in a contact with a cone for 
different exponents of elastic 
inhomogeneity k, normalized 
to the mean pressure P}, 
which results from contact 
with the homogeneous half- 
space. The characteristic 
depth is co = 0.1a,, 


depths. Thereby the pressure was normalized to the average pressure p, in conical 
contact with a homogeneous half-space, which is known to be independent of the 


contact radius: 
Fy Eo tan 0 


a ra? - 2(1 —v?)’ 


(9.23) 


The influence of the elastic inhomogeneity is reflected, above all, in the maxi- 
mum pressure in the center of the contact area. Because the pressure singularity in 
the homogeneous case is suppressed the pressure maximum takes a finite value. 

In Fig. 9.9, the surface normal displacements of the inhomogeneous half-space 
are graphically compared for different exponents k at the same contact radii. They 
were normalized to the indentation depth dp, which results in contact with a homo- 
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—w(r)/d,, 


Fig. 9.9 Normalized normal displacements of the surface of the inhomogeneous half-space for a 
contact with a cone for different exponents of elastic inhomogeneity k; dp is the indentation depth, 
corresponding to the homogeneous half-space 


geneous half-space. By increasing k the indentation depth and the displacements 
decrease successively. 


9.1.4 The Paraboloid 


Figure 9.10 shows the normal contact between a rigid parabolic indenter and an 
elastically inhomogeneous half-space. The shape of the rigid indenter is given by 


the function 


r2 


f= oR (9.24) 


Fig. 9.10 Normal inden- 
tation of the elastically 
inhomogeneous half-space 
by a parabolic indenter 
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and can be understood as a (parabolic) approximation for a spherical contact with 
the radius of curvature R. The equivalent planar profile follows from (9.2): 


2 


x 

= 9.25 
g(x) GFDRR (9.25) 
Considering (9.25), the evaluation of (9.10)—(9.12) provides the solution to the 


contact problem: 


a? 
d(a) = E+ DR 
4hy (k, v) Epa% *? 
F = 
Wl) = Gack + PAIR 
ae. 2hy (k, v)Epakt! r27% 
Pa) = m(1—v?)ck(k + 1)2R [i 7 A | i 


we ye Oe) 5 a’ 1+k 1—k 
wa = kE ek | (z 2 ° 2 


> 


a(S 1-—k 


a? r? 2 2 


) l forr >a, (9.26) 
where B(z; x, y) is the incomplete beta function from (9.17). 

Figure 9.11 shows the pressure distribution in the parabolic contact normalized 
to the maximum pressure in the Hertzian contact. At the same normal force, a Pois- 
son’s number of v = 0.3 and a characteristic depth co (which was chosen equal to 


ee —! eaa 
r 1 —k=0 
Le ---k=03 
0.8 ---- tte -1 N------------]|---- k=0.6 --- 
----- k= 0.9 
bien >. = <a 
BUG Pee ere Aa en aaceee EE 4 
Pon f Co = ay; v = 0.3 
0.4---------4------ 5 jatiesuee Ino -- 4 
a ee _ | 
S. Sees AS i 
0.2---------+--------}- Se + 
L 1% NOTTS 1 
vo’ T~ 
L \ y LOON 
L \ \ OOOO 
0.0 ini r i ry eee ee pM A yt eS 
0.0 0.5 1.0 1.5 2.0 
r/ay 


Fig. 9.11 Pressure distribution in parabolic contact for different exponents of elastic inhomogene- 
ity k, normalized to the maximum pressure of Hertzian contact po, H 
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Fig. 9.12 Normalized surface normal displacements of the inhomogeneous half-space in a 
parabolic contact and different exponents of elastic inhomogeneity k 


the contact radius ay in Hertzian contact), the maximum pressure decreases with 
increasing exponent k of the elastic inhomogeneity with simultaneous enlargement 
of the contact area. It should be noted that, depending on the choice of the char- 
acteristic depth and the Poisson’s number, an opposite effect can also occur. In 
Fig. 9.12, the normalized normal displacements of the surface of the inhomoge- 
neous half-space are visualized for different exponents k at the same contact radii. 
By increasing k the indentation depth and the displacements decrease successively. 

In the limiting case k = 1 the displacements outside the contact area disap- 
pear completely—the inhomogeneous half-space behaves like a (two-dimensional) 
Winkler foundation. Strictly speaking, the latter behavior is coupled to the linear- 
inhomogeneous incompressible half-space because only the v = 0.5 contact has a 
non-zero contact stiffness (see Sect. 9.1.8). 


9.1.5 The Profile in the Form of a Power-Law 


The contact between the inhomogeneous half-space and an axisymmetric indenter 
whose shape meets the power-law 


f(r) =A,r" withn € Rt, A, = const (9.27) 


(see Fig. 9.13) was examined by Rostovtsev (1961) for the special case 
v = 1/(2+k). A general solution was provided by Giannakopoulos and Suresh 
(1997). Their derivation by means of the MDR requires the calculation of the 
equivalent plane profile according to (9.2): 


8 (x) = k(n, k)An|x|" = k(n, k) f(x). (9.28) 
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Fig. 9.13 Normal indentation 
of the elastically inhomo- 
geneous half-space by an 
indenter whose profile is de- 
scribed by a power function 


Equation (9.28) clearly shows that the equivalent profile results from a simple 
stretch from the original profile. The stretch factor is dependent on the exponent of 
the power function and the exponent of the elastic inhomogeneity, 


1 
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eg 5 [tao 
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where B(x, y) denotes the complete beta function, which follows as a special case 

B(x, y) := BC; x, y) from the definition of the incomplete beta function (9.17). 
The stretch factor increases as the exponent of the power profile increases (see 

Fig. 9.14). In homogeneous cases, the known values «(1,0) = 2/2 for the conical 


Stretch factor x(n,k) 


o ww wm mm om | 


1 2 3 4 5 
Exponent n of the profile function 


0.0 L 
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Fig. 9.14 Dependence of the stretch factor « on the exponent n of the power-law profile function 
for different exponents k of the elastic inhomogeneity (from Heß 2016a) 
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and x(2,0) = 2 for the parabolic indenter are reproduced. As the exponent of 
elastic inhomogeneity increases, the stretch factor decreases. The limiting case, 
k — 1 coincides with the simple cross-section of the three-dimensional profile in 
the x—z-plane. 

The application of rules (9.10)-(9.12) leads to the solution of the contact prob- 
lem: 


d(a) = k(n,k)A,a", 

2hy (k, v)K(n, k)n A, Epa" tk! 

a= v?)c$ (k +1)(n+k+1)’ 

hy (k, v)k(n, k)n A, Bo niki 
27r (1 — v?)e§ 


lp pea idee _B ina ee Pd l 
2 2 a? 2 2 


cos () K(n,k)A,a" 


Fy (a) = 


p(r;a) = 


w(r;a) = 


ryn (a? 1+k+n 1-k 
= -) B(S: z a) ) forr >a. (9.30) 


As already discussed in the context of the investigation of the conical contact 


(Sect. 9.1.3), the expanded definition of the beta function according to (9.21) 
should be used. 


9.1.6 The Concave Paraboloid (Complete Contact) 


The shape of a cylindrical indenter with a parabolic-concave end is described by: 


r? a? 
iy = hy forO<r<a_ with ho = OR’ (9.31) 


The complete indentation of such a punch (so that all points of the face are in con- 
tact) leads to a surface displacement in the contact area 


w(r; do) = do — f(r), (9.32) 


where dp denotes the displacement in the center of the punch. The contact geometry 
is shown in Fig. 9.15. Adding a suitable rigid body displacement fraction and taking 
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Fig. 9.15 Normal indentation 
of the elastically inhomo- 
geneous half-space by a 
parabolic concave indenter 


into account (9.31), (9.32) can be written as follows: 


a a? r2 
tT Go) =E ale DR - 5). ee 
a, 5 — ——— = 


=W] =wW2 


According to (9.33), the displacement can be represented as the difference be- 
tween the rigid body displacement w, and the displacement wz resulting from a 
parabolic contact. For both separate fractions the solutions have already been de- 
veloped (see (9.16) and (9.26)). Due to the validity of the superposition principle, 
the overall solution is the difference of the partial solutions 


Fy (do) = Fi — P, = 


2hy (k, v) Epa t! ( £ 2ho ) 
O-A tkk O kF)’ 
p(r; do) = pi — p2 


2 
= i ha (i 214 25) l 
m(1 — v2)ck (a2 — r3) 7 (k + 1)? a? 


w(r; do) = w — w2 


_ cos (4) jas (5 1+k =) 
x 


r? 2 ° 2 
2ho r2_ fa? 3+k 1-k 
B : ; : 9.34 
Tiel a (5 2 2 ) N 


With the exeption of the displacements, solutions (9.34) were derived by Jin et al. 
(2013). It should be emphasized that these solutions are only valid under the condi- 
tion of complete contact; for this, the requirement p(r = 0) > 0 must be fulfilled, 
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Fig. 9.16 Pressure distribution when indented by a cylindrical punch with parabolic-concave tip 
for different exponents of elastic inhomogeneity k and ho/doọ = 0.2, normalized to the mean 
pressure p in the contact area 


which suggests: 


2(1—k) 16hy (k, v)Ega't*ho 
— h or Fy> : : 
(1 — v2)ck (1 + kP + k) 


(9.35) 


Figure 9.16 shows the pressure distribution in the contact area, normalized to the 
mean pressure p for ho = 0.2dọ. As the k increases the graph progressively 
approaches the shape of the indenter. For the same specification, the surface dis- 
placements are illustrated in Fig. 9.17. 

Finally, to solve contact problems with concave profiles, the MDR rules (9.2), 
(9.11), and (9.12) are still valid. However, care must be taken to ensure that the cen- 
ter displacement dp is used instead of the indentation depth. In addition, complete 
contact in the replacement model does not necessarily result in full contact with the 
original problem so the requirement p(r) > 0 always has to be checked. For the 
contact problem investigated here the following is valid: 


2h x? 2h x? 
Pele = w1p(x) = do — g(x) = do + kia 


g(x) =- (9.36) 


An evaluation of (9.11) and (9.12), and taking into account (9.36), gives solutions 
(9.34) exactly. 
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Fig. 9.17 Surface normal displacements normalized by the center displacement dp on impression 
with a cylindrical indenter with parabolic-concave tip for different exponents of elastic inhomo- 
geneity k and ho/dy = 0.2 


9.1.7 The Profile That Generates Constant Pressure 


In contrast to the previous contact problems, where the indenter shape was known 
a priori, the issue now lies in determining the surface displacement caused by a 
known constant pressure distribution: 


P(r) = po for O<r<a. (9.37) 


This requires first determining the 1D displacement of the foundation according to 
(9.13): 


wip(x) = L-+k 


2ck (1 — v?) cos (Œ) j rpo 
e- F 


hy (k, v) Eo 


x 


2ck (1 — v?) cos (E5) pola? — x2) (9.38) 
E hy (kv) — k) Eo l i 
The displacement at location r = 0 in the original must coincide with the displace- 
ment at location x = 0 in the substitute model, as follows: 


Dick (1 — v’) cos () Fy 


We MI a apie at 


(9.39) 


taking into account that Fy = pora?. When the stresses are specified instead of 
the indenter shape, the equivalent quantity to the indentation depth is the center dis- 
placement. Inserting (9.38) in (9.12) yields, after a short calculation, the following 
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—w(r)/Weh 


Fig. 9.18 Normalized normal surface displacement of the inhomogeneous half-space for a con- 
stant pressure distribution and for different exponents of the elastic inhomogeneity k and fixed 
Co 


surface displacements of the inhomogeneous half-space: 


k-11 1+. r? 


Wwe2F1 ; 31; forr <a, 
w(r:a) = 2 2 a (9.40) 
ee 1—k say '!+k 1+k 1+k a? ` 
We —— (=) oF; 3 2 forr >a, 
2 r 2 2 r2 


which coincide with ones calculated by Booker et al. (1985). The displacements 
normalized to the center displacement of the homogeneous half-space, 


2(1 — v?) poa 


om (9.41) 


Woh = 


are displayed in Figs. 9.18 and 9.19. Fig. 9.18 studies the influence of the elastic 
inhomogeneity exponent at a fixed characteristic depth co. For the chosen charac- 
teristic depth, an increasing exponent k causes a rise of the displacements within 
the load zone and a drop outside this zone. We consciously avoided particularly 
large exponents k since it results in unbounded displacements within the load zone 
(see the discussion in Sect. 9.1.8). Figure 9.19, on the other hand, demonstrates 
decreasing displacements for a reduction of the characteristic depth, which is fixed 
at k = 0.2. It should be noted that these graphs are offered as examples and do 
not present all characteristics. However, a complete analysis of the fundamental 
displacement behavior depending on k, co, and po can already be gained from the 
power-law of the elastic inhomogeneity from (9.1). 
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Fig. 9.19 Normalized normal surface displacement of the inhomogeneous half-space for a con- 
stant pressure distribution and for different characteristic depths co, and fixed exponent k of the 
elastic inhomogeneity 


9.1.8 Notes on the Linear-Inhomogeneous Half-Space—the Gibson 
Medium 


In a linear-inhomogeneous half-space, the elasticity modulus increases proportion- 
ally with the depth z. This dependency is covered by the general power-law (9.1); it 
merely requires the setting of k = 1. Accounting for this condition in (9.2)—(9.12) 
exposes some interesting characteristics, independent of the geometry of the con- 
tact. For instance, it follows that the equivalent planar profile coincides with the 
cross-section of the real profile in the x-z-plane, 


g(x) = fx). (9.42) 


Hence the rule for the calculation of the indentation depth (9.10) already returns an 
unusual result of 


d= fla) => w(r)= fla)— f(r) for0<r<a. (9.43) 


According to (9.43), the displacement of the half-space surface at the contact edge 
is zero like in the 1D model. The calculation formula for the displacements of 
(9.12) even reveals that the half-space surface exterior of the contact area remains 
in its original, undeformed state. Such behavior is typical for a (two-dimensional) 
Winkler foundation, whose surface points are displaced in proportion to the normal 
stresses acting locally at these points. However, an evaluation of the rule for the 
calculation of the pressure distribution from (9.12) reveals that this proportionality 
is valid only for the special case of a linear-homogeneous, incompressible half- 
space since the factor A(1, v) takes on a non-zero value only for v = 0.5. With 
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h(i, 0.5) = 2/2 it follows that: 


2E 
p(x, y) = Fw, y). (9.44) 
co 


The latter finding goes back to Gibson (1967), which is why the linear-inhomoge- 
neous incompressible half-space is also named the Gibson medium. A normal load 
on a linear-inhomogeneous, compressible half-space results in unbounded surface 
displacements within the load zone (Awojobi and Gibson 1973). This is indicated 
by (9.11). The foundation modulus vanishes according to (9.4). Therefore the 
effects of an external force cannot be balanced out. The indeterminateness of the 
displacements is a consequence of the vanishing elasticity modulus at the half-space 
surface in a medium defined by (9.1) (Brown and Gibson 1972). 


9.2 Frictionless Normal Contact with JKR Adhesion 
9.2.1 Basis for Calculation of the MDR and General Solution 


The framework provided by the JKR theory (see Sects. 3.2 and 3.3 in Chap. 3 of this 
book) permits a particularly easy solution to contact problems with adhesion since 
the basic idea relies on a simple superposition of the corresponding non-adhesive 
contact and a rigid-body translation. The latter does depend on the particular contact 
radius but not on the shape of the indenter. Application of this approach to contact 
problems related to the elastically inhomogeneous half-space gives the indentation 
depth as a function of the contact radius 


k 1k 
d(a) = dya(a)— A€(a) with A€(a):= (ae (9.45) 


Here, daa. refers to the indentation depth of the contact without adhesion (which 
would lead to the same contact radius as the one of the adhesive contact). The 
unusual notation of the superimposed rigid-body translation A€(a) stems from the 
substitute model of the MDR displayed in Fig. 9.20. 


Fig. 9.20 Equivalent substi- 
tute model for the adhesive 
normal contact between two 
elastically inhomogeneous 
half-spaces, whose elastic- 
ity moduli satisfy condition 
(9.1), assuming equal expo- 
nents k of both media 
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For the complete solution of a contact problem with adhesion via the MDR, all 
rules and calculation formulas from Sect. 9.1.1 remain valid with the exception of 
(9.10). It must be replaced by the condition 


| 2x Ayckal-k 


with the displacement of the spring elements given by the same equation as in the 
non-adhesive case: 
Wip(x) = d — g(x). (9.47) 


This means that (under the condition that all springs in the contact area remain in 
contact) the critical detachment state of the edge springs is achieved when the elon- 
gation of the springs at the edge reaches the pre-defined value Af(a) (see Fig. 9.20). 

For convex profiles, the solution approach via the MDR additionally offers a 
simple way to calculate the critical contact radii (after achieving this, no equilib- 
rium state of the contact as a whole exists). The critical contact radii satisfies the 
following equation: 


for Fy = const 
A£(ac) z N 5 
j ae —— ford = const. 


(9.48) 


The definition of the coefficient C (k) varies depending on whether the experiment 
is force-controlled or displacement-controlled (Heß 2016a). 

Taking (9.47) into consideration, (9.11) and (9.12) yield the general solution of 
the contact with adhesion: 

2hy (k, v)E* A£ (a)a!+* 
Fy (a) = Faa (a) — a a ; 
(1+ k)c5 
hy (k, v) E*A€(a) 


nck (a? — r2) 7 


p(r;a) = Poa (ria) — 


dna (a) = fr) B At(a) forr <a, 
w(r;a) = kr) Ag 2 = 
ea Op (5E 1 =) forr >a. 
T r 2 2 
(9.49) 


The quantities with the indices “n.a.” indicate the solutions of the non-adhesive 
contact. The additional terms result from the rigid-body translation and correspond 
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to the solutions of the flat punch contact (if, instead of the indentation depth d, the 
(negative) rigid-body translation —A^£(a) is used). 


9.2.2 The Cylindrical Flat Punch 


When applying a tensile force to a cylindrical flat punch of radius a, which is adher- 
ing to the surface of the inhomogeneous half-space, all points in the contact area are 
subjected to the same displacement w(r) = d < 0. Therefore, except for the neg- 
ative value of the indentation depth d, the boundary conditions match those of the 
indentation of a cylindrical flat punch in an inhomogeneous half-space. Therefore, 
we can adopt the solutions from Sect. 9.1.2: 


2hy(k, v)Egda't* 


Fy(d) = l 
w(d) (= v2) + k)ck 
hy (k, v)Eod 
p(r;d) = a +. 
a(l — v?)cg (a? — r?) 2 
cos (2) d ait+k 1—k 
w(r;d) = G) B(S: 5 oa ) (9.50) 


Since the contact radius cannot (stably) decrease in a tensile test, the adhesive con- 
tact radius of the flat punch becomes unstable once the “indentation depth” reaches 
the critical value 

2nAyckal-k 


d,(a) => —Al(a) = — E"hy(k, v) ` 


(9.51) 


In this case, the flat punch will instantly completely detach from the half-space sur- 
face. The corresponding normal force, the absolute value of which is the maximum 
pull-off force, is: 


f 8rAyhy (k, v) E*a3+k 
j” yhy (k, v)E*a EN 


F. (a) = - f ex@yaccaas | (k + 1)2co* 


A comparison of (9.51) and (9.52) with the equilibrium conditions (9.49) for curved 
profiles reveals that the solution of the contact without adhesion is calculated by 
summing the aforementioned terms. This is a pre-requisite step for the solution of 
the adhesive contact. 


9.2.3 The Paraboloid 


The solution of the contact problem between a parabolic, rigid indenter and the 
elastically inhomogeneous half-space, displayed in Fig. 9.21, is gained from the 
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Fig. 9.21 Adhesive nor- 
mal contact between a rigid 
parabolic indenter and an 
elastically inhomogeneous 
half-space 


universal superposition (9.49) by incorporating the solution of the non-adhesive 
contact problem (9.26): 


d(a) = a? 2rAycka!-k 
EDR E*hy(k.v)’ 


Fy(a) 4hy (k, v) E*ak+3 8rAyhy(k, v)E*a3tk 
a) = — 
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2 kr SAA nakak 
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E*hy(k,v) 
a? 1+k 1—k r? a 3+k 1-k 
B ; i — 5B ; , . (9.53 
(S 2 2 ) a? (5 2 2 ) aa 


The calculation of the critical contact radii from the condition of global stability 
(9.48) merely requires a knowledge of the slope of the equivalent substitute profile 
at the contact edge. From (9.25) it follows that 


2a 


‘(a) = ————., 9.54 
g(a) (+R (9.54) 
and thus, with (9.48), a short calculation yields: 
1 
1 k 2R2A kN 34k 
a (= PER Apa ) . (9.55) 
2C (k)?hy (k, v) E* 
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Fig. 9.22 Normal force as a function of the indentation depth in normalized representation for 
k = 0.5 at different characteristic depths co 


Inserting the critical contact radii (9.55) into the first two equations of (9.53) returns 
the following critical indentation depths and normal forces: 


ne 1—2C(k) (an Rave) 
© +R 26 Pan(kvEX) 


F. = (egn) 2nAyR 


C(k)?B +k) 


k 
= ers mwAyR (force-control) 
= I-k k (9.56) 
ai mxAyR (displacement-control). 
2(3 +k) 


Solutions (9.53)-(9.56) were derived by Chen et al. (2009), and are focused on 
force-controlled experiments. They noted that, according to (9.56), the maximum 
pull-off force (absolute value of the critical normal force under force-control) is in- 
dependent of the elasticity parameters and characteristic depth, as for homogeneous 
cases. This is made clear in Fig. 9.22, which provides a graph of the normal force in 
relation to the maximum pull-off force in the classic JKR theory as a function of the 
normalized indentation depth. Equilibrium states corresponding to the dotted parts 
of the curves can only be realized for displacement-control. Additionally, Fig. 9.23 
shows that the maximum pull-off force rises by increasing k, while the absolute 
value of the pull-off force decreases under displacement-controlled test conditions. 


276 9 Contact Problems of Functionally Graded Materials 


já 
i=) 


> 
Ur 


Fy/1.50RAy 
2 
=] 


L 
> 
in 


' 
a 
© 


0.03 


L a | 4 
0.02 


l 
l 
i 
ee ee oe ee 
2 -0.01 0.00 0.01 
WR 


Fig. 9.23 Normal force as a function of the indentation depth in normalized representation for 
different values of k and fixed characteristic depth co 
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Fig. 9.24 Normalized pressure distribution in the contact area for a varying exponent k and an 
incompressible material at a fixed characteristic depth co 


The pressure distribution in the critical state, i.e., under the effect of the max- 
imum pull-off force, is demonstrated for an incompressible material in Fig. 9.24. 
For the chosen parameters, the critical radius drops by increasing k. Figure 9.25 
demonstrates that this property is not universally valid but instead dependent on the 
characteristic depth. Here we can also see that, for a fixed k, a decrease in the char- 
acteristic depth also leads to a decrease of the critical contact radius. Furthermore, 
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Fig. 9.25 Critical contact radius (fixed-load) as a function of k for select characteristic depths co 
and incompressible material 


the maximum pressure is extremely sensitive to parameter variations and must be 
determined on a case-by-case basis. For the given parameters, the maximum pres- 
sure is reached at k ~ 0.19. In the Gibson medium (k — 1) the maximum pressure 
and, consequently, the (critical) indentation depth is zero. 

As a last point, we have provided the following dimensionless equations: 


(Vo (BE E T ea > 

d(a) = 1 26 (a 2C (k)a ) with d := Fi and a E 

s ay 1 4 oe 3k ~ Fy 

Fy(@y = — p = 3 4 )C@)at with Fy := —, 

"@ = Ga pep le" - 6 + HC wa | wee 
(9.57) 


where the indentation depth, the normal force, and the contact radius are given in 
relation to their critical value. Jin et al. (2016) noted that the dimensionless forms 
of (9.57) depend solely on the exponent of the elastic inhomogeneity k. 


9.2.4 The Profile in the Form of a Power-Law 


Taking into consideration solutions (9.30) for the contact without adhesion, the uni- 
versal superposition (9.49) provides the solution of the adhesive contact. For the 
adhesive normal contact of a rigid indenter with a profile in the shape of a power-law 
and an elastically inhomogeneous half-space, displayed schematically in Fig. 9.26, 
we obtain the following relationships between the indentation depth, contact radius, 
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Fig. 9.26 Adhesive normal 
contact between a rigid in- 
denter with a profile in the 
form of a power-law and an 
elastically inhomogeneous 
half-space 


and normal force: 


InAycka!-* 
= A ne 
d(a) = k(n,k)Ana V Erk : 


_ 2hy (k, v)k(n, k)n A, E*a"t*t! 8ithy (k, v) AyE*a?+k 
(k +1)(n+k + Det (k + 1)?co* 


Fy (a) 


(9.58) 


The pressure distribution in the contact area and the normal surface displacement 
outside of the contact area are given by: 


hy(k,v)K(n,k)n A, E* 


S = n+k-—-1 
p(r;a) a r 
B l1-k-n 1+k B r? l—k-n 1+k 
2 a. a2’ 2 7 2 
2hy (k, v) AyE*ak—! ' ‘ey T 
T Cok a ? 
TE cos () x(n, k)Ana” 


T 


2 = n 2 = 
lp ie aa k -(2)'s e era k 
r? 2 2 a r2 2 2 


_ cos () 2nAycjal* p a? 1+k l-k (9.59) 
m E*hy(k, v) \r? 2° 2 J’ l 


The critical contact radii are determined by evaluating condition (9.48), which 
requires the slope of the equivalent profile at the contact edge as its input. Dif- 
ferentiation of (9.28) yields g'(a) = nk (n,k) A„a”™!, resulting in the following 
critical radii: 


1 

ï k 2n+k—1 

i= ( FAFA ) ; (9.60) 
hy (k, v) E*C (k)2k(n, k)2n2A,7 
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Substituting (9.60) into (9.58) leads to critical indentation depths and forces, 


ne ( 2nAyco* a 1 j mT 1—nC(k) 
© | Naw Et) VE (R)nk(n, An nk J’ 


T 1—Č(k)\(n+k+ 1) 
‘VN EDM+k4)K4H) 


: Qran ( co“ m ( E : i = (9.61) 
hy (k, v) E* C(k)nk(n,k) Ay 


Jin et al. (2013) presented a detailed examination of the maximum pull-off force 
depending on the shape exponents n. For scaling reasons, the indenter shape was 
specified according to slightly modified function f(r) = r”/(nR"~') instead of 
(9.27). Normalizing their result to the maximum pull-off force of the classical JKR 
problem, they derived the following relationship: 


F; _ 2(1—k — 2n) 
1.5mAyR  3a(n+k+1)(k +1) 


x n+k+1 l= v? = ( 3+ k ‘a 
fom Gos TA 


R k(n—2) EoR n—2 at 
. Co “Ay” ; (9.62) 


which is visualized for selected parameters and shape exponents in Fig. 9.27. It is 
clear to see that the maximum pull-off force changes linearly with k only for the 
parabolic contact (n = 2) and otherwise exhibits a non-linear dependency. 

Putting the indentation depth and normal force in relation to their critical values 
results in the following dimensionless representations, which depend solely on the 
exponents k and n (see Heß 2016a): 


z 1 m 1—k ~ d a 
d(a) = ——— (&” —nC(k)a z7 with d := — and à := —, 
~ 1 7 ~ k43 
Fy (@) = = atl _ Ch)nt+k+)az 
v(a) E R EN ) | 
a Fy 
with Fy := (9.63) 


e 


9.2.5 The Concave Paraboloid (Complete Contact) 


In the following, we will assume that a rigid, cylindrical, concave punch is initially 
pressed into the inhomogeneous half-space to the point of complete contact. During 
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Fig. 9.27 Maximum pull-off force as a function of the exponent of the elastic inhomogeneity k 
for different exponents of the power-law profile according to Jin et al. (2013) 


the subsequent unloading, two competing mechanisms lead to the separation of the 
surfaces: 


1. For slightly concave punch profiles, the separation of the punch is caused (as in 
convex profiles) by the stress singularity at the contact edge. 

2. For highly concave punch profiles, the separation occurs in the center of the 
contact area because of too high tensile stresses, whose absolute values exceed 
the theoretical tensile strength (of the adhesion) omn. 


The two states, whose accompanying quantities we denote by the indices “P” (Pe- 
riphery) and “C” (Center), were examined in greater detail by Jin et al. (2013). The 
critical state, at which the separation at the edge occurs, satisfies the equilibrium 
condition (9.45). The displacement of the Winkler foundation is taken from the so- 
lution of the corresponding contact without adhesion, (9.36). By replacing d by dp 
we get: 
2ho xX A 

k+1a? 
The evaluation of condition (9.45) yields the critical indentation depth dp at which 
the edge begins to separate: 


2n Aycka!-k 1-k 
dp = — 4 —h 9.65 
" o "LEE ee) 


wıp(x) = dp — ho + (9.64) 


The remaining terms of the complete solution of the contact problem are obtained 
by simply inserting (9.65) into (9.34), taking into account that do = dp — ho. Here, 
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we restrict the presentation to the normal force and the pressure distribution: 


F(a) 8rhy(k,v)AyE*a3t+*  8hy(k, v)E*hga!t* 
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Peria E / hv ye &+ Ie a) | OO 


The first term of the critical force in (9.66) returns exactly the adhesive force of 
the flat punch according to (9.52). The second term results from the concave shape. 
Since both terms have the same sign, the maximum pull-off force of weakly concave 
profiles is always greater than the one of the flat punch contact. 

For strongly concave profiles, the separation begins in the center of the contact 
area upon reaching the theoretical adhesive tensile strength. The critical indentation 
depth is gained from the condition p(r = 0) = —o, where once again, in the 
pressure distribution of the contact without adhesion (9.34), d is replaced by dc. 
Therefore, we obtain: 


eo amd 3 + k? 


Hime ho. 
C= a EST 


(9.67) 


from which the normal force and the pressure distribution in the critical state follow 
as: 


Fela) 2ra? 16hy (k, v)hoE*a**! 
a) = ——— 0 ; 
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For k = 0, these solutions coincide with those of Waters et al. (2011). 


9.2.6 The Indenter Which Generates a Constant Adhesive Tensile 
Stress 


The optimal profile of a rigid, concave, cylindrical indenter is defined by the condi- 
tion that, in the critical state, the constant tensile stresses in the contact area are (in 
absolute terms) equal to the theoretical adhesive tensile strength (see Gao and Yao 
2004): 

Pol) =—On forr <a, (9.69) 


The maximum pull-off force is then 
Fo (a) = —ona’. (9.70) 


Determining the corresponding optimal shape is rendered particularly easy when 
accounting for the results from Sect. 9.1.7. Equations (9.39) and (9.40) determine 
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the necessary surface displacement to generate a constant pressure in the contact 
area. Replacing po with —oy or, alternatively, Fy by Fop according to (9.70) leads 
to the surface displacement of the considered problem: 


k-1 1+k r? 
We.opt 2F1 ; 31; forr <a, 
(r;a) p PR 2 2 a2 
Wop tra = 1—k jay i+k l+k 1+k . @ 
We.opt 7 (<) 2F; ( 2 ; 7 208 =) forr > a, 
(9.71) 
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The optimal indenter shape fop can basically be extracted from (9.71) and (9.72). 
Accounting for fop(r = 0) = 0 returns: 


kK-11+k. r? 
Sop (1) = We, opt E — 2F; ( 3 ° i =J] ‘ (9.73) 


For the purposes of a graphical representation of the influence of the elastic inhomo- 
geneity k and the normalized characteristic depth co/a, it seems more appropriate 
to use the function shifted by the boundary value fopt(a) 


falf) = fol) — fopt(a) (9.74) 


In Figs. 9.28 and 9.29 the optimal profile functions are plotted for different values 
of k and co/a, according to the publication by Jin et al. (2013). For a fixed exponent 
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Fig.9.28 Optimal concave profile for a fixed characteristic depth co and different set parameters k 
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Fig. 9.29 Optimal concave profile for a fixed exponent of the elastic inhomogeneity k = 0.1 and 
different characteristic depths co 


k, a decrease of the characteristic depth co causes a drop in the height of the concave 
section. 


9.3 Tangential Contact 
9.3.1 Basis of Calculation and Restricting Assumptions 


In the following, we present selected solutions of tangential contact problems with 
partial slip between two bodies constructed of FGMs, according to (9.1). For both 
bodies we assume equal exponents k and characteristic depths cg. Furthermore, as 
in the classical theory of Cattaneo (1938) and Mindlin (1949) (see Chap. 4), we 
operate under the assumption of a decoupling of the normal and tangential contact, 
which is valid for the following material pairings: 


1. Equal elastic materials: vı = v2 =: v and Eo; = Eo2 =: Ep 

2. One body is rigid and the other elastic with a Poisson’s ratio equal to the Holl 
ratio: Eo; > oo and v; = 1/(2 + k) withi Æ j 

3. The Poisson’s ratios of both materials are given by the Holl ratio: vı = v = 
1/(2 + k) 


Note that, due to thermodynamic stability, the Holl ratio can only be fulfilled for 
positive k. If we assume that the bodies are initially pressed together by a normal 
force Fy and subsequently (under a constant normal force) are subjected to a tan- 
gential force, then the contact area will be composed of an inner stick zone and an 
outer slip zone (see Fig. 9.30). 
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Fig. 9.30 Tangential contact 
with partial slip between two 
elastically inhomogeneous 
bodies; the contact area is 
composed of an inner stick 
zone and an outer slip zone 


The boundary conditions are determined by the rigid-body translation of the 
points of the stick zone 


u(x, y) = const. and v(x,y)=0 for0<r<c (9.75) 


and by the Coulomb law of friction 
[zo| <pp(r) forO<r<ce, 
KO = upír) frc<r<a. (9.76) 


In the slip zone, the tangential stresses must be additionally directed opposite to the 
relative tangential displacement of the surface points. With increasing tangential 
force, the stick zone shrinks until, finally, gross slip sets in. For the calculation of 
this problem using the generalized Ciavarella-Jäger theorem is recommended, ac- 
cording to which the tangential contact can be represented as the superposition of 
two normal contacts. For the tangential stress, the tangential force, and the relative 
tangential displacement u between two remote material points—within the con- 
tacting bodies and far from the contact interface—the following is valid (see Heß 
2016b): 
t(r) = ulpa) — p(r,c)], 
F, = p[Fy (a) — Fy (c)], 
u = pald(a) — d(c)]. (9.77) 


We have defined t(r) := —t,,(r) and assume that a tangential force in the x- 
direction only leads to tangential stresses in the same x-direction. œ represents the 
ratio of normal stiffness to tangential stiffness: 


1 1 
+ 
hr(k, v) E hr(k,v)E 
nee i 1) ol r( 2). o (9.78) 
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+ 
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where 
hr(k,v) = 
2B(k, v) cos ( 5 x) T (1 + K) 


- ` (9.79) 
(1 — v2) VTC(k, v) sin (EEPE) r (34) + kva + vy (1+ $) 


and the additional functional relationships are defined as an addendum to (9.5). 
With (9.77) we are able to solve the tangential contact between arbitrarily shaped 
bodies, provided the solutions of the corresponding normal contact problem are 
known. Itis noted that tangential contacts can be solved in an equally simple fashion 
using the MDR (Heß and Popov 2016). 


9.3.2 Tangential Contact Between Spheres (Parabolic 
Approximation) 


Applying (9.77) to the (parabolic) contact of two equally elastically inhomogeneous 
spheres of radius R leads to the following results: 


t(r;a,c) = 
2hy (k, v) Eo (a? — ry (c2 — r)” forO <r <c, 
Mr — vck(k + IPR (a2 — 1?) fore <r <a, 
> 
Fea) = ur |i- (E) ], 
hy (k, v) c\2 
(0) = N = 
uca) = ua E O [i (=) |; (9.80) 


where Fy (a) and d (a) are taken from the solutions of the normal contact (9.26). 
Figure 9.31 shows the values of the tangential stresses along the x-axis under 
the assumption that the normal force is kept constant for all selected exponents k of 
the elastic inhomogeneity. The quantities are normalized to the maximum pressure 
Po,u and the contact radius ay of the Hertzian contact problem. It is clearly visible 
that, compared to the respective Hertzian contact radius (contact of homogeneous 
materials), the contact radii are smaller for negative exponents and greater for pos- 
itive exponents. In contrast, the tangential stress is greater for negative exponents 
and vice-versa. However, this behavior of the stresses is only observed in the slip 
zone and not necessarily true for the entire contact area. The curves presented in 
Fig. 9.32 make it clear that gross slip sets in at a small tangential displacement 
u for negative exponents, and at a substantially greater displacement for positive 


exponents. For ease of comparison, the quantities are normalized to the tangential 
(0) 


displacement u, chon 


materials. 


which marks the onset of gross slip of elastically homogeneous 
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Fig. 9.31 Normalized tangential stresses along the x-axis for different exponents of the elastic 
inhomogeneity for set values of F, = 0.8uFy, Co = dy and v = 0.3 
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Fig. 9.32 Normalized tangential force as a function of the normalized tangential displacement for 
different exponents of the elastic inhomogeneity for set values of cp = ay, v = 0.3 
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9.3.3 Oscillating Tangential Contact of Spheres 


Two bodies with parabolically curved surfaces (curvature radii R) of the same elas- 
tically inhomogeneous material according to (9.1) are initially pressed together by 
a normal force, and subsequently (under a constant normal force) are subjected to 
the oscillating tangential force given in Fig. 9.33. Accordingly, the tangential force 
varies within the bounds +0.9 Fy to avoid gross slip at every point in time. 

The solutions of the contact problem for the initial rise to Point A on the load 
curve were covered in Sect. 9.3.2. Slip will occur, beginning at the edge of the con- 
tact, during a subsequent successive reduction of the tangential force. It is directed 
opposite to the initial slip and propagates inwards during the unloading process. In 
the new ring-shaped slip zone b < r < a, frictional stresses develop, which are 
again directed opposite to the initial frictional stresses. Therefore, a reduction in 
the tangential force leads to a change of the frictional stresses in the ring-shaped 
slip zone by —2up(r). Yet since no slip occurs in the remaining contact area, all 
surface points in that domain are subjected to the same change in their tangential 
displacement. Therefore the change of the tangential force leads to changes of the 
tangential stresses and tangential displacements, which solve the contact problem 
formulated in Sect. 9.3.1. Thus, except for the factor “2” and a negative sign, the 
changes satisfy (9.77): 


At(r) = —2u[p(r,a) — p(r,b)], 
AF, = —2pu[Fy (a) — Fy (b)], 


Au = —2pa[d(a) — d(b)). (9.81) 


Fig. 9.33 Loading history F, / Fw 
of the tangential force: oscil- 
lation of the tangential force 
between the extreme values 
+0.9uF y 
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The absolute values result from the summation of the state variables in Point A and 
the changes (9.81). For the stresses, this leads to: 


t(r) = 
2hy (k, v) Eo 
PT —vck(k + IR 
(a? =r) E +b =r) F -= (e-r) for0<r <e, 


—(@ = r?) +2(b? — 1?) 2 force <r <b, (9.82) 


k 
(a2 — 7?) forb<r<a, 


and for the tangential force and the tangential displacements, this leads to: 


k+3 3 
Fa — 2u Fy (a) i = (2) l with Fy = uFy(a) [ = 5] , 
a a 


b 2 CN2 
(0) — ,,(0) : (0) _ 
us’ =u; — 2ad(a) i (2) l with uj = wad(a) [ (-) | ; 


(9.83) 
F4 and u® represent the load and displacement quantities in Point A, and c is the 
radius of the corresponding stick zone. For the selected exponents of the elastic 
inhomogeneity k = 0.5 and k = —0.5, Figs. 9.34 and 9.35 display the tangen- 
tial stress distribution along the x-axis for the characteristic points A through E 
of the unloading curve (see Fig. 9.33). In both cases, the same normal force was 
applied and the representation was normalized to the radius ay of the Hertzian con- 
tact corresponding to this normal force. For positive k, the increase of the contact 


Fx 


-0.8 h 
-1.5 


Fig. 9.34 Curve of the normalized tangential stresses along the x-axis for different points of the 
load curve from Fig. 9.33 and positive exponents of the elastic inhomogeneity k = 0.5 
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Fig. 9.35 Curve of the normalized tangential stresses along the x-axis for different points of the 
load curve from Fig. 9.33 and negative exponents of the elastic inhomogeneity k = —0.5 


area is coupled with a decrease in the tangential stresses. On the other hand, neg- 
ative exponents reduce the contact area, resulting in an increase of the tangential 
stresses compared to the homogeneous case k = 0. However, this effect is ex- 
tremely sensitive to changes in the characteristic depth and can even manifest in 
the inverse behavior. In Figs. 9.34 and 9.35 it is assumed that co = ay. The char- 
acteristic difference in the shape of the curves for positive and negative exponents 
remain unaffected. The dependency of the stress distribution on the loading history 
is demonstrated best at the load point C. Here, non-zero tangential stresses arise, 
even though no external tangential force is applied. 

The solutions for the load curve from E to F (see Fig. 9.33) follow in complete 
analogy to the solution from A to E. 

Using (9.83), the tangential force can be expressed as a function of the tangential 
displacement for the unloading path from A to E and in the same manner for the 
subsequent loading path from E to F. These are: 


k+3 
rae 
A > E:F, = F,—2uFy(a)|1— + S| 


E > F:F, = —F; +2uFy(a) | 1- (: = (9.84) 
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Fig. 9.36 Hysteresis loops as a result of an oscillating tangential contact for different exponents 
of the elastic inhomogeneity 


where the tangential displacement in Point A depends on the corresponding tangen- 
tial force according to: 


u® = pod(a) i - (1 = ay] (9.85) 


Equations (9.84) characterize a hysteresis curve, a graphical representation of which 
is given in Fig. 9.36 for different values of the exponent k. In the chosen normaliza- 
tion, it is quite visible that, compared to the homogeneous case, the gradient of the 
hysteresis is greater for negative exponents and smaller for positive exponents. Ad- 
ditionally, an increasing k is connected with an increase of the area enclosed by the 
hysteresis loop and, therefore, the dissipated energy per loading cycle. An explicit 
calculation of the energy dissipated per cycle yields: 


aw = ETIVE + Du Fici 
(k + 5)hr(k, v) Egakt} 


k+5 Fy Fy \ 
-A (1+ (1- Zh) ji (9.86) 
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The special case of elastically homogeneous bodies (k = 0) leads to the result 
derived by Mindlin and Deresiewicz (1953): 
. (9.87) 


1802 F2 FRA Gok F, 
AW = EN 1- (1- 2) a= 1+ (1-4) 
5G*a LF y 6 Fy LF y 


walt 
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In this chapter, we will turn our attention back to contact problems with an ide- 
ally elastic, homogeneous, isotropic half-space. However, now the contact area 
is not compact but instead ring-shaped. The simplest example of such a problem 
is the contact between a flat, hollow cylindrical punch and the half-space. Even 
for this simplest of examples, there exists only an extremely complicated solution. 
Nonetheless, for this class of problems there exists a range of analytical approaches 
which will be documented in this chapter. These approaches are for the frictionless 
normal contact with and without adhesion and the non-slipping, purely torsional 
contact. 


10.1 Frictionless Normal Contact without Adhesion 


Due to its complexity, the Boussinesq problem of ring-shaped contact areas, i.e., the 
frictionless normal contact without adhesion between a rigid indenter and an elastic 
half-space with the effective elasticity modulus E*, has rarely been considered in 
literature. Of most practical importance is the case of indenters in the form of 
hollow cylinders. Some concave rotationally symmetric indenter profiles have been 
studied as well. The problem here lies in the fact that, for a small normal load and 
the corresponding ring-shaped contact area, the inner contact radius is unknown and 
must be determined—as is generally the case for contact problems—as part of the 
solution. Barber (1974) observed that the current contact area A, must be the one 
which maximized the normal force Fy. From the resulting condition 


an 0 10.1 
ðA [aza UA 
one can determine the contact area if the relationship Fy (A) is known. Barber 
(1983b) also examined the boundary value problem of a flat-ended cylindrical 
punch and a central circular recess. Finally, Argatov and Nazarov (1996, 1999) and 
Argatov et al. (2016) performed a study of toroidal indenters. 
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Support structures are frequently constructed as hollow cylinders to save weight 
and material. The interior of the hollow cylinder can also be filled with a very 
soft matrix—similar to bones. The corresponding normal contact problem is con- 
sidered in Sect. 10.1.1. Some tools feature conical (see Sect. 10.1.2) or parabolic 
(see Sect. 10.1.3) concave heads, e.g., for stamping purposes. The circular, central 
recess at the tip of a cylinder (see Sect. 10.1.4) is a classic engineering solution 
to ensure form-fit connections. The tori examined in Sects. 10.1.5 and 10.1.6 also 
see wide-spread use. As an example, direct current transformers are increasingly 
constructed in a toroidal shape instead of the classic E-I design. 


10.1.1 The Hollow Flat Cylindrical Punch 


The simplest problem considered in this chapter is the normal contact of a flat, 
hollow cylinder with an elastic half-space. The use of the word “simple” is meant in 
a relative sense, since even this problem proves to be extremely complex. However, 
there are a number of solutions to the problem. A schematic diagram of the problem 
is displayed in Fig. 10.1. Let the cylinder have the outer radius a and the inner radius 
b and be pressed by the normal force Fy into the half-space to the depth d. 

Shibuya et al. (1974) performed a series expansion of the stresses in the contact 
area b < r < a proceeding from the singularities at r = b andr = a, thereby 
reducing the problem to an infinite system of coupled linear equations. The coeffi- 
cients of this system of equations are integrals of a product of four Bessel functions, 
which does not make the solution particularly easy. Nonetheless, the system can of 
course be solved numerically and the authors provide a great number of graphical 
representations of the obtained numerical solutions for the stresses and displace- 
ments. 

Gladwell and Gupta (1979) made use of an especially elegant superposition of 
appropriate, known potentials to find an approximate analytical solution of the prob- 
lem. The potentials result from the solution of the Dirichle--Neumann problem 


Fig. 10.1 Normal contact of 
a hollow flat cylinder with an 
elastic half-space 


10.1 Frictionless Normal Contact without Adhesion 297 


within and outside the circles r = b andr = a. For the relationship between Fy 
and d they obtain the expression: 


Fy = 2E*day, (10.2) 


4 (b\? 1(b\* b\? 
mO O +0[(2)]. co 


The approximation coincides with the ratio of the radii of the exact solution, except 
for a fourth-order term which is erroneous. The authors also applied their method to 
the normal contact of a concave paraboloid (see Sect. 10.1.3) and to the Reissner— 
Sagoci problem for the hollow cylinder (see Sect. 10.3.1). 

Using the superposition of harmonic potentials, Gubenko and Mossakovskii 
(1960) and Collins (1962, 1963) managed to reduce the problem to a Fredholm 
integral equation, which can be solved iteratively. For y, Collins found the expres- 
sion: 


_,-4 (27 __8 (2YP_ 16 (2), 6 (2) ia 
= -35() -z (2) -za (2) i (a) —— 


All series terms given are exactly correct. 

Borodachev and Borodacheva (1966a) utilized a similar approach as Collins and 
determined numerical solutions for the indentation depth d = d( Fy) and the stress 
Ozz = 0:;(r, Fy) in a series expansion to the ratio b/a. Borodachev (1976) ad- 
ditionally obtained an asymptotic solution for the stresses in the vicinity of the 
singularities. 

The complete exact solution of the problem was finally worked out by Roitman 
and Shishkanova (1973), albeit in the form of recursive formulas. Through series 
expansions and coefficient comparisons they obtained the following expression for 
the stresses in the contact area: 


* oo œ p A 2k+3 
02,(r;d) = ES > (2) fen E” + Ppr () l » 05) 


k=0 p=0 


with 


with the recursively determined coefficients 


O Qk + DI. (2k + 1)! « 


Ank = TE PE Bok = “gp PP 
7 1 a 2 1 
ek OO ge 
z i ~ ~ 4 1 
Aik = Ak = Bik = Box = 7 3(2k +5)’ 
1( 23 z i(2 
a= 2 S Bp—2q-3,4 B i 2 S Opy—29,4 p>3 (10.6) 
Fe = 2k +24 +3” T 2k +24 +3 ~~ ` 
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Fig. 10.2 Normalized nor- 
mal force as a function of the 
ratio of the radii for a normal 
contact with a hollow cylin- 
drical punch, according to 
(10.4) and (10.9). The solid 
line represents the approxi- 
mation (10.10) 


0.3}|'-'- Roitman, Shishkanova 
ee Collins 
0.2 : i i t 
0 0.2 0.4 0.6 0.8 1 
b/a 


Here, (-)!! denotes the double faculty 


n!!:= mk n even, (10.7) 


1-3-5-...+-n, nodd 


and /(x) is the largest integer which x does not exceed. For b = 0 it returns the 
familiar result of the flat cylindrical punch: 


E*d & ry 2k E*d 
„ud b=e0 = A SN aa 10.8 
0:2(r =- Zeu (g) I (10.8) 


As expected, the series in (10.5) converges in the open interval b < r < a. Term 
by term integration gives the following expression for y: 


AA l) 


i b2 b 2k+1 
-l-E i (10.9) 


It should be noted that the result for y in (2.18) of the publication by Roitman 
and Shishkanova (1973) is incorrect. Grouping the right-hand side of the (10.9) by 
terms (b/a)” returns the series expansion from (10.4). 

The solutions for y and the pressure distribution from the (10.9) and (10.5) are 
shown in Figs. 10.2 and 10.3. The coefficients in (10.6) were evaluated only to 
p, k = 150, with the curve, then scaled to the value y(b = 0) = 1. 

A closed-form analytical solution was later published by Antipov (1989), the 
complexity of which would exceed the scope of this handbook. A very good ap- 
proximation for y (e), 


y(e) x (1—8), m = 2.915; n = 0.147 (10.10) 
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Fig. 10.3 Normalized pres- ba=01 


sure distribution for a normal 57 7 : no 
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was given by Willert et al. (2016) on the basis of a very precise boundary element 
calculation. This is also displayed in Fig. 10.2. 


10.1.2 The Concave Cone 


The Boussinesq problem of a concave cone was examined by Barber (1976) and 
Shibuya (1980). A schematic diagram of the problem is shown in Fig. 10.4. Let 
the base cylinder have the radius a and a concave, conical tip of the depth h. A 
normal force Fy presses the body into the elastic half-space to the depth d, with the 
(a priori unknown) inner contact radius of b. 

Shibuya utilized the same solution approach as in his 1974 publication on the 
annular punch, i.e., he reduced the problem via a series expansion at the stress 
singularity at r = a to an infinite system of coupled linear equations and then 


Fig. 10.4 Normal contact 
of a concave cone with an 
elastic half-space 
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solved these numerically. He provided a variety of graphical representations of the 
numerical solution. 

Barber (1976) examined the contact problem in two limiting cases: firstly, for 
very small values of € = b/a, and secondly, for the case e —> 1. For the first ap- 
proach he used the method by Collins (1963), and for the second approach he used 
the one by Grinberg and Kuritsyn (1962). For small values of £, the relationship 
between Fy, d and £ is given by: 


xh 8e? Ine 
Fy (d, £) = 2E*a [a — h)yı (e) + ZE (o -= <n) | ; (10.11) 
with 
48? 8s? 16e 9287 44888 
=1- = = = = O(e’), 
vile) 3m? 15m? 2in4 315m? oTr 1 OCE) 
8e? 52e? 32e 32687 49688 
= 1 = = _ _ O 9 f 
ve) = l+ Sa I Bint Bsn osni OE? 
e 4e 3af 927 
y(e)=1+ a ha ae ee O(e°). (10.12) 


The condition stemming from (10.1) 


OF y 

—=0 (10.13) 
de 

leads to the desired relationship between d and e, 


d -Z e?ya(e) + 2Ineys(e) 
h 4 ye(£) 


; (10.14) 


with 
16e 5e? 147922? 
Blm? 6 101257? 
_ se? 86 ef 73689 
BUSTES ST g Br 

2e? 8e?  23ef 896° P 
yo(e) = 1+ 3 F On? + 45 F 675n2 + O(e?). (10.15) 
Figures 10.5 and 10.6 provide a visualization of the shorthand symbols introduced 
in (10.12) and (10.15). 

Greater normal forces cause the radius b to increase and the expression | — € to 
shrink correspondingly. For this case, Barber (1976) gave the following solution for 


ya(e) = 1+ + O(e'), 


+ O(e°), 
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Fig. 10.5 The parameters yı 1.15 
to y3 from (10.12) as func- 
tions of e = b/a 1.17 


Fig. 10.6 The parameters y4 2.5 r 7 
to ye from (10.15) as func- — 7y; : : 4 
tions of £ = b/a : 


OG 0.2 0.4 0.6 0.8 1 


the relationship between the global quantities: 


2p* 2 7 
map- ESE + [aro —a][ 2 18 ee a 


(1 + 6) 2L 32 L L 
a_,__|e-F+ (9-H + A) -a0 6L + 065] 
k 048 [2-94 & G-# +A) BG -2L) + 065) 
(10.16) 
with the expressions 
_ l= 
Ite 
16 
L = ln —. (10.17) 


302 


Fig.10.7 Normalized inden- 
tation depth d/h and normal 
force Fy /(2E*ha) as func- 

tions of € = b/a for normal 

contact with a concave coni- 

cal indenter 


Fig.10.8 Normalized normal 
force as a function of the 
normalized indentation depth 
for the normal contact with 

a concave conical indenter 
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; l cP /(2E ha)|\ 


| — d/h 


A graphical representation of the relationships between the global contact quantities 
is given in Figs. 10.7 and 10.8. For e < 0.5, (10.11) and (10.14) were used; for all 
others (10.16) was used. They achieve a near perfect match at the transition point 
€ = 0.5. It can also be seen that, quantitatively, the curves are nearly identical, thus 
the implicitly given relationship Fy = Fy (d) can be written as: 


Fy © 2E*da, 


(10.18) 


which means that the relationship between the normal force and the indentation 
depth roughly corresponds to the one of the flat cylindrical punch! The case b = 0, 
i.e., complete contact, is impossible since it would imply an infinitely large normal 


force. 
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10.1.3 The Concave Paraboloid 


The normal contact with a concave paraboloid was investigated by Barber (1976), 
Gladwell and Gupta (1979), and Shibuya (1980). Shibuya formulated the problem 
as a coupled system of infinitely many linear equations and then solved these nu- 
merically (see the beginning of the previous section). Gladwell and Gupta utilized 
an elegant approximation method which relied on a superposition of appropriate 
potentials (see Sect. 10.1.1). They compared their results to that of Barber’s which 
was the source of the only completely analytical calculations. 

A schematic diagram of the contact problem is displayed in Fig. 10.9. Let a 
flat punch of radius a have a parabolic depression of height h at its tip. Under 
small loads, the contact area will be ring-shaped with an inner radius b. As already 
demonstrated in Chap. 2 (see Sect. 2.5.15), fulfilment of the condition 


d =d; = 3h, (10.19) 
or alternatively 
16 
Fy > Fe = -z Fah, (10.20) 


leads to the formation of complete contact (b = 0), in which case solution is much 
simpler. In the following section, we will present the solution of the incomplete 
contact. Barber (1976) examined, as in the case of the concave conical indenter, the 
limiting cases € = b/a — 0 (using the method of Collins 1963) and £ —> 1 (with 
the method of Grinberg and Kuritsyn 1962). Small values of ¢ return the following 
equations as the solution of the contact problem: 


Fy(d,e) = 2E*a Ç SI Zro] , 


d y3(€) 
—=142 ; 
h ya(é) 


(10.21) 


Fig.10.9 Normal contact of 
a concave paraboloid with an 
elastic half-space 
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with the previously introduced shorthand symbols: 


4e? 16e 927 44888 
= ]— = = — = O 9 , 
r a2 Ian? aa Sse? a 
43 162 Ae’ 32e 
=1 = La = = O 9 f 
aSk a a a a a 
2e? Tet 648° 
amila es Oe), 
vs(e) 3 Og? 1S esa e) 
2 2364 8968? 
=1 Ove® 10.22 
A Nae gga p pa e eee) 
For values of € —> 1 we obtain: 
Fy (d, ô) = 
27° E*ah \ 8? ia 1 
(1+ 62) ) 4 L 
d 1 8? 5 4 
14 6)?{—-1})+4+1 2- 
sasa eaba A] 
2 zi 
d_, [t- 84+ 8 (514+ 3+ é) - 85-102) + 06 bes 
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with the expressions: 
_ =e 
~ +e 
16 
L=1n F (10.24) 
Fig. 10.10 Normalized in- I 
dentation depth d/h and 3 E als * 
normalized normal force _P==-.| |- --Fy/CE ha) 
Fy /(2E*ha) as functions 2.5) : | 
ofe = b/a for the nor- 
mal contact with a concave ar 
parabolic indenter. Left-hand 
side according to (10.21), and 1.5} 
right-hand side according to 
(10.23) 1} 
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(0) i i i i $ 
0 0.2 0.4 0.6 0.8 1 


10.1 Frictionless Normal Contact without Adhesion 305 


Fig. 10.11 Normalized nor- 3 
mal force as a function of the 
normalized indentation depth DB he vecesceesdert evens ee ee ere eee A 


for the normal contact of a 
concave parabolic indenter. 


Left-hand side according to 3 ar 
(10.21), and right-hand side x 
according to (10.23) a 45 
N 
zZ 
R 1 
0.5} 
(0) 
(0) 


Note that (25) of Barber’s publication (corresponding to (10.23)) contains a small 
printing error. 

Figures 10.10 and 10.11 offer a visual representation of the relationships between 
the global contact quantities. For € < 0.5, (10.21) were used; for all others, (10.23) 
were used. They achieve quite a good match at the transition point. The limits 
stated in this section for b = 0 are quite clear to see. 


10.1.4 The Flat Cylindrical Punch with a Central Circular Recess 


To fully understand the line of reasoning present in the literature, and due to the 
technical importance of this problem, this section is devoted to describing a contact 
problem that so far has completely evaded an analytical solution. It has even evaded 
one in the form of integrals, series expansions, or recursions as in the previous 
sections. 

We consider the frictionless normal contact of a flat cylindrical punch of radius 
a, which features a central circular recess of radius b and depth e. Let the normal 
force Fy be sufficiently large to form another contact domain in the interior of the 
recess of radius c (for c = 0 it would result in the contact of the annular punch 
discussed in Sect. 10.1.1). A schematic diagram of the contact problem is given in 
Fig. 10.12. 

This is a four-part boundary value problem, since in the zones 0 < r < c and 
b < r < a the displacement are known. In the zones c < r < b andr >a 
the (vanishing) normal stress are the given values. The problem was considered 
by Barber (1983b), who reduced it to two coupled Fredholm equations using the 
method of complex potentials by Green and Collins (see, for example, the preceding 
publication by Barber 1983a). The equations are then solved numerically. The 
author provides graphical representations for the normal force and the indentation 
depth as functions of the contact radius. 
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Fig. 10.12 Normal contact 
of a flat punch with a central 
recess and an elastic half- 
space 


10.1.5 The Torus 


We now consider the frictionless normal contact between a toroidal indenter and an 
elastic half-space. Let the torus of radii R; and Rz be pressed by a normal force Fy 
into the elastic half-space to the depth d (see Fig. 10.13). 

A ring-shaped contact area of the thickness 2h is formed. Argatov and Nazarov 
(1996, 1999) found the asymptotic solution of this problem for h « Rz. The 
relationships between Fy, d, and A are given by: 


Fy x ~— = p?, 


Ry 


1 
d x —(In—+4In2+-]. 10.2 
(in? + n2+ 5) (10.25) 


As a first-order approximation, the stress state under the torus (i.e., in the contact 
area) can be treated as two-dimensional and is given by: 
E*d 1 

21n(16Ro/h) J/h? = (r = Ro)? 


07,(r;h) ~ 


(10.26) 


Fig. 10.13 Normal contact (cross-section) between a torus and an elastic half-space 


10.1 Frictionless Normal Contact without Adhesion 307 
10.1.6 The Toroidal Indenter with a Power-Law Profile 


An analogy to the classic torus in the preceding section, the toroidal indenter with 
an arbitrary profile in the shape of a power-law could also be solved through an 
asymptotic solution, which was first published by Argatov et al. (2016). A cross- 
section of the contact problem is given in Fig. 10.14. Let the torus have the radius 
R and the resulting ring-shaped contact area the width 2h. The indenter is pressed 
by anormal force Fy into the half-space to the depth d. The following results are 
only valid for thin rings; i.e., for h & R. 
Consider an indenter having the rotationally symmetric profile 


f(r) =clr—R\", neR*, (10.27) 


where c is a constant and n a positive real number. The relationship between h and 
d is given approximately by the expression: 


de (ie aie |: (10.28) 
k(n) h n 


with the scaling factor from Chap. 2: 


Ja T(n/2+ 1) 


k(n) := —— . 10.29 
MEN E i Da] woe 
Here, T (-) denotes the Gamma function 
T(z) := ke exp(—t)dt. (10.30) 
0 
The normal force Fy is approximately equal to: 
2 RE* 
Fy(h) x ZEE a. (10.31) 
k(n) 
F 


Fig. 10.14 Normal contact (cross-section) between a toroidal body and an elastic half-space 
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For n = 2 and c = 1/(2R}), we obtain the results of the preceding section. The 
stress distribution is, in first approximation, two-dimensional and (independent of 
n) identical to the term in (10.26). 


10.1.7 The Indenter Which Generates a Constant Pressure 
on the Circular Ring 


It poses no problem to determine the indenter shape which generates a constant 
pressure pọ on the circular ring b < r < a. The pressure distribution is a superpo- 
sition p(r) = pı(r) + p2(r) of both distributions 


Pi(r) = po, <a 
plr)=—po, r<b. (10.32) 


Chap. 2 (Sect. 2.5.6) provides the following displacements of the half-space under 
the influence of a constant pressure on a circular area of radius a: 


4 
wi(r34, po) = AE r <a, 

4 por a 
wi(rsa, p) = 2 le(2)-(1-5 

mE r 3 


Fig. 10.15 Normalized curve 
of the half-space displace- 
ments under the influence of 
a constant pressure on a ring- 
shaped area b < r < a for 
different ratios of the radii. 
The thin solid line corre- 
sponds to the case b = 0 
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It follows that the displacement under the influence of a constant pressure on a 
ring-shaped area is: 


w(r;a, b, po) = 
we(2)-¥6(5) rsh 
aœ (=)-r[e(? -(1-3)«(2)]. b<r<a 


4 
= e) "o =x (2) -r(°) (10.34) 


These displacements are shown in a normalized representation in Fig. 10.15. 


10.2 Frictionless Normal Contact with JKR Adhesion 


Ring-shaped contacts also occur in systems which are sufficiently small or soft so 
that surface forces play a role. One example are hollow ring-shaped positioners in 
micro-assemblers; such structures are also typical for various biological systems. 

As in the compact adhesive contacts, all adhesive models described in Chap. 3 
can be applied to ring-shaped contacts, which was the theory of Johnson, Kendall, 
and Roberts (1971), Maugis (1992), and others. We can also distinguish whether a 
contact is frictionless or truly adhesive, i.e., sticking without tangential slip. We will 
restrict our consideration to frictionless normal contacts in the JKR approximation. 
This means that we will assume the range of the adhesive interactions to be small 
compared to all characteristic lengths of the system. In the JKR approximation, 
adhesion properties can be completely characterized by the effective surface energy 
(work of adhesion) per unit area, Aw. The notation Aw used in this chapter differs 
from the standard notation Ay used in all other parts of this book. This is to avoid 
confusion with the many y used in the solutions of ring-shaped contacts. Let the 
half-space have, as always, the effective elasticity modulus E*. 

For contact areas in the form of very thin circular rings, Argatov et al. (2016) 
presented a very elegant solution for the toroidal indenter in the style of the MDR. 
It presents the relationships between the global quantities—normal force Fy, in- 
dentation depth d, and half of the contact width h = (a — b)/2 (with the contact 
radii b and a)—in the case of the adhesive normal contact. First, the variable 


2h a—b 


ô = — = —— 10.35 
a+b a+b ( ) 
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is introduced, which (in the case of thin circular rings) represents a small parameter. 
If the adhesion is structured according to the framework of the JKR theory and the 
relationships of the indentation depth and the normal force of the non-adhesive 
contact, dna. = dna (ô) and Fina = FyNna. (ô), are known, the relationships of 
the adhesive contact can be obtained through the addition of an appropriate “punch 
solution”. 


> (a+b)Aw , 


ree ee 2in( : ro) 


Fy (8) = Fyna (8) — Væ (a + DP E*Aws. (10.36) 


The critical state, in which the contact loses its stability and detaches, results from 
the local maximums of these expressions as functions of 6. 

In general though, the solutions are usually only available in the form of asymp- 
totic expansions, which will be presented in the following sections. 


10.2.1 The Hollow Flat Cylindrical Punch 


Let a hollow flat cylindrical punch with the radii b (inner) and a (outer) be pressed 
into an elastic half-space. And let adhesion act in the ring-shaped contact area 
b < r < a with the effective surface energy Aw. As in the previous sections, we 
introduce the ratio € = b/a. The following solution was first presented by Willert 
et al. (2016). 

In Sect. 10.1.1 the following relationship between the normal force Fyn, and 
the indentation depth d for the non-adhesive contact was derived: 


Fyna = 2E*day(e). (10.37) 


Here, the index “n.a.” indicates the non-adhesive quantity. The complete expression 
of the function yı(£) can be referenced in (10.4), (10.9), and (10.10). It should 
be noted that the two analytical approximations result from series expansions at 
€ = 0, thus they are only accurate for small values of £e. In Fig. 10.2 a graphical 
representation of both approximations of the function is given. The elastic energy 
is then given by: 

d 


Ua = f Fy.na (8)d = E*d’ay(e). (10.38) 
0 


The surface energy, according to the JKR theory, is given by the expression: 
b2 
Uan = —AwA, = -r Awa? (: — Z) = —r Awa’ y(£), (10.39) 
a 


with the contact area A,. The total potential energy is then: 


Uot = E*d?ay(e) — Awa’ yy(e). (10.40) 
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The relation between the normal force and the indentation depth in the adhesive 
case is then given by: 


_ IU ror 


F 
N Jd 


= 2E*day(e) = Fyna. (10.41) 


The contact experiences a loss of its stability at: 


d 
dos A (10.42) 


Vy) = ey (e) 


(the prime denotes the derivative with respect to the argument). The corresponding 
critical normal force, which is also called the adhesive force, is given by: 


Fg= se a (10.43) 


MORBO 


Here the values of the full cylinder, according to Kendall (1971), were used: 


2naA 
Re T R= V3raE* Aw. (10.44) 


Using the results of Collins for y(e) (see (10.4)) yields the expression in the de- 
nominator: 


d 44 Bg 4 32 66 4 O(¢7 
So ee ee (10.45) 
v(e) de 1— 378 — Bre g= 2774 6s T Ove’) 


The Case e > 1 
As noted in this section, Collins’ solution is only usable for small values of ¢. For 
the other limiting case € —> 1, i.e., with 6 — 0 (6 from (10.35)), the solution by 
Argatov et al. (2016) can be used. 

The relation Fy = Fyna. remains valid of course. Independent of whether 
a force-controlled or displacement-controlled trial is being conducted, the contact 
loses its stability at: 


dad, = -2n(*6) (a+ b)Aw . 
6 nw E* 
Fy = F, = —V73(a + bP E* Awe. (10.46) 


The curves of the critical indentation depth and the adhesive force, both normalized 
to the values of the solid cylinder, are depicted in Fig. 10.16. For € > 0.85, the 
results of (10.46) were used; for all others, (10.42) to (10.45) was used. The values 
at the transition point are clearly in good agreement. Additionally, the approximate 
solutions are displayed for which the numerical expression (10.10) was inserted into 
(10.42) and (10.43). 
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Fig. 10.16 Dependency of the critical indentation depth and adhesive force for the adhesive nor- 
mal contact with a flat annular punch on £ = b/a. The curves are normalized to the values of the 
full cylinder (b = 0). For € < 0.85, (10.42), (10.43), and (10.45) were used, and for € > 0.85, 


the expressions from (10.46) were used. The smooth transition is clearly visible. The approximate 
solutions refer to (10.42) and (10.43) with the approximation (10.10) 


10.2.2 The Toroidal Indenter with a Power-Law Profile 


We consider the adhesive normal contact between a toroidal indenter and an elastic 
half-space. The indenter has the profile: 


f(r) =clr—R 


n neRF, 


(10.47) 


with a constant c, the radius of the torus R, and a positive real number n. Let the 
annular contact have the width 2h and let the value 


(10.48) 
be small. In this case we can use (10.36). Section 10.1.6 documents the derivation 


of the following equation for the non-adhesive relationships between the normal 
force Fy, indentation depth d, and the normalized contact width ô: 


ncé" R” 16 1 
Pal as (+a 


nw2cE* 
Fyna.(8) 7X m i 


(10.49) 
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Here, the index “n.a.” indicates the non-adhesive quantities. The function x(n) can 
be gathered from (10.29). Using (10.36), the adhesive relationships are then given 


by: 
ncé" R” 16 1 16\ /2RAw 
d(é) = a jin) +=] -210(2) EB ô, 


2 E* 
Fy (8) x ZE Ran _ VS 8m R E" Awe. (10.50) 
k(n) 
In a force-controlled trial, the contact experiences a loss of stability at 
2 A 
gna = (1) Rin 2Y, (10.51) 
mz \ cn E* 


The corresponding adhesive force has the value 


Oe as (Aw)"k(n)x3"-?2" 
n2ntle 


F.=-R | i (2n — 1). (10.52) 


It is obvious that these expressions can be valid only for n > 0,5. For n — oo we 
obtain the results of the hollow flat cylindrical punch from (10.46). Other special 
cases which we will briefly examine are: 


The V-Shaped Toroidal Indenter with n = 1 
In case of a V-shaped toriidal indenter it is c = tan 6, with the slope angle 0 of the 
V-profile, n = 1 and x(n = 1) = 2/2. This yields: 


— T Aw 
“~~ 2tan0 RE*’ 
Awr? 
F. =—R (10.53) 
tan 0 


Thus the adhesive force is independent of the elasticity properties of the half-space. 


The Classic Torus n = 2 
With c = 1/(2R;), the radius of the torus R, n = 2 and x(n = 2) = 2, we obtain: 


P 1 Aw 
€ VaR R3E*’ 


* Z4 
H= ary (EEA (10.54) 


2 
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10.3 Torsional Contact 


The purely torsional contact problem between a rigid indenter and an elastic half- 
space is also referred to as the Reissner—Sagoci problem. The boundary conditions 
at the surface of the half-space at z = 0, in the axisymmetric case for a ring-shaped 
contact area with the radii b and a > b, are as follows: 


ug(,z =0)= f(r), b<r<a, 
Op-(r,z =0)=0, r<b,r >a, (10.55) 


with the rotational displacement and the tangential stresses. This consideration only 
deals with the pure torsion problem without slip, which means that all other stresses 
and displacements vanish. 


10.3.1 The Hollow Flat Cylindrical Punch 


In drilling applications, sometimes hollow or concave drill bits are used. This ap- 
proximately corresponds to the contact problem described in this section. For the 
contact of a hollow flat cylindrical punch, the function f(r) of the torsional dis- 
placement is given by: 

T(r) = or, (10.56) 


with the twisting angle g of the punch around its axis of symmetry. The contact 
problem was studied by Borodachev and Borodacheva (1966b), Shibuya (1976), 
and Gladwell and Gupta (1979). 

Borodachev and Borodacheva (1966b) applied the same method which Collins 
(1962, 1963) utilized for the solution of the normal contact problem of a flat annular 
punch. They numerically solved the Fredholm equation that arose over the course of 
the solution process and obtained the following relationship between the torsional 
moment M, and the torsion angle g: 

16, , 

M, = ae yy(e), (10.57) 
once again introducing the shorthand notation € = b/a. G is the shear modulus of 
the elastic half-space. A series expansion of the function y(¢) is only possible for 
small values of ¢. The authors presented the approximate solution: 


y = 1+0.0094e4—0.1189e°—0.0792e’ —0.0094e°—0.0645e°+ O(e!°). (10.58) 


For the stresses in the contact area they provided the expression: 


4G0 r g r? rí rê 
Op-(r) x — 1+- Xo + A277 + oe + Xorg 


T a? — r? 


ebt b? bt pe 10.59 
PCW omen Bo + Baa + Ba + Boe » (10.59) 
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with the shorthand notation: 


ay = 0.0839 + 0.091327 + 0.0929e* + 0.0007£° + 0.1469e°, 

ay = 0.0531 + 0.0698e7 + 0.1014, 

a4 = 0.0434 + 0.0844e", ae = 0.0579, 

Bo = 0.2896 + 0.09172? + 0.0562e4 + 0.0025e° + 0.0625¢°, 

B2 = 0.2083 + 0.0752? + 0.05e4, 

B4 =0.15+0.1e?, Bg = 0.2. (10.60) 
Gladwell and Gupta (1979) solved the contact problem in a very elegant manner 


through a combination of appropriate potentials. They gave the sought stresses and 
displacements inside and outside the contact area as: 


2 
r r | r 
> 2biz 1-5 O0<r<b 
a b<r<a 
a 
Mi= pa 2r a a a? i 
2 (awin (2) -t -5| 
2 2 
zoa j= r>a, 
r 
4r r 9bır b at r 
veer) = Go | R(T) Bru (F) -a0 (7) |, 
b<r<a, (10.61) 


with the functions U and R and the shorthand notations defined as follows: 


i 2 (: =) <1 
arcsın x — = į X 
U= 4, V1— x? 3 
2, x>l, 
2 
i <1 
aaraa A 
R(x) = 4 y1= x 
0, x>1, 
6002? 4b; 16087 
a a E = , 10.62 
1 = ete "T Tsn 675m? — 48ne? ne) 


which is in very good agreement with the results of Shibuya (1976), who converted 
this problem into a coupled system of infinitely many linear equations and solved 
these numerically. 

If we then determine the torsional moment via integration of the stress distribu- 
tion (this step was not performed in the publication by Gladwell and Gupta) and 
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Fig. 10.17 Normalized 1.05 
torsional moment y = 

3M- /16Gga? as a function 
of the ratio of radii € = b/a 
according to (10.58) (Boro- 
dachev and Borodacheva 
1966b) and (10.63) (Gladwell 
and Gupta 1979) 


0.75} —— Borodachev, Borodacheva 
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0.7 ‘ i 
0 0.2 0.4 0.6 0.8 1 
b/a 
Fig. 10.18 Normalized tor- ba <01 a 
sional stresses according to SL kh/=05 : | 
b/a=0.9 IV 


(1966b) as a function of the 
radial coordinate for different 
values of b/a. The thin solid 
line represents the solution of 
the full cylinder 


expand the expression for y in Taylor series to powers of € we obtain: 


y=l1- Ted + O(e°). (10.63) 
Figure 10.17 shows the solutions for y, according to Borodachev and Borodacheva 
(1966b) and Gladwell and Gupta (1979). For values of € < 0.6 they are in very 
good agreement. We must keep in mind that both solutions are intended only for 
small values of e. Figures 10.18 and 10.19 display the solution for the tangential 
stress distribution on the basis of (10.59) and (10.61). The stress singularities at 
the sharp edges of the indenter and the convergence with the solution for the flat 
cylindrical punch from Chap. 5 (see Sect. 5.1.1) are easily recognized. 
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Fig. 10.19 Normalized tor- ba=01 


as a function of the radial co- 
ordinate for different values 
of b/a. The thin solid line 
represents the solution of the 
full cylinder 
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Appendix 


A significant number of contact problems concerning rotationally symmetric bodies 
can be solved via reduction to the non-adhesive frictionless normal contact prob- 
lem. The problem of an adhesive normal contact is thereby reduced entirely to 
the solution of a non-adhesive normal contact. Likewise, the tangential contact 
problem in the Cattaneo—Mindlin approximation can be reduced to the frictionless 
normal contact problem using the principle of superposition by Cattaneo—Mindlin— 
Jager—Ciavarella. And finally, contacts of viscoelastic bodies can be reduced to the 
corresponding elastic problem, i.e., the non-adhesive elastic normal contact, using 
the method by Lee und Radok. 

This problem of the elastic, frictionless, non-adhesive normal contact of rotation- 
ally symmetric bodies can in turn be reduced via the MDR to the problem of the 
indentation by a rigid cylindrical indenter. If the solution for the contact between a 
rigid cylindrical punch of an arbitrary radius and a given elastic medium is known, 
then the solution for an arbitrarily shaped punch consists of a simple superposition 
of indentations by punches of varying radii. 

The problem of an indentation by a flat cylindrical punch cannot be further re- 
duced and thus requires an actual formal solution. In this appendix, we perform 
this basic step and describe the “construction of the building” of the MDR. In doing 
this, we follow the appendix of the book by Popov (2015). In Sect. 11.8 of this 
chapter an overview of the special functions used in this book is provided. In (the 
closing) Sect. 11.9, the historical solution of the contact problem for an arbitrary 
axisymmetric profile with a compact contact area according to Féppl (1941) and 
Schubert (1942) is given. 
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11.1 The Flat Punch Solution for Homogeneous Materials 


This section demonstrates that the pressure distribution at the surface of an elastic 
half-space 


2\ -1/2 
pirsa) = (1-5) , Far +y, 5 Sa (11.1) 
a 


leads to a constant normal displacement of the circle r < a and, therefore, corre- 
sponds to the indentation by a rigid circular punch. The basis for the calculation is 
the general relationship between an arbitrary pressure distribution p(x’, y’) and the 
resulting surface deformation w given by the fundamental solution of Boussinesq: 


1 dx'dy’ 
w(x, y) = FS pæ, yZ, r=V@—xP+y-yP, (11.2) 


with the effective elasticity modulus Æ£*. The integral (11.2) is calculated using the 
system of coordinates and notations shown in Fig. 11.1. Due to rotational symmetry 
of the stress distribution, the vertical displacement of a surface point is dependent 
solely on the distance r of this point from the origin O. Therefore, it is sufficient 
to determine the displacements of the points on the x-axis. In the following, we 
will calculate the vertical deformation at point A. For this, we must determine the 
displacement at point A caused by the stress in the “varying” point B, and subse- 
quently integrate over all possible positions of point B within the load zone. Due 
to rotational symmetry, the stress at point B also depends solely on the distance t 
of the point to the origin O. For this distance we obtain t? = r? + s? + 2rs cosg. 
Therefore, the pressure distribution is: 


_ i r? +s? + 2rscos@ le 
p(s, g) = Po = a2 
= poa(a? — r? — s? — 2rs cos o)!’ 
= pala? — 2ßs — er, (11.3) 


where we have introduced a? = a? — r? and B = r cosg. 


For the z-component of the displacement of a point within the load zone we 


obtain: 
20 


S1 
1 
w = -pma f Je — 2Bs — s?) 1ds | dg. (11.4) 
nE* 
0 


0 


Here, sı is the positive root of the equation œ? — 2Bs — s? = 0. The integral over 
ds is calculated to: 


fo — 2Bs — s?) 1ds = 5 — arctan(B/«a). (11.5) 
0 
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Fig. 11.1 Calculation of the a 
vertical deformation caused 

by normal stresses acting 

on a circular area: (a) at a 

location within the load zone, 

(b) at a location outside of the 

load zone 


It is apparent that arctan(6(y)/a@) = — arctan( (p + 2)/a). Thus, by integrating 
over Q, the term with arctan is eliminated. Therefore, 


20 
1 T T poa 
w(r;a) = -F7 poa f 749 = = =: d = const, r <a, (11.6) 


0 


where the indentation depth d is introduced. 
We now consider a point A outside the load zone (Fig. 11.1b). In this case: 


p(s, p) = poa (a? + 2Bs — °)". (11.7) 


The displacement is then given by the equation: 


G1 52 
1 nE 
w = poa J i (a? + 2Bs — s°) 1/2 ds do (11.8) 
mE* 
Fl S1 


where sı and sz are the roots of the equation: 


a? + 2ps —s* = 0. (11.9) 
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Accordingly, it follows that: 


52 
J (a? + 2Bs — cy ie ds =z. (11.10) 


S1 


The remaining integration in (11.8) now results trivially in w = = Poa, or, taking 
into account the obvious geometric relation from Fig. 11.1b, gı = arcsin(a/r), 


2 
w(r;a) = Ba Poa arcsin(a/r), r>a, (11.11) 


which, accounting for (11.6), can also be written as: 
2 ; 
w(r;a) = —d -arcsin(a/r), r>a. (11.12) 
T 


From the result (11.6) it follows directly that the assumed pressure distribution is 
generated by an indentation by a rigid cylindrical punch. The total force acting on 
the load zone equals: 


a 2 1/2 
Fy = [ » (: — =) 2nrdr = 27 poa’. (11.13) 
0 


The contact stiffness is defined as the relation of force to displacement: 
k: = 2a E*. (11.14) 


The pressure distribution (11.1) can also be represented in the following form with 
the consideration of (11.6): 
1 E*d 


pír) = Se (11.15) 


11.2 Normal Contact of Axisymmetric Profiles with a Compact 
Contact Area 


In this section we will present the solution for the normal contact problem for ax- 
isymmetric profiles with a compact contact area in its general form. For this, we 
will use the solution of the contact problem of a rigid flat cylindrical punch obtained 
in the preceding section. Simultaneously, a derivation of the fundamental equations 
of the MDR will be performed. 

We will now consider the contact between a rigid indenter of the shape Z = f(r) 
and an elastic half-space characterized by the effective elasticity modulus E*. Let 
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the indentation depth under the effect of the normal force Fy be d and the contact 
radius a. For a given profile shape, any of these three quantities uniquely determines 
the other two. The indentation depth is a unique function of the contact radius, 
which is denoted by: 


d = g(a). (11.16) 


Let us examine the process of the indentation from the first touch to the final in- 
dentation depth d, denoting the values of the force, the indentation depth, and the 
contact radius during the indentation by Fy, d and 4, respectively. The process 
can then be viewed as a change in the indentation depth from d = 0 tod = d, 
with the contact radius changing from a = 0 to a = a, and the contact force from 
F w = Oto F N = Fy. The normal force at the end of the process can be written in 


the following form: 
. fdFy dd 
Fy = [ats = -J aa (11.17) 


— = 2E*4 (11.18) 


(see (11.14)), and using the notation (11.16), we obtain: 


a d g 
Fy = 2E* f aE aa, (11.19) 
a 


0 
Integration by parts now results in: 


a 


Fy = 2E* | a- g(a)— | g(a)da| = 2E* | | [g(a)— g@)|da 
| | 


= 2E* fie — g(a@)|da | . (11.20) 


0 


We now turn our attention to calculating the pressure distribution in the contact 
area. An infinitesimal indentation of an area of radius a generates the following 
contribution to the pressure distribution (see (11.15)): 


1 E* : 
dp(r) = ~-= dd, forr <a. (11.21) 
g“ =r 


q 
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The pressure distribution at the end of the indentation process equals the sum of the 
incremental pressure distributions 


d a = 

1 EX. 1 E* dd 

pir) = J L-a- fi- 
w/a? — r? m yà? — r? da 


d(r) 


da, (11.22) 


or under consideration of the notation (11.16) 


(11.23) 


p= = | L__dg@) 


T ~v a2 — r2 da 


r 


The function g(a) from (11.16), therefore, uniquely defines both the normal force 
(11.20) and the pressure distribution (11.23). The normal contact problem is re- 
duced to the determination of the function g(a) (11.16). 

The function d = g(a) can be determined as follows. The infinitesimal surface 
displacement at the point r = a for infinitesimal indentation by dd of a contact 
area of radius a < a is, according to (11.12), equal to: 


dw(a) = = arcsin (5) dd. (11.24) 


The total vertical displacement at the end of the indentation process is, therefore, 
equal to: 


d a “sd 
2 _ (a ~ 2 _ (a\dd 
w(a) = — | arcsin | — |dd = — | arcsin | — | — då, (11.25) 
T a T aj da 
0 0 
or with the notation (11.16), it is: 
ae iy deë 
w(a) = = f aresin (<) BG) ag (11.26) 
T a da 
0 


This vertical displacement, however, is obviously equal to w(a) = d — f(a): 


d—f(a)= = f aresin (<) de @) ig, (11.27) 
0 


da 


Integration by parts and consideration of (11.16) leads to the equation: 


tial | 20x 


———— da. 11.28 
= eae (11.28) 
0 
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This is Abel’s integral equation, which is solved with respect to g(a) in the follow- 
ing way (Bracewell 1965): 


f'a) 


=a | -= då. 11.29 


With the determination of the function g(a), the contact problem is completely 
solved. 

It is easy to see that (11.16), (11.20), (11.23), (11.28), and (11.29) coincide 
exactly with the equations for the MDR (Chap. 2, (2.17)) , which proves the validity 
of the MDR. 


11.3 Adhesive Contact of Axisymmetric Profiles with a Compact 
Contact Area 


The MDR described in Sect. 11.2 for the solution of non-adhesive contact of ro- 
tationally symmetric bodies can easily be generalized to adhesive contacts. The 
generalization is based on the fundamental idea of Johnson, Kendall, and Roberts 
that the contact with adhesion can be determined from the contact without adhe- 
sion plus a rigid-body translation. In other words, the configuration of the adhesive 
contact can be obtained by initially pressing the body without consideration of the 
adhesion to a certain contact radius a (Fig. 11.2a) and, subsequently, retracting to a 
certain critical height A/ while maintaining the constant contact area (Fig. 11.2b). 
Since both the indentation of any rotationally symmetric profile and the subsequent 
rigid body translation are mapped correctly by the MDR, this is valid also for the 
superposition of these two movements. 

The still unknown critical length AJ = A/(a) can be determined using the prin- 
ciple of virtual work. According to this principle, the system is in equilibrium when 
the energy does not change for small variations of its generalized coordinates. Ap- 
plied to the adhesive contact, it means that the change in the elastic energy for a 
small reduction of the contact radius from a to a — Ax is equal to the change in 


n.a. 


ak) Eee 


Fig. 11.2 Qualitative representation of the pressing and retraction process of a one-dimensional 
indenter with an elastic foundation, which exactly represents the characteristics of the adhesive 
contact between a rigid spherical punch and an elastic half-space. a Indentation without accounting 
for adhesion; b retraction with constant contact radius 
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the surface energy 27a AxAy, where Ay is the separation work of the contacting 
surfaces per unit area. Since the MDR maps the relation of force to displacement 
exactly, the elastic energy is also reproduced exactly. The change in the elastic 
energy can, therefore, be calculated directly in the MDR model. Due to the de- 
tachment of each spring at the edge of the contact, the elastic energy is reduced by 
E* AxAl’. Balance of the changes in the elastic and the adhesive energy results in: 


Q2naAxAy = E* AxAl?’. (11.30) 
It follows that: 
2naA 
= = 4 (11.31) 


This criterion for the detachment of the edge springs in the adhesive MDR model 
was found by Heß (2011) and is known as the rule of Hef. 


11.4 The Flat Punch Solution for FGMs 


In Sect. 11.1, the solution of the contact problem between a rigid, cylindrical flat 
punch and an homogeneous elastic half-space was derived via the Boussinesq fun- 
damental solution. Analogously, the corresponding solution can be found for an 
elastically inhomogeneous half-space with the variable elastic modulus 


k 
E(z) = Eo (=) with —l<k <1. (11.32) 
Co 


The fundamental solution in this case is given by: 


(1 — v?) cos (=) ck Fy 


me) hy(k,v)wEy — ritk? 


(11.33) 


with hy (k, v), which was introduced in (9.5) in Chap. 9. Using the superposition 
principle and (11.33) the normal displacement of the half-space surface can be de- 
termined for any pressure distribution p(x’, y’): 


(1 — v’) cos (4 kx) ) ck dx'dy’ 
9) = ee oy Uf POY pr 
withr = /(x—x’2 + O -= y}. (11.34) 


In the following we will show that a pressure distribution 


2 2 
P(r; a) = po (1-5) , P=x*4+y*,r<a (11.35) 
a 
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generates a constant normal displacement inside the circle with radius a. Utilizing 
the transformed variables depicted in Fig. 11.la and by introducing the short-cuts 


a? = a?—r? and B =rcosg, (11.35) can be written in the form: 


poa'-* 


(va? = 2Bs— 5)" 


The surface normal displacement of a point within the circular area stressed by the 
pressure distribution (11.36) is determined by (11.34): 


p(s, 9) = (11.36) 


= (1 — v?) cos (%2) ck poa! a ds | 
w(r;a o 
l-k ok 
hy (k, v)z Eo Va — 2Bs — s? S 
(11.37) 
where sı = — + yp? + a? is the positive root of the denominator under the 


integral in (11.37). The inner integral over s results in 


2 
k k 
r-r Be (Lek 3B 
Ja Ja? + B2 2 OE p? 
With the symmetry relation 6(y + 2) = —f(@) it is clear that the second, hy- 


pergeometric term will not contribute after integrating over y. Hence, the normal 
displacement inside the pressured ring is given by: 


| (11.38) 


(1 — v?)ck r poal* 
hy (k, v) Eo 


w(r;a) = =: d = const, r<a. (11.39) 


As such, the pressure distribution (11.35) results from the indentation by a rigid flat 
cylindrical punch. 

We now proceed to the calculation of the normal displacement of a point outside 
the loading zone. Taking into account the variables introduced in Fig. 11.1b, the 
pressure distribution (11.35) then takes the form: 

1—k 
p(s, p) = poe = (11.40) 
(Vo? + 2B(@)s— 7) 
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and the normal displacements can be determined from the integral: 


1 — v?) cos ck poa!-* d 
vea AG co i arr ee 


k gk 
hy (k, v)m Eo aed Va? + 2Bs — s? AY 
(11.41) 
whereas 51/2 = B F yp? + a?. The inner integral resolves to: 
s2 
j 1 ds _ 
l-k ok 
$ (Vo? + 2Bs — s*) . 
Vat (444) (2 + PN _ (kh 1 +k... ka? + 6? 
2Fi | =, TE . (11.42) 
Tr (1+ §) p? 2 2 2? p 


The subsequent integration over after some transformations leads to the sought 
normal displacements outside the loaded area: 
w(r;a) = 


2(1 — v?) cos (%5) ck poa! io p l+k l+k 3+k a’ 
hy(k, v) E +k) r ic a ea i 2 


) , (1.43) 


which (taking into account (11.39)) can be written in the form: 


w(r;a) = 


’ 


2d cos (*) ee (= 1+k 3+k a’ 
zap G 2F1 


; -—). 1.44 
n(1 +k) 3 2 2 =) one) 


Integration of the pressure distribution over the contact area will give the total nor- 


mal force: 
a 


k-1 
2\ F 2 2 
Fvia) = f » (1-5) rps (11.45) 
a 
0 
The normal contact stiffness results from (11.39) and (11.45): 
dF y 2hy (k, v) Eo 


ke := = Frk 11.46 
i dd O-A ! ! 


Application of (11.39) also allows for the reformulation of the pressure distribution 
in terms of the indentation depth: 


p(r;a) = ae —_ (11.47) 
a(l — v2)ck (a2 — r) 7 
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11.5 Normal Contact of Axisymmetric Profiles with a Compact 
Contact Area for FGMs 


Starting from the contact solution for the indentation of a power-law graded elas- 
tic half-space by a rigid, flat-ended cylindrical punch, we derive the solution of 
an arbitrarily shaped, axisymmetric contact problem with a compact contact area. 
Analogous to the derivation for elastically homogeneous materials from Sect. 11.2, 
we first assume that the indentation depth can be written as an unambiguous func- 
tion of the contact radius: 

d = g(a). (11.48) 


In the following, formulas for the normal force, pressure distribution, and the nor- 
mal displacements of the surface are derived, all of which depend only on the 
function g. For this purpose we will make use of an idea by Mossakovskii (1963), 
according to which the solution of the general axisymmetric contact problem results 
from a superposition of (differential) flat-ended punch solutions. As a final step the 
determination of the function g will be shown. 

For the calculation of the normal force, we assume the incremental contact stiff- 
ness according to (11.46) which, taking (11.48) into account, will lead to: 


2hy (k, v) Eo Blt = 2hy (k, v) Eo giteds@ 


dFy = = 
N =v +k) (= v2)ck(1 +k) da 


da. (11.49) 


The indentation process can be viewed as a change in the indentation depth from 
d = 0 to d = d, with the contact radius changing from @ = 0 tod = a and the 
contact force from F, w = Oto F w = Fy. The normal force at the end of the process 
can be calculated from (11.49) by integration: 


2hn (k, v) Eo altk dg( 


7 ee 
Fy(a) = (=U 45) da da. (11.50) 


Integration by parts results in: 


a 


SO | a ga- e@iaa 
0 


Fy (a) — (1 — v2)ck 


= foo [d — g(a)] da, (11.51) 
wherein cy (a) denotes the foundation modulus defined by (9.4). 


The calculation of the pressure distribution is done in the same way. An infinites- 
imal indentation of an area of radius 4 generates the following contribution to the 
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pressure distribution (see (11.47)): 


dp(r:a) = fen Ue) Bo dd 
p — = 
m(1 — v)c5 (G2 — r23) 7 
hy (k, v) Eo dg(a) 


= = —“da forr <a. (11.52) 
(1 — v2)ck (@ —r?)7 da 


The pressure distribution at the end of the indentation process equals the sum of the 
incremental pressure distributions: 


pír) = 


hy (k, v) Eo J dg(a) da Z -rC y wip @) aa. 
m1 — v2)ck da (q2~- 72) 3 z (a2 — rD) 

(11.53) 
wherein wip denotes the displacement of the Winkler foundation introduced by 
(9.9). 

For the calculation of the normal displacements outside the loaded area, we first 
need the displacement proportion caused by an incremental indentation with the 
radius a. Thereby, (11.44) will provide the relation 


dd forO<r<da 
2 cos () a 1+k 
dw(r;a) = amet (2 
1+k 1+k. IEN, a’ 
aF ( 


(11.54) 


; ; dd forr >. 
2 2 2 °r2? 


Summation over all incremental contributions 0 < & < a, accounting for the con- 
dition r > a, gives: 


w(r;a) = 


2cos (£2) f (a\'t* lt+k 14k 34+k @ “i 
ores) A T a e N a 
a(l +k) r 2 2 2 ‘r2) da 

0 


which (after integrating by parts) results in the determining relation for the displace- 
ments outside the contact area: 


w(r;a) = 


2cos (7) iE a‘[g(a)- 80) az 


= € -a # 


da forr >a. (11.56) 


2cos (£2) j a* wip (@) 


= m= a) 
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Equations (11.51), (11.53), and (11.56) reproduce the MDR relations (9.11) und 
(9.12) for the normal contact of power-law graded elastic bodies. They only depend 
on the yet not determined function g(a). To give an expression for this function 
we first calculate the normal displacements inside the contact area based on an 
incremental formulation and (11.54). We obtain: 


a 


w(r;a) = [2a 


+ Zee) D (tk 14k 3+k @) dg) |. 
r) 7 ND 2? 2 °P) dă 
0 


(11.57) 
Integration by parts results in: 


w(r;a) = g(a) — apa torQ<r <a; (11.58) 


(r? — a2) ¥ 


kr A ~ ~ 
2 cos (=) | a* g(a) 5 
T 
0 
which of course must equal the normal displacements due to the indenting profile: 
w(r;a)=d— f(r) fr0<r<a. (11.59) 


Hence, the functions f and g are connected via the Abel transform 


sel f as) ag (11.60) 


Inverse transform of this equation yields a determining relation for the function 
g(a): 
la| 


ref O a 


ee: (11.61) 
5 @-r?) 


g(a) = jā 


which naturally corresponds to (9.2) in Chap. 9. 


11.6 Adhesive Contact of Axisymmetric Profiles with a Compact 
Contact Area for FGMs 


The calculation of adhesive contacts with FGMs is performed completely analo- 
gously to the case of adhesive contact of homogeneous materials. Only the Winkler 
foundation is redefined by (9.3): 


Ak, = cy(x)- Ax (11.62) 
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with cy (x) defined by (9.4). The energy balance now takes on the form: 


2naAxAy = cy (a)AxAL’. (11.63) 
It follows that: 
2nah 
Al = |Z (11.64) 
cy (a) 
For a rigid indenter, 
k 
cy (x) = hy (k, v) E* (=) (11.65) 
0 
and (11.64) can be written in the following form: 
2naAycka\-* 
Al = ,{/ ————_ 11.66 
/ E*hy(k,v) ( ) 


which justifies (9.45). 


11.7 Tangential Contact of Axisymmetric Profiles 
with a Compact Contact Area 


There exists a very close analogy between normal and tangential contact problems. 
The normal force and pressure distribution for an indentation d of a flat cylindrical 
indenter of radius a are given by the equations: 


Fy = 2E*ad, 
1 E*d 


P(r) = a er (11.67) 


(see Sect. 11.1). A tangential displacement u leads to the tangential force and 
stress distribution given by Johnson (1985): 


F, = 2G*au, 
1 G*u® 


T(r) = P 


which differs from those for the normal contact only in the notation. Now we 
consider the simultaneous impression of an axisymmetric profile z = f(r) in the 
normal and tangential directions and characterize these movements through the nor- 
mal and tangential displacements as functions of the contact radius: 


(11.68) 


d = g(a), u® = h(a). (11.69) 
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The force and stress during the indentation starting at initial contact are then: 


Fy =2e* fia BO aa, n= f 1 d@a a17 


a2—r? da 


and 


0 
f _ dh(a “Pr 4 di 
F, =26" fi Dai. au! 0) ae am 
då a-—r2 da 
0 


We now consider the following two-step process. The punch is initially pressed in a 
purely normal motion until the contact radius c is reached, and then further pressed 
in such a way that it moves simultaneously normally and tangentially until contact 


radius a is reached, whereby 
dh = À - dg. (11.72) 


The normal force and the pressure distribution at the end of this process is still given 
by (11.70), while the tangential force and stress distribution obviously result in: 


r =20' fa PO a5 -acra fa AORT. (11.73) 
då da 


c e 


1 $s) 
<1 [ = da, forr <c, 
r(r) = in (11.74) 


1 st, 
f da, forc<r<a. 
= 


In the area c < r < a, the normal and tangential stress distribution have the same 
form: 


G* 
t(r) = A— p(r). (11.75) 
E* 
If we set Gt 
{= = 11.76 
ie (11.76) 


then the examined contact will have the following properties: 


u(r) = u® = const, forr <c, 


t(r) = up(r), force <r <a. (11.77) 


These conditions correspond exactly to the stick and slip conditions in a tangen- 
tial contact with the coefficient of friction u. Therefore, the force (11.73) and the 
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stress distribution (11.74) under consideration of (11.75) solve the tangential con- 
tact problem: 


a d ~ 
F, = aue” f aE Raa, 
da 


= "O 1 Oz 


H TT a/q2 — r2 da 


i 1  dg(&) 
Tr) = = ——— 11.78 
(r) i Aa a wa) forr <c, ( ) 
Be fe 1 dg(a) ._ 
da, f < : 
fe J ao aa a orc <r<a 


or 


wan p(r;a)— p(r;c), forr <c, (11.79) 


p(r;a), frc <r <a, 


where we denote the normal pressure distribution at the contact radii a and c by 
p(r;a) and p(r;c), respectively. The tangential displacement in the contact is 
obtained by integration of (11.72): 


E* 
u® = Hegle(a) — g0). (11.80) 


It is easy to see that (11.78) and (11.80) coincide with (4.39), thereby proving the 
validity of the MDR for tangential contacts. 


11.8 Definitions of Special Functions Used in this Book 


At certain points in this book, non-elementary functions have been utilized. For ease 
of reference, we have provided a short summary of their definitions and significant 
properties. 


11.8.1 Elliptical Integrals 


Several definite integrals that cannot be solved in the form of elementary func- 
tions are themselves defined as (non-elementary) functions. The so-called elliptical 
integrals belong to this class of functions. Let k be an elliptical modulus with 
0 < k? < landO < 0 < x/2. The incomplete elliptical integrals of the first and 
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second kind are defined as: 
; d 
F(0,k) := J a= _ 
j vl- k? sin? p 


6 
E(6,k) = | yi-# sin? pd. (11.81) 
0 


For the case of 6 = 7/2, this results in the so-called complete elliptical integrals: 


z/2 
K(k) = ia =F(Z.k). 


V1—k? sin’ g 2 


m/2 


E(k) := f y1- ksin? pd = E (Zk). (11.82) 
0 


It should be noted that several mathematical databases provide the elliptical inte- 
grals as a function of the modulus m = k?. 


11.8.2 The Gamma Function 


Euler’s Gamma function can be defined in an integral form by the expression: 


T(z) := P exp(—t)dt, Re{z} > 0. (11.83) 
0 


It is easy to prove the recursion property 
T(z) = (@-1TG@— 1). (11.84) 


The Gamma function is, therefore, a generalization of the faculty function for 
arbitrary complex arguments, since (11.84) immediately returns the following rela- 
tionship for positive integer arguments of the function: 


T(n)=(n—-1)!, neN*. (11.85) 
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The complete Gamma function defined in (11.83) can be generalized to the “lower” 
or “upper” incomplete Gamma function by restricting the integration limits, 


T,(z,a) := a exp(—t)dt, Re{z}> 0, aeRt 


a 
a 


T,(z, a) := G exp(—ż)dt, Re{z}>0, aeR*t (11.86) 
0 


with the obvious property 


To(z,a) + T„(z,a) = T(z). (11.87) 


11.8.3 The Beta Function 


The complete Beta function relates to the Gamma function according to the defini- 


tion: 

rwr) 
r, y) ” 
The integral definition can also be shown in this representation: 


B(x, y) := Re{x, y} > 0. (11.88) 


1 
B(x, y) = [a-a Re{x, y} > 0. (11.89) 
0 


The Beta function is clearly symmetric, with B(x, y) = B(y, x). From (11.85) 
and (11.88) it is apparent that the binomial coefficient 


n\ n! _ T(n + 1) 
k) k'n=k)! T(k+Dr(n-k+1) 
1 
~ m+DBk+l,n-k+1)' 


can be expressed by the Beta function. From the definition of the Beta function also 
follows the recursion property 


n,keN,n>k (11.90) 


B(x, y) = B(x + 1, y) + B(x, y + 1). (11.91) 


By restricting the integration limits in (11.89), the complete Beta function can be 
generalized to the “lower” or “upper” incomplete Beta function. Usually the upper 
limit is set, resulting in the definition 


B(z; x,y) = fea —u)™!du, Refx,y}> 0, z € [0;1]. (11.92) 


0 
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11.8.4 The Hypergeometric Function 


Many different hypergeometric functions exist. In this book, only the Gaussian 
hypergeometric function 


[e.e] 


T(a +n) (b +n) (c) z” 


oF (a,b; c; z) := 2 T@re@rern al (11.93) 
is used. It is the solution of the hypergeometric differential equation 
z(1—z)y"(z) + [e — (a + b + Iz]y'(z) —aby(z) = 0. (11.94) 
The derivative of this function is given by: 
d ab 
= bF: (a, b; c; z)] = PG +1,b + 1;c + 1;z). (11.95) 


Certain special cases of the hypergeometric function can be expressed by elemen- 
tary functions, such as: 


1 
2Fi(1, 13132) = y (11.96) 


11.8.5 The Struve H-Function 


The Struve H-function is a Bessel-type function. It can be expanded to the power 
series 


, rer (11.97) 


S ee (=1)* Z\ 2k+n+1 
ee D T (k +ż)T(k+n +3) o 


and is the solution of the inhomogeneous Bessel differential equation 


7 : _ 4 z\nt+l 
y"(z)z2 + yi(z)z + (22 -ndy (z) = a) . (11.98) 


Additionally, the following differentiation property of the Struve H-function can be 
demonstrated: 


: [An (Z)] = H,- (z) — TH, (2). (11.99) 
Z 2. 
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11.9 Solutions to Axisymmetric Contact Problems According 
to Foppl and Schubert 


In this section, we will present the derivation of the solution for the contact problem 
of an arbitrary axially symmetric indenter, which was published by Féppl (1941) 
and Schubert (1942). This is the first known publication to perform the derivation 
of the equations that lay the foundation for this book. Over the course of the history 
of contact mechanics, they were derived multiple times using different approaches. 
For instance, they were later found by Galin (1946) as well (likely independently). 
They reached a high degree of international recognition through the paper of Sned- 
don (1965)—one of the most cited publications in the history of contact mechanics. 
Yet Sneddon merely offered a different derivation approach to obtain already known 
solutions, including those of Galin (whom he cites). And much later, new inter- 
pretations and derivations of the same equations were published multiple times. 
Some of these were quite useful since they provided a new perspective on the is- 
sues and facilitated different generalizations and developments. This includes the 
interpretations by Jager (1995), who treated the indentation of a curved body as the 
superposition of infinitesimal indentations of flat cylindrical punches (although even 
this idea was not original and was previously used by Mossakovskii). The MDR is 
also based on the equations of Foéppl—Schubert—Galin—Sneddon—Jager, however, it 
offers an intuitive physical-mnemonic interpretation, which can be directly gener- 
alized to many other contact problems. 

Although 77 years have passed since the publications of Föppl and Schubert, this 
first historic derivation still surprisingly remains the most direct and simple of all. 
It is valuable to understand this derivation both for historic and didactic reasons. 
The presentation of the derivation of Féppl and Schubert very closely follows the 
original publication, however, modified notations are used to highlight the direct 
connection to the equations of the MDR. 

We consider an axially symmetric pressure distribution p(r) in a circle of radius 
a (see Fig. 11.3). We calculate the displacement at the “point of observation” A 
caused by an infinitesimally small force in the “source point” B and then integrate 
over all source points. The location of the source point is parametrized by the linear 
coordinate s and the angle g. The vertical displacement of point A by the force 
dFy = p(p)sdsdg¢ in point B is given by the fundamental solution (2.2): 


_ Plp)sdsde _ 
nE*s 


dw(r) 


1 
P(p)dsdg. (11.100) 
ma E* 


The total vertical displacement caused by the entire pressure distribution results 
from the integration of 


1 T l S2 
w(r) = f = | rows dg. (11.101) 
T E* 
0 S1 
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Fig. 11.3 Schematic dia- 
gram to display the notation 
proposed by Föppl (1941) 


In his paper, Föppl (1941) proposed replacing the parametrization s and g with new 
variables p and £, which uniquely define the location of point B too, and relate to s 
and ọ according to the following equations: 


s= pitre E<ps<a, 


p = arosin ( Ż), 0<é<r. (11.102) 
r 


Accordingly, the derivations are: 


ðs p 
dp [p2 — E2. 
ee f (11.103) 
dE [p= E2 ' 
Denoting the expression in parenthesis in (11.101) by wip (È): 
1 S2 2 a ( ) d 
wip (§) = = | ross =F TE (11.104) 
S| € p 
For the vertical displacement (11.101), we then obtain: 
a f wip (Ede 
2 2 f wip(&)d 
wr) = — I wip(é)dg = — | —==—. (11.105) 
T T [r2 — £2 
0 0 co 


Both (11.104) and (11.105) are identical to (2.16) and (2.14) of the MDR. These 
were already derived in the paper by Foppl (1941), as previously described in this 
chapter, and enable the calculation of the displacement field resulting from a known 
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pressure distribution. In his paper, Föppl examined the pressure distributions (1 — 
r?/a?)'/?, (1 — r7/a)'/? and a constant pressure distribution, demonstrating that 
the former corresponds to a constant displacement and the latter corresponds to a 
parabolic indenter. 

The contribution of his doctoral candidate, Schubert (1942), was the inversion 
of the integral equations (11.104) and (11.105). Since these are Abel transforms, 
Schubert found the solutions 


ints | pea (11.106) 


and 


P(p) = al ee (11.107) 


which are identical to (2.6) and (2.13) of the MDR. 

Equations (11.106) and (11.107) completely solve the contact problem: with 
three-dimensional form w(p) and using (11.106), one can calculate the auxiliary 
function wip(&), which then determines the pressure distribution by (11.107). 
Schubert used this approach to solve the contact problems of the flat punch, the 
cone, and the power-law profiles of second, fourth, and sixth-order, the concave 
power-law profiles of the second and fourth-order, and the cylindrical indenter with 
rounded edges. 

The publications of Féppl and Schubert of course did not contain the MDR in- 
terpretations of their equations, which requires a couple of additional steps. In the 
interpretation of the MDR, wip(€) is the vertical displacement in the equivalent 
MDR model. The necessary property for the transition to the MDR interpretation is 
the relation wip (£ = 0) = w(r = 0) (which guarantees that indentation depth of 
the three-dimensional profile is also the indentation depth of the equivalent MDR 
profile). It follows from (11.105), when the limit w;p(€ = 0) is substituted for 
w1p(&) in the limit case r — 0 and the identity 


=1. (11.108) 
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is taken into account. Then 
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wip(& = 0). (11.109) 


w(r = 0) = lim[w(r)] = wip = 0)- — 
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It follows trivially from (11.104) that the contact radius is determined by the equa- 
tion wıp(a) = 0. The equation determining the force (2.11) follows from (11.107): 


a 


Fy = 2r | perar = -26" f eos rdr 


0 0 p 
a E 
rdr 
=-2E* | w = ja 
win() l p|“ 
=-2E* | £wip EdE = 2E* | wip Jat. (11.110) 
l | 


Thus, all fundamental equations of the MDR are determined and the only task re- 
maining is to “put them into words”. 

In closing, it should be noted that the publication by Schubert also contained the 
complete solution of the plane contact problem, which he applied to the following 
profiles: flat punch with symmetric load, flat punch with axisymmetric load, wedge 
profiles, parabolically rounded wedge profile, power-law profiles of the second, 
fourth, and sixth-order, concave power-law profiles of the second and fourth-order, 
and the flat punch with rounded edges. 

It is most regrettable that this excellent work, which in itself nearly represents a 
small “handbook of contact mechanics”, remained nearly unknown for a long time 
and has only just been “rediscovered” in recent years. 
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